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Abstract. In simulation–based performance evaluation, the simulation time is directly related to the complexity of
the simulated systems. Since modern multiprocessor systems contain hundreds and even thousands of processors,
simulation of such systems can be quite time–demanding. This paper studies multiprocessor systems with different numbers of processors but with the same utilizations of corresponding components; such systems are called
performance equivalent. Performance equivalence can be used to simplify simulation–based performance analysis
of complex systems by simulating much simpler systems which are equivalent with respect to performance to the
original ones. It is shown that in some cases identifying performance equivalent systems is quite straightforward.
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1. INTRODUCTION

since the behavior of the interconnecting network, and
in particular, its congestion, affects the performance
of each node of the system. If the system is composed of identical nodes, the steady–state behavior
of all nodes can be assumed identical, which creates
symmetries that can, sometimes, be used for simplification of the evaluation process. For simulation–
based performance evaluation, however, such symmetries cannot easily be taken into account, so a model
of the complete system needs to be simulated.

Multiprocessor systems are usually classified as
shared–memory systems or distributed–memory systems [8]. Shared–memory systems can have uniform
access to the (shared) memory (typically centralized,
as in bus–based systems or systems with multistage
connecting networks or crossbar switches), or the latencies of memory accesses may differ, as is typical for distributed (shared on non–shared) memory
systems. In distributed–memory systems, the (total)
memory is composed of modules physically located
at different nodes of the system, so the latency depends upon the node which originates the request for
memory access as well as the node which contains
the requested information. Shared–memory systems
are believed to be easier to program, but distributed–
memory systems scale in a better way; systems with
large numbers of processors are usually distributed–
memory systems [17].

The purpose of this paper is to study simplifications of the simulation–based performance evaluation
of distributed–memory multiprocessor systems. The
simplifications are based on performance equivalence
of systems. More specifically, the paper studies multiprocessor systems which are composed of identical processors, but which have different numbers of
processors, yet all corresponding components (such
as processors, memories, or interconnects) have the
same utilizations. Such systems are called equivalent
with respect to performance or performance equivalent. Performance equivalence can be used to reduce the simulation time required for simulation–
based performance analysis because instead of the
original complex system, a much simpler system can
be analyzed providing a good approximation of the
results for the original, complex system. The paper
also shows that for some systems such performance

The performance of a distributed–memory system depends upon a number of factors. The probability of
requesting an access to a remote node is one of important parameters; if this probability is close to zero, the
nodes can be analyzed in isolation from each other,
which significantly simplifies the evaluation. If this
probability cannot be neglected, the analysis needs to
be performed for the complete multiprocessor system
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equivalence is quite straightforward to establish.

the higher levels of memory hierarchy to the lower
ones. Extensive research has focused on reducing
and tolerating these large memory access latencies.
Techniques for reducing the frequency and impact of
cache misses include hardware and software prefetching [5, 10], speculative loads and execution [15] and,
increasingly often, multithreading [1, 4].

A multiprocessor system with 16 processors connected by a 2–dimensional torus–like network, shown
in Fig.1 [19], is used as a running example in this paper.

Instruction–level multithreading, and in particular
block–multithreading [1, 2, 4], tolerates long–latency
memory accesses and synchronization delays by
switching the threads rather than waiting for the
completion of a long–latency operation which, in a
distributed–memory system, can require thousands of
processor cycles. A combination of multithreading
and superscalar architecture is also an approach used
in high–performance microprocessors [11].

Fig.1. Outline of a 16–processor system.
In distributed–memory systems, it is usually assumed
that the memory access requests sent from one node
to another are routed along the shortest paths. It is
also assumed that this routing is done in a nondeterministic way, i.e., if there are several shortests paths
between two nodes, each of them is equally likely to
be used. Consequently, the traffic is assumed to be
uniformly distributed in the interconnecting network.
The average length of the shortest path between two
nodes, or the average number of hops (from one node
to another) that a request must perform to reach its
destination,  , is usually determined assuming that
the memory accesses are uniformly distributed over
the nodes of the system.

Each node in the system shown in Fig.1 is assumed to
be a multithreaded processor, local memory, and two
network interfaces, as shown in Fig.2.

Ready
Queue

Inbound
Interface

In modern computer systems, the performance of
memory is increasingly often becoming the factor
limiting the performance of the system. Due to continuous progress in manufacturing technologies, the
performance of processors has been doubling every
18 months (the so–called Moore’s law [7]). However,
the performance of memory chips has been improving
by only 10% per year [14], creating a “performance
gap” in matching processor’s performance with the
required memory bandwidth. In effect, it is becoming
more and more often the case that the performance
of applications depends on the performance of machine’s memory hierarchy [3].

Outbound
Interface



Interconnecting
Network

Fig.2. Outline of a multithreaded processor.
The outbound switch handles outgoing traffic, i.e., requests to remote memories originating at this node
as well as results of remote accesses to the memory
at this node; the inbound interface handles incoming
traffic, i.e., results of remote requests that ‘return’ to
this node and remote requests to access memory at
this node.
Fig.2 also shows a queue of ready threads; whenever the processor performs a context switching (i.e.,
switches from one thread to another), a thread from
this queue is selected for execution and the execution continues until another context switching is performed. In block multithreading, context switching is
performed for all long–latency memory accesses by
‘suspending’ the current thread, forwarding the memory access request to the relevant memory module (lo-

Memory hierarchies, and in particular multi–level
cache memories, have been introduced to reduce the
effective latency of memory accesses. Cache memories provide efficient access to information when the
information is available at lower levels of memory hierarchy; occasionally, however, long–latency memory
operations are needed to transfer the information from
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cal, or remote using the interconnecting network) and
selecting another thread for execution. When the result of this request is received, the status of the thread
changes from ‘suspended’ to ‘ready’, and the thread
joins the queue of ready threads, waiting for another
execution phase on the processor.

nentially distributed) firing times are associated with
transitions, and transition firings occur in real–time,
i.e., tokens are removed from input places at the beginning of the firing period, and they are deposited to
the output places at the end of this period.
A timed Petri net model of a multithreaded processor
at the level of instruction execution is shown in Fig.3
[19]. As usual, timed transitions are represented by
“thick” bars, and immediate ones, by “thin” bars.

The average number of instructions executed between
context switching is called the runlength of a thread,
, which is one of main modeling parameters. It is
directly related to the probability that an instruction
requests a long–latency memory operation.

The execution of each instruction of the ‘running’
thread is modeled by transition  , a timed transition with the firing time representing one processor cycle, "! . Place #$&%&' represents the (available)
processor (if marked) and place Ready – the queue
of threads waiting for execution. The initial marking
of Ready represents the (average) number of available
threads, .

Another important modeling parameter is the probability of long–latency accesses to local,  , (or remote,  ) memory (in Fig.2 it corresponds
to the “decision point” between the Processor and
the Memory Queue); as the value of  decreases (or
 increases), the effects of communication overhead
and congestion in the interconnecting network (and its
switches) become more pronounced; for close to 1,
the nodes can be practically considered in isolation.

If the processor is available (i.e., #$&%&' is marked) and
(*)+-,/.
is not empty, a thread is selected
)2 for execution
by firing the immediate transition 10 . Execution of
consecutive instructions of the selected
is per) thread
,
formed in the loop # 43 ,  , #
and  43 .
) ,
#
is a free–choice place with the choice probabilities determined by the runlength, , of the thread. In
general, the free–choice probability assigned to  43
is equal to 5 6798 , so if is equal to 10, the probability of  43 is 0.9; if is equal to 5, this probability is 0.8, and so on. The free–choice probability
) ,
of 
is just 8 .

The (average) number of available threads, , is yet
another basic modeling parameter. For very small
values of , queueing effects can be practically neglected, so the performance can be predicted by taking into account only the delays of system’s components. On the other hand, for large values of , the
system can be considered in saturation, which means
that one of its components will be utilized in almost
100 %, limiting the utilization of other components as
well as the whole system. Identification of such limiting components (called the bottlenecks [9]) and improving their performance is the key to the improved
performance of the entire system.

) ,

If 
is chosen for firing rather than  43 , the execution of the thread ends, a request for a long–latency
)<;
access to (local or remote) memory is placed in :
,
and a token is also deposited in Pcsw. The timed transition '=0?> represents the context switching and is
associated with the time required for the switching to
a new thread, A@"B . When its firing is finished, another
thread is selected for execution (if it is available).

Section 2 introduces a timed Petri net model of a
multithreaded multiprocessor system. Performance
equivalence is defined in Section 3, while Section 4
presents results illustrating the practical use of performance equivalence. Several concluding remarks are
given in Section 5.

Mem is a free–choice place, with a random choice of
2
either accessing
local memory ( %&' ) or remote mem)<;
ory (
;6)<; ); in the first case, the request is directed
to C
where it waits for availability of Memory,
2D;E)<;
and after accessing the memory (
(*)),+-the
,/. thread
returns to the queue of waiting threads,
. Memory is a shared place with two conflicting transitions,
;6)<;
2D;E)<;

(for remote accesses) and 
(for local accesses); the resolution of this conflict (if both
requests are waiting) is based on marking–dependent
(relative) frequencies determined by the numbers of
;E)<;
(*;6)<;
tokens in C
and
, respectively.

2. MODEL OF A MULTIPROCESSOR SYSTEM
Petri nets have become a popular formalism for modeling systems that exhibit parallel and concurrent activities [13, 12]. In order to take the durations of
these activities into account, several types of Petri
nets with time have been proposed by assigning firing times to the transitions or places of a net. In
timed nets [18, 16], deterministic or stochastic (expoI.J. of SIMULATION Vol.3 No.1-2
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Fig.3. Petri net model of a multithreaded processor at the instruction execution level.

)?;

The free–choice probability of 
, K , is the probability of long–latency accesses to remote memory;
2
the free–choice probability of  %&' is LMNOPQ .

able. The free–choice probabilities associated with
)
;E)?;
characterize the interconnect , OXY% and 
ing network [6]. For a 16–processor system (as in
Fig.1), and for memory accesses uniformly distributed among the nodes
;E)<; of the system, the free–choice
and X-% are 0.5 for forward
probabilities of 
)
moving requests, and 0.5 for 
and OXY% for returning requests.

($)?;

Requests for remote accesses are directed to
,
and then, after a sequential delay (the outbound
switch
modeled by RK%Q and 10<%Q ), forwarded to
S
Q , where a random selection is made of one of
the four (in this case) adjacent nodes (all nodes are
selected with equal probabilities). Similarly, the incoming traffic is collected from all neighboring nodes
in T
, and, after a sequential delay (the inbound
)
)
and 10?U ), forwarded to W ' . W ' is
switch RVU
a free–choice place with three transitions sharing it:
)
 , which represents the satisfied requests reaching their “home” nodes; OXY% , which represents requests as well as responses forwarded to another node
(another
;E)<; ‘hop’ in the interconnecting network); and

, which represents remote requests accessing
the memory at the destination
(*;6)<; node; these remote
;6)<re;
quests are queued in
and served by 
when the memory module Memory becomes avail-
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S

The traffic outgoing from a node (place Q ) is composed of requests and responses forwarded to another
node (transition OXY% ), responses to requests from
;E)<;
) and remote memory
other nodes (transition 
)<;
requests originating in this node (transition 
).
3. PERFORMANCE EQUIVALENCE
The utilizations of components in complex systems
is directly related to service demands for these components; a system is called balanced if the service
demands for all
,[Z components are equal [9]. The service demand, , of the component U is the product of
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the rate of requests (sometimes also called the ‘visit
Z
rate’), \ ,Z and theZ (average)
Z^ Z service time of this com,
ponent, 0 , i.e., ]\
0 .

processors, so the service demand due to remote re^ i ^
^ i
quests is Q
5y_z{<7n8Y5y_z{<7|}
.

inbound
network switches with service demands
, Z
B a b , cklme?fhfgfhen_ ;

The service demand for the inbound switch due to a
single thread (in each processor) can be obtained as
follows. The visit rate to an inbound switch (due to
a single processor) is the product of probability of remote accesses,^  , average number of hops (in both
directions), ~ V , and the switch delay, B . Remote
memory requests from all _ processors are distributed across the _ inbound switches, so the service
demand
thread
^ for
^ an ^inbound
^ switch due^ to a^ single
 ^ pB . For
is ~ 
pB _8q_~ 
^ ^
the outbound switch, the service demand is ~ B  ;

the number of hops,
, does not affect this service
demand.

outbound network switches with service de,
mands Bpoqa b , crN/e=fgfhfge9_ .

The service demands are thus:

In the model of the multithreaded multiprocessor system described in the previous section, the components
are ( _ is the number of processors):

`
`

processors with service demands
/e=fgfhfge9_ ;

`

memories with service demands
/e=fgfhfge9_ ;

`

,
,i

!&a b

,

cd

ab

,

cj

,
,i !
, Z
, B
Bo

Because of the symmetries of the system, in the
steady–state the service demands at all nodes are
identical, so the second subscript can be dropped. The
description of the service demands uses the following
parameters of the model:
parameter
thread runlength
processor cycle time
memory cycle time
switch delay
average number of hops
prob. to access local memory
prob. to access remote memory

^

^ ![i  
^ i
i
[ ^ ^ Q^
] 
~ ^  ^  pB 
~  pB&f

Let W denote the maximum
service de, , i , component
Z ,
5 ! e e B e Bo 7 . Relative sermand, W
vice demands are the service demands divided by W ,
,
,i
! 8&W , 8&W , etc.

&
i!

symbol

B
s

lOP

Two systems are equivalent with respect to performance (or performance equivalent) if the relative service demands for all their corresponding components
are the same. A straightforward consequence of this
definition is that component utilizations in performance equivalent systems are the same; this is the
essense of the concept of performance equivalence.
A straightforward example of two systems which
are performance equivalent is a pair of systems with
the same rate of all corresponding (average) service
times; a system and its replacement in which the service times of all components are reduced at the same
rate could be an illustration of this concept. However,
many other systems can also be performance equivalent.

For a single cycle of state changes of a thread (i.e., a
thread going through the phases of execution, suspension, and then waiting for another execution), the service demand
 for the processor is the product of thread
runlength, , and processor cycle time, ! .
The service demand for the memory subsystem has
two components, one due to local memory requests
and the other due to requests coming from remote
processors. The component due to local requests is
the product of the visit rate (which is the probabili
.
ity of local accesses), Q , and memory cycle,
Likewise,
the
component
due
to
remote
accesses
is
^ i
; this expression is obtained by taking into ac
count that for each node the requests are coming from
5t_uv7 remote processors, and that remote memory requests are uniformly distributed over 5t_wx<7
I.J. of SIMULATION Vol.3 No.1-2
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Performance equivalent systems can be used to simplify performance analysis of distributed–memory
multithreaded systems (as well as other systems
which have a similar structure). More specifically,
since the simulation time required for simulation–
based performance analysis of multiprocessor systems depends (superlinearly) upon the number of
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i

and , and increasing qB to 15 processor cycles to
compensate for the decreased value of  .

processors, instead of simulating a system containing
_ processors, a much simpler performance equivalent system can be used, significantly reducing the required simulation time, and providing reasonably accurate results. For performance analysis of the 16–
processor system (Fig.1), a 4–processor system can
i
be used with the same parameters and , and with
the switch delay AB adjusted to the value which compensates the differences in the values of s between
the 16–processor and 4–processor systems, i.e., such
that:

Processor utilization (4 proc)
Context swch: 1 unit
Runlength: 10 units
Memory cycle: 10 units
Switch delay: 15 units
0.9
0.8

processor utilization

0.7
0.6
0.5
0.4
0.3
0.2
0.1

Vp9 ^ B p9  Vn ^ B A f

0
1
0.8

20
0.6

15
0.4
0.2

Since K p9

5
0

prob to access local mem

can be approximated reasonably well by
2 [6], and s A -8& , performance equivalence is
^ p9
B .
obtained for B A lmf

0

number of threads

Fig.5. Processor utilization – 4 processors;
i
@"B  , l? , < , B l< .
It can be observed that the results are fairly similar,
with differences not exceeding a few percent.

4. PERFORMANCE RESULTS

(or larger value of  ), i.e.,
For smaller values of
when an increasing number of memory accesses is
to remote memory, the utilization of processors decreases significantly in Fig.4 and Fig.5. This is an indication that the interconnection network, and more
specifically, the switches are the bottleneck in this
system (i.e., they are utilized in almost 100%, limiting the performance of the entire system). Indeed,
Fig.6 shows the utilization of the (input) switches in
the 16–processor system as a function of the number
of available threads, , and the probability of long–
latency accesses to remote (not local) memory,  (so
the front part of Fig.6 corresponds to the back part of
Fig.4). Fig.7 shows the same switch utilization in a
performance equivalent 4–processor system.

Performance results discussed in this section assume
that all timing characteristics are expressed in processor cycles (which is assumed to be 1 unit of time).
Fig.4 shows the utilization of the processors, in a
16–processor system, as a function of the number
of available threads, , and the probability of long–
latency accesses to local memory,  , for fixed values
of other parameters.
Processor utilization (16 proc)
Context swch: 1 unit
Runlength: 10 units
Memory cycle: 10 units
Switch delay: 10 units
0.9
0.8
0.7

processor utilization

10

0.6
0.5

Switch utilization (16 proc)

0.4
Context swch: 1 unit
Runlength: 10 units
Memory cycle: 10 units
Switch delay: 10 units

0.3
0.2
0.1

1

0
1
0.8

0.8

20
0.6
0.4

10
0.2

prob to access local mem

switch utilization

15
5
0

0

number of threads

0.6

0.4

0.2

Fig.4. Processor utilization – 16 processors;
i
p@"BMl , < , N? , pBMl? .

0
1
0.8

20
0.6

The utilization of the processors in a performance
equivalent 4–processor system is shown in Fig.5; performance equivalence in the 4–processor system Yis
obtained by using the same values of parameters
I.J. of SIMULATION Vol.3 No.1-2
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5
0
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Fig.6. Switch utilization – 16 processors;
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p@"BMl

,

<

i

,

N? , pBMl?

Processor utilization (4 proc)

.

Context swch: 1 unit
Runlength: 10 units
Memory cycle: 10 units
Switch delay: 15 units
0.9

Switch utilization (4 proc)

0.8

Context swch: 1 unit
Runlength: 10 units
Memory cycle: 10 units
Switch delay: 15 units

processor utilization

0.7

1

switch utilization

0.8

0.6
0.5
0.4
0.3
0.2

0.6

0.1
0
1

0.4

0.8
0.2

20
0.6

15
0.4

0
1

10
0.2

0.8
0.6

5
0

prob to access local mem

20

0

number of threads

15
0.4

Fig.9. Processor
– 4 processors;
= utilization
i
@"B l , < , N< , B Yf  .

10
0.2

5
0

prob to access remote mem

0

number of threads

Fig.7. Switch utilization – 4 processors;
i
p@"BMl , < , N? , pBMl< .

equivalent 4-processor system, is quite good. Moreover, processor utilizations in Fig.8 and Fig.9 are significantly better than in Fig.4 and Fig.5; the region
in which the switch is the bottleneck is substantially
reduced, as shown in Fig.10 for the 16–processor system. Any further reduction of the switch delay (or
increase in the switch throughput that can be obtained
by using several parallel switches [21]), will further
improve the utilization of processors, but these gains
will be restricted to regions of small values of V and
; the overhead of context switching introduces an
upper bound on the utilization of processors at the

level of 8Y5
p@"Bq7 .

Fig.6 and Fig.7 show that with the exception of small
values of  and small values of , the utilization of
the switches in both systems, the 16–processor one
and its performance equivalent 4–processor system,
is almost 100%. This is a clear indication that the
switches are simply to slow for these systems; any
reduction of the switch delay will result in improved
utilization of the processors.
Fig.8 and Fig.9 show the utilization of the processors in the 16–processor system and in a performance
equivalent 4–processor system, for the case when the
switch delay is reduced to one half of its original
value.

Switch utilization (16 proc)
Context swch: 1 unit
Runlength: 10 units
Memory cycle: 10 units
Switch delay: 5 units
1

Processor utilization
Context swch: 1 unit
Runlength: 10 units
Memory cycle: 10 units
Switch delay: 5 units

switch utilization

0.8

0.9
0.8

processor utilization

0.7
0.6

0.6

0.4

0.2

0.5
0
1

0.4
0.3

0.8

0.2

20
0.6

0.1

15
0.4

10
0.2

0
1

prob to access remote mem
0.8

5
0

0

number of threads

20
0.6

15
0.4

prob to access local mem

Fig.10. Switch utilization – 16 processors;
i
p@"BO , l? , l? , 9BM .

10
0.2

5
0

0

number of threads

Fig.8. Processor utilization – 16 processors;
i
@"B N , N< , ? , B  .

5. CONCLUDING REMARKS
The presented performance results for distributed–
memory multithreaded multiprocessor systems indicate that significant simulation–time reductions can

As before, the agreement of the results obtained for
the original 16–processor model and its performance
I.J. of SIMULATION Vol.3 No.1-2
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be achieved by using simpler models which are equivalent with respect to performance to the original systems. Since the simulation time of complex models usually increases superlinearly with the size of
the model, the gains in the simulation time also increase more than linearly with the size of the (original) model.

executions of programs, and so on.
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A slightly different approach to performance equivalence is presented in [20] where instead of changind
the delays of switches, the net model is modified
in such a way that the value of  is preserved at
the level of the original system, independently of the
number of processors, so, again, much simpler model
can be simulated to reduce the simulation time.
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