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Abstract: We show how results known for discrete time GI/GI/1 systems with service time distributions of
finite support can be generalized to include arbitrary, especially long-tailed distributions of the service time.
Therefore we prove and exploit the property, that the tail of the service time distribution beyond a certain
bound has negligible effect on the idle times.
This enables to compute the idle time distribution in a modified system with appropriately truncated service
time. Knowledge of the idle time distribution represents one factor and thus the decisive part of the Wiener-Hopf
factorization method to obtain the steady state distribution of the workload. We apply the workload analysis
to Pareto distributed service demands, which are observed for the size of files transmitted over the Internet and
which generate self-similar traffic pattern.
Although difficulties remain in order to evaluate extremely large workload percentiles from the obtained gener-
ating functions e.g. for GI/Pareto/1 systems, we can derive lower bounds being confirmed in the special case of
M/Pareto/1 by known similar results.
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1 INTRODUCTION

Matrix-analytic solutions [Neuts, 1989] and the fac-
torization of a characteristic system equation provide
well known methods to analyze Markovian queueing
systems. Factorization approaches usually determine
the eigenvalues and eigenvectors of a system of linear
equations in order to represent the stationary wait-
ing time or queue size distribution as a sum of ex-
ponential or geometrical terms with complex-valued
parameters [Bruneel and Kim, 1993; Elwalid and Mi-
tra, 1993; Haßlinger, 1995; Kleinrock, 1975/6; Li,
1991; Rieger and Haßlinger, 1994].

Wiener-Hopf factorization offers an alternative
computation scheme [Grassmann and Jain, 1989;
Haßlinger, 2000] leading to an equivalent solution
form. Factorization methods have a favourable
computational complexity with a quadratic increase
O(N2) in the maximum number N of phases or dis-
cretization steps in the representation of the arrival

and service time, whereas Matrix-analytic methods
usually require a cubic O(N3) computational com-
plexity [Latouche and Ramaswami, 1997]. On the
other hand, numerical stability is well established
for the latter approach but often only approved by
practical experience for factorization approaches. In
a recent work we have studied the factorization ap-
proach for the workload distribution of a GI/GI/1
server system with respect to guaranteed results and
we have developed a method for a computation with
result verification [Fausten et al, 2002].

We consider discrete time systems based on Lind-
ley’s equation

Wn+1 = max{Wn + Dn, 0} (1)

where Wn ∈ IN0 and Dn ∈ ZZ

for the workload Wn being observed at embedded
time points tn ∈ IR+

0 (t0 < t1 < · · ·).
We refer to GI/GI/1 systems with a renewal series
of workload differences Dn = Sn−An given by a ser-
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vice time Sn as workload increase and an interarrival
time as decrease when the system is observed at ar-
rival instants as embedded time points tn. The same
equation (1) still holds for alternative modelling ap-
proaches, e.g. time slotted systems [Li, 1991] or fluid
flow systems as a continuous time and state depen-
dent variants with appropriately embedded time se-
ries tn, although busy periods and idle times have to
be defined and interpreted differently for those cases,
see [Haßlinger, 2001], section 2.

[Grassmann and Jain, 1989] investigated the
Wiener-Hopf solution for the stationary distribution

w(k)
def
= lim

n→∞
P{Wn = k}

for renewal sequences Dn characterized by a discrete
distribution with finite support

d(k)
def
= P{Dn = k}

for − g ≤ Dn ≤ h; g, h ∈ IN.

The run time of the evaluation algorithm pro-
posed by [Grassmann and Jain, 1989] is proportional
to g h and fairly independent of other system pa-
rameters e.g. the utilization. A straightforward ex-
tension to semi-Markovian sequences Dn is studied
in [Haßlinger, 2000].

Wiener-Hopf factorization is a workload-oriented
approach and does not include the queue size dis-
tribution in case of non-deterministic service. The
derivation of results uses a relationship between the
idle and busy periods, from which the idle time dis-
tribution and the moments of the busy periods are
obtainable.

The generating function of the stationary idle
time distribution provides one of both parts of the
factorization. Once it is known, we can easily de-
termine the second factor and finally the generating
function of the stationary waiting time distribution.
We have implemented the complete computation of
the Wiener-Hopf factorization using arithmetics for
verified results. Therefore the numerical computa-
tion is followed by a verification step to ensure the
correctness of the results.

In order to include service times of infinite sup-
port we prove that the idle times in a GI/GI/1
system do not depend on the tail of the service time
distribution. In particular, the effect of a modifica-
tion of the service time distribution beyond a bound
B on the idle time distribution is exponentially de-
caying with B and thus becomes negligible when
the bound B is sufficiently large. Consequently, we

can obtain the idle time distribution by applying the
algorithm [Grassmann and Jain, 1989] to a system
with truncated service times.

Heavy-tailed distribution functions have at-
tracted much attention with regard to traffic mod-
elling in communication networks in the last decade,
since measurement in the Internet revealed Pareto-
like distributions of file sizes on servers [Crovella and
Bestavros, 1997] and a corresponding self-similar na-
ture of the traffic has been observed e.g. in traces
in the Internet traffic archives [Leland et al., 1994;
Paxson and Floyd, 1995]. GI/GI/1 systems with
long-tailed service times have been investigated by
Abate et al. [Abate et al., 1994] by inverting Laplace
transforms with the help of Pollaczek’s formula.

Since the Laplace transform of Pareto and other
long-tailed distributions are not explicitly available,
they consider Pareto mixtures of exponential or ex-
ponentially damped distributions. Alternatively,
they recommend to use truncated discrete time dis-
tributions and emphasize their suitability for fitting
of empirical distributions.

We obtain the generating function of the work-
load for non-truncated discrete time distributions.
But in order to explicitly compute the quantiles of
the waiting time our approach is also restricted to
distributions of finite support.

In sections 3-4 lower bounds are derived for the
GI/GI/1 waiting time distribution generalizing simi-
lar results for queues with memoryless arrival process
in [Tsybakov and Georganas, 1997], see also [Boxma
and Cohen, 1998; Heymann, 1998]. Evaluation of
those bounds for GI/Pareto/1 systems in section 6
exhibit extreme waiting time quantiles. We start
with an introduction into the Wiener-Hopf factor-
ization approach in section 2. First the idea of this
method is shown, followed by a brief outline of tech-
niques to guarantee the correctness of computed
results.

2 WIENER-HOPF SOLUTION FOR THE
GI/GI/1 WORKLOAD

2.1 The Classical Approach

In order to derive a solution to Lindley’s equation
(1) we use the generating functions or z-transforms
as equivalent notation of the discrete time distribu-
tions An, Sn of interarrival and service times and
their difference Dn = Sn − An. For distributions of
finite support we denote
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A(z)
def
=

∑

k

P{An = k} zk def
=

g
∑

k=0

a(k) zk;

S(z)
def
=

∑

k

P{Sn = k} zk def
=

h
∑

k=0

s(k) zk;

D(z)
def
=

∑

k

P{Sn − An = k} zk = S(z)A(z−1)

def
=

h
∑

k=−g

d(k) zk.

The assumption E(D) < 0 is a precondition for
the existence of a stationary workload distribution.
1−D(z) = 0 is often referred to as the characteristic
system equation. Wiener-Hopf factorization splits
the characteristic equation into two factors:

1 −D(z) = (1 − I(z−1)) (1 − V(z)); (2)

I(z) =

g
∑

k=1

l(k) zk;

V(z)
def
=

h
∑

k=0

v(k) zk.

I(z) is the generating function of the stationary dis-
tribution of idle times I and V(z) corresponds to a
defective distribution v(k), which can be interpreted
as the probability that a phase of level k is entered
in a busy period.

In order to define such phases we divide each
GI/GI/1 busy period with more than a single ser-
vice demand into

• the first interarrival time and

• subsequent phases.

The level k assigned to a phase equals the workload
immediately prior to the beginning of the phase.

• The first phase starts with the arrival of the
second service demand in a busy period.

• Each phase is finished as soon as the workload
in the system drops below its level.

• A new phase starts at the next arrival after the
end of the previous phase, provided that the
same busy period is still in progress.

The phases introduced in this way are part of a busy
period, but in reverse can themselves be viewed as

busy periods with an upward shift of the workload
by the level k. The length of a phase has the distri-
bution of the length of a complete busy period and
the interphase time from the end of a phase until
the next arrival has the distribution of an idle time.
Since the level of a following phase decreases from
the level of the previous one by a interphase time
distributed as an idle time, we arrive at the following
relationship between the idle period distribution l(n)
and the probabilities v(n) for a phase of level n to
be encountered in a busy period:

v(n) = d(n) +

min(h−n,g)
∑

m=1

v(n + m) l(m) (3)

for n = h, . . . , 0;

l(n) = d(−n) +

min(g−n,h)
∑

m=0

v(m) l(m + n) (4)

for n = g, . . . , 1.

The relationship (3)-(4) is equivalent to equation (2),
when the coefficients belonging to each exponent zk

in (2) are evaluated separately.

From the fact that a phase of level k represents a
busy period with an upward shift of k in the work-
load, we conclude results for the mean number of
service demands E(N) per busy period (or phase)
and the generating function W(z) of the stationary
waiting time distribution:

E(N) = 1 +

h
∑

n=0

v(n) E(N) (5)

=
1

1 − V(1)
=

E(I)

E(A) − E(S)
;

W(z) E(N) = 1 +

h
∑

n=0

v(n) zn W(z) E(N) ⇒

W(z)
def
=

∞
∑

k=0

w(k)zk =
1 − V(1)

1− V(z)

=
E(A) − E(S)

E(I) (1 − V(z))
(6)

=
−E(D)

E(I)
·

1 − I(z−1)

1 −D(z)
.

For more details on Wiener-Hopf factorization, which
are out of the scope of this paper, we refer to [Grass-
mann and Jain, 1989; Haßlinger, 2000] and further
related work cited therein. The main and time con-
suming step in the computation of the stationary
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workload distribution w(n) by Wiener-Hopf factor-
ization is the evaluation of the linear equations (3)-
(4).

[Grassmann and Jain, 1989] propose an itera-
tive mutual evaluation of both equations, which is
experienced, although not generally proven, to be
rapidly convergent with sufficient accuracy achieved
in a few steps. The method is extended to semi-
Markovian servers with state dependent arrival and
service processes [Haßlinger, 2000] and has been suc-
cessfully applied to multiplexers with Gaussian input
for modelling of statistical multiplexing in communi-
cation networks and especially to the case of first
order autoregressive input [Haßlinger, 2001].

Note that the notation of interarrival times,
idle times and busy periods is specific for classical
GI/GI/1 servers and extensions to SMP/SMP/1 sys-
tems with underlying semi-Markovian processes for
arrivals and service. Although the notation is not
transferable to multiplexer models like time slotted
and fluid flow systems, the complete analytical ap-
proach is transferable to them in a different inter-
pretation of the workload process, which still satis-
fies Lindley’s equation at embedded points in time
[Haßlinger, 2001].

2.2 Verified Computation of the Wiener–
Hopf Solution

In the following, we give a short overview of a
method to compute the Wiener–Hopf factorization
with result verification. To achieve verified results
for the distribution of the workload, we have devel-
oped a C++–tool. This tool consists of two parts:
First the Wiener–Hopf factorization is evaluated nu-
merically using the method of [Grassmann and Jain,
1989] followed by a verification step. Figure 1 shows
a schematic overview of the developed C++–tool.

The idea of Grassmann and Jain is to take initial
approximations for l(n), for example

l0(n) = d(−n)
/

g
∑

i=1

d(−i); n = 1, . . . , g;

and then to compute an approximation v0(n) via
equation (3) based on l0(n) as idle time distribu-
tion. Using the formulas (3) and (4) alternately
we get a sequence of distributions lk(n), vk(n) for
k = 0, 1, . . . The iteration stops, when the differences
|lk(n)− lk−1(n)| and |vk(n)− vk−1(n)| become suffi-
ciently small.

In order to verify these results, we consider inter-
vals between upper and lower bounds of numerically

computed results. The programming language C–
XSC [Klatte et al., 1993] implements interval arith-
metic, so it is a suitable software for our purpose.

Grassmann &
Jain Iteration

Verification Step

Enclosure of
Probabilities

Output:

Verified Workload
Distribution

C-

X

S

C

L
i
b
r
a
r
y

U
s
e
r

I
n
t
e
r
f
a
c
e

Input:

and

Distribution

Interarrival Service

Time

Figure 1: Schematic overview of the C++–tool

Assume the iteration has stopped for a step k ∈
IN . We then enclose the computed vk(n) by inter-
vals with diameter ∆ = 10−14. So we get intervals
[vk(n)] for n = 0, . . . , h. Then we compute one step
of the Grassmann and Jain iteration using interval
operations. The formulas (3) and (4) are therefore
transformed into interval functions

[lk+1(n)] = d(−n)

+

min(g−n,h)
∑

m=0

[vk(m)][lk+1(m + n)],

for n = g, . . . , 1,

[vk+1(n)] = d(n)

+

min(h−n,g)
∑

m=1

[vk+1(n + m)][lk(m)],

for n = h, . . . , 0.

Then, if the condition

[vk+1(n)] ⊂ [vk(n)]
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holds for all n = 0, . . . , h, Brouwer’s fixed point theo-
rem guarantees that the correct solution v(n) is con-
tained in [vk+1(n)] for all n = 0, . . . , h, see for exam-
ple [Neumaier, 1990].

Using equation (6) and interval arithmetic we can
finally compute the coefficients of the function W(z).
For a detailed introduction to interval arithmetic we
refer to [Alefeld and Herzberger, 1983; Neumaier,
1990].

3 SERVICE TIME DISTRIBUTIONS OF
INFINITE SUPPORT

Now we consider a GI/GI/1 system with long-tailed
service times and infinite support. In principle, the
solution for the stationary waiting time derived in
equations (2)-(6) remains valid in the limit h → ∞,
but the computational complexity is linear in h.
Since the generating function W(z) of the work-
load can be expressed depending only on D(z) and
I(z−1), see equation (6), the distribution l(n) of the
idle times is the only unknown term of the solution.

In the sequel we show that the tail of the service
time distribution beyond a bound Bε has negligible
effect on the idle times. Consequently the distribu-
tion l(n) can be determined with a service time dis-
tribution being truncated at an appropriate bound
Bε.

First we illustrate this property by a GI/GI/1
example with uniform interarrival times in the range
1, · · · , 5 and dual-valued service times Sn with
P{Sn = 0} = 97% and P{Sn = N} = 3%.

We calculate the idle time distributions l(i) for
increasing N using the tool introduced in section 2.2.
The verified results are documented in table 1. All
values in this table are truncated after the 4th and
the 8th digit, respectively, without rounding. The
diameters of all enclosing intervals are smaller than
3.3 · 10−12.

Table 1 shows that l(i) remains unchanged on the
first 4 digits for N > 20 and a truncation of the ser-
vice time at N = 40 even has no impact on 8 digits,
although the utilization ρ and workload W strongly
depend on N .

We consider another example of a D/Pareto/1
queueing system with constant interarrival times and
a Pareto service time distribution such that

P{S > x} = (1 + qx)−p; E(S) =
1

q (p − 1)
.

The system depends on the two parameters p and
ρ = E(S)/E(A) and is relevant for modelling
switches in communication networks. The work-
load process is equivalent to a time slotted system
with constant forwarding capacity, which receives a
Pareto distributed amount of work in each time slot.
Using discrete time analysis, we consider a system
with parameters

p = 1.5; q = 1/40; A = 100 ⇒ ρ =
E(S)

E(A)
= 0.8

and with truncation of the service time distribution
at a varying bound B. The discrete time service time
distribution is given by

P{S = n} =
(

1 +
n

40

)−1.5

−
(

1 +
n + 1

40

)−1.5

for 0 ≤ n < B and

P{S = B} =
(

1 +
B

40

)−1.5

.

With increasing bound B the distribution of the idle
time again converges, although not as fast as in the
example of table 1. Figure 2 shows differences be-
tween the distributions lB(n) for several examples
ranging from B = 200 to B = 6000, where finally
the expected behaviour is observed that a constant
increase in B reduces the differences by a correspond-
ing factor.

The idle times are bounded by the constant inter-
arrival intervals A = 100 and therefore the range of
lB(n) is depicted for 0 ≤ n ≤ 100. The limiting dis-
tribution of lB(n) for large B is represented in figure
3. Figure 4 shows results of the workload analysis.
The mean E(W ) and the 10−k-quantiles of the work-
load are obtained for k = 2 and k = 5. The results
show that the workload performance measures are
almost linear increasing with the truncation bound
B over a wide range while the idle time distribution
and the mean service time are almost invariant.

For a derivation of the latter property we rewrite
the equations (3) by eliminating v(n + m) on the
right in order to directly capture the dependence of
v(n) on each of the probabilities d(n + k) separately.
Therefore we can extract factors ck such that

v(n) =

h−n
∑

k=0

ck d(n + k) where c 0 = 1 and

ck =

max(k,g)
∑

m=1

ck−m l(m) for k ≥ 1. (7)
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Table 1: GI/GI/1 idle time and waiting time results for

A(z) = 0.2(z + z2 + · · · + z5); S(z) = 0.97 + 0.03 zN ; I(z) = l(1) z + l(2) z2 + · · · + l(5) z5

ρ = Mean 10−5 − quantiles

N E(S) l(1) l(2) l(3) l(4) l(5) Workload q−5
W = min

x
E(A) E(W ) P{W > x} = 10−5

0 0 0.2 0.2 0.2 0.2 0.2 0 0
5 0.05 0.2029 · · · 0.2017 · · · 0.2002 · · · 0.1985 · · · 0.1964 · · · 0.08 8
10 0.10 0.2038 · · · 0.2020 · · · 0.2000 · · · 0.1980 · · · 0.1960 · · · 0.43 25
20 0.20 0.2040 · · · 0.2020 · · · 0.1999 · · · 0.1979 · · · 0.1959 · · · 2.22 74
40 0.40 · · · 6791· · · · · · 1337· · · · · · 7952· · · · · · 6614· · · · · · 7303· · · 12.56 259
80 0.80 · · · 6791· · · · · · 1337· · · · · · 7952· · · · · · 6614· · · · · · 7303· · · 155.34 2053
99 0.99 · · · 6791· · · · · · 1337· · · · · · 7952· · · · · · 6614· · · · · · 7303· · · 4785.0 55432

The sequence of factors ck is the same for each v(n)
and is completely determined by the distribution l(i)
of the idle times. It can be observed, that ck soon
converges to the limit

lim
k→∞

ck = 1/E(I).

This behavior is proven by transforming the recur-
sive equations (7) into a representation of ck as a
sum of geometrical series:

∀ k ≥ 0 : ck = α1 +

g
∑

i=2

αi βk
i . (8)

β1 = 1, β2, · · · , βg are solutions to the characteristic
equation

βk =

g
∑

i=1

l(i) βk−i or (9)

βg −

g−1
∑

j=0

l(g − j) βj = 0

which are determined as the roots of the latter poly-
nomial in complex domain βi ∈ C . The precondi-
tions

∀ i : 0 ≤ l(i) ≤ 1 and

g
∑

i=1

l(i) = 1

ensure β1 = 1 to be the root with maximum modu-
lus, such that ∀ i : |βi| ≤ 1. Multiple zeros of the
same modulus |βi| = 1 occur if and only if l(i) = 1
for some i ≤ g.
Otherwise we have |βi| < 1 for i ≥ 2 and then the
representation (8) proves the convergence of ck:

lim
k→∞

ck = lim
k→∞

α1 +

g
∑

i=2

αi βk
i = α1.

The convergence is linear with a rate given by
max i≥2 |βi|. The coefficients αi are determined from
the first g equations of the recursive form (8) of ck for
k = 0, · · · , g − 1. After computation of β1, · · · , βg

in order to solve (9), these g equations form a linear
system of the van der Monde type, which provides a
direct solution to obtain α1, · · · , αg avoiding matrix
computations.
As an example, we derive the explicit solution for
g = 3. Then we have

c 0 = 1; c1 = l(1); c2 = l2(1) + l(2)

and ck =
3

∑

i=1

ck−i l(i) for i ≥ 3.

The characteristic equation

β3 − l(1) β2 − l(2) β − l(3) = 0

has the roots

β1 = 1; β2,3 =
l(1) − 1

2
±

√

(l(1) − 1)2

4
− l(3).

We obtain ck = α1 + α2 βk
2 + α3 βk

3 where

α1 =
1

3 − 2l(1) − l(2)
=

1
∑3

i=1 i l(i)
=

1

E(I)

and

α2,3 =
α1

2

(

2 − 2 l(1)− l(2)

±
2 l(1)(l(1)− 1) − l(2)(l(1) + 1)

√

(l(1) + 1)2 − 4 (l(2)− 1)

)

.

As a conclusion, we can find a bound Bε for any
ε ∈ IR+, such that

∀ k ≥ Bε : |ck − 1/E(I)| ≤ ε.
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Figure 2: Differences between converging idle time distributions lB(n) for increasing truncation bound B

From (7) we obtain the following bound on v(n):

v(n) =
∑

k

ck d(n + k) (10)

=

Bε−1
∑

k=1

ck d(n + k) +

∞
∑

k=Bε

ck d(n + k) ⇒

∣

∣

∣
v(n) −

Bε−1
∑

k=1

ckd(n + k) −
1

E(I)
P{D > n + Bε}

∣

∣

∣

≤ ε P{D > n + Bε}. (11)

This indirectly confirms the desired result, i.e. for
sufficient small ε and corresponding large Bε any
changes in the distribution of D beyond n + Bε has
negligible effect on v(n). A truncation of d(n) at
g +Bε corresponds to the modified distribution d̃(n)

d̃(n) = d(n) for n < g + Bε,

d̃( g + Bε ) =

∞
∑

i = g+Bε

d(i) and

d̃(n) = 0 for n > g + Bε

and has negligible effect on v(0), · · · , v(g). Together
with d(−1), · · · , d(−g) these values determine the
idle time distribution l(n), which therefore remains
almost unchanged, see equation (4). A truncation of
the service time S at g+Bε does not modify d(n) for
n ≤ Bε. Thus a truncation of S beyond 2g + Bε also
has a negligible effect on l(n). After computing l(n)
with appropriately truncated distribution of S or D
we finally apply equation (6) with the original non-
truncated distribution of D to obtain the generating
function of the stationary waiting time.

Even with the solution by Wiener-Hopf factoriza-
tion being available, some difficulties may arise when
the quantiles of the waiting time for GI/GI/1 queues
with long-tailed service time are determined. In prin-
ciple, the generating function allows to obtain the
moments and the probabilities of the waiting time
distribution, but long-tailed service times often lead
to infinite moments and waiting time quantiles may
easily range beyond 1010.

Nevertheless, the results imply lower bounds com-
parable to those provided by [Tsybakov and Geor-
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Idle Time Distribution of a Discrete Time D/Pareto/1 System

A = 100;  P {S  >  k} =  (1 + k / 40)

= E(S) / E(A) = 0.8ρ
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Figure 3: The limiting idle time distribution of a D/Pareto/1 system

ganas, 1997]. A lower bound for v(n) is derived from
equation (7):

v(n) =

∞
∑

k=0

ck d(n + k) ≥

∞
∑

k=Bε

ck d(n + k)

≥

∞
∑

k=Bε

( 1

E(I)
− ε

)

d(n + k) (12)

=
( 1

E(I)
− ε

)

P{D ≥ n + Bε }

=
( 1

E(I)
− ε

)

P{S − A ≥ n + Bε }.

Moreover, we conclude from equation (6)

W(z) =
E(A) − E(S)

E(I) (1 − V(z))

=
E(A) − E(S)

E(I)

∞
∑

j=0

Vj(z) ⇒

w(n) =
E(A) − E(S)

E(I)

∞
∑

j=1

v(j)(n) (13)

≥
E(A) − E(S)

E(I)
v(n) for n ≥ 1;

where

v(1)(n) = v(n);

v(j+1)(n) =

n
∑

k=0

v(j)(k) v(n − k).

4 LOWER BOUNDS OF GI/PARETO/1
WAITING TIME QUANTILES

Many investigations by traffic measurement reported
in the past decade revealed self-similar properties as
being characteristic for traffic in local and wide area
networks [Leland et al., 1994; Paxson and Floyd,
1995; Tsybakov and Georganas, 1997] corresponding
to Pareto distributed transmission times in connec-
tions or sessions over the Internet.

Pareto distributions have been shown to closely
fit the size of documents downloaded from servers
in the Internet at least in the range from 104 to 107

Byte [Crovella and Bestavros, 1997], which deter-
mine the traffic behaviour in IP networks together
with a variety of other heterogeneous applications.

I.J. of SIMULATION Vol. 3 No. 3-4 32 ISSN 1473-804x online, 1473-8031 print



G. HASSLINGER, D. FAUSTEN: ANALYSIS OF THE WORKLOAD IN COMMUNICATION SYSTEMS

x: P{W > x} = 0.00001
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Figure 4: The mean and quantiles of the D/Pareto/1 workload for truncated service times

We refer to Pareto service time distributions with
survival function

P{S > x} = (1 + q x)−p for x ≥ 0

where p > 1; q > 0; E(S) = 1/(q (p − 1)).

The extended form

P{S(r,q) > x} = (r + qx)−p

is also usual with parameter r introducing a shift

S(r,q) = max{(S(r=1,q=1) + 1 − r)/q, 0}.

The parameter q > 0 represents a scaling factor
S(1,q) = S(r=1,q=1)/q. Discrete time versions of the
Pareto distribution are determined by the probabil-
ities

s(n) = P{S ≥ n} − P{S ≥ n + 1} for n ∈ IN 0.

The accuracy of the discrete representation can be
improved by using a small scaling factor q such that
the continuous time distribution is approached in the
limit q → 0.

The following derivations are based on discrete
time analysis, but since the final results are indepen-
dent of q they are also valid for continuous distribu-
tions. At first, the bound (12) of v(n) is evaluated

for discrete Pareto distributed service times

v(n)

1 / E(I)− ε
≥ P{S − A ≥ n + Bε }

≥
∑

i≤2 E(A)

P{A = i}P{S ≥ n + Bε + i }

≥ P{S ≥ n + Bε + 2 E(A) }
∑

i≤2 E(A)

P{A ≤ i}

≥
1

2
P{S ≥ n + Bε + 2 E(A) }

=
1

2

(

q (n + Bε + 2 E(A)) + 1
)−p

.

According to (13) this implies

w(n) ≥ (E(A) − E(S)) v(n) / E(I)

for the probabilities of the waiting time and we ob-
tain for the tail of the distribution

w(n) ≥
(E(A) − E(S))(1 − ε E(I) )

2 E2(I)

·
(

q (n + Bε + 2 E(A)) + 1
)−p

which leads to
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P{W ≥ n} =
∞
∑

k=n

w(k)

≥
(E(A) − E(S)) (1 − ε E(I) )

2 E2(I)

·

∞
∑

k=n

(

q (k + Bε + 2E(A)) + 1
)−p

≥
(E(A) − E(S)) (1 − ε E(I) )

2 E2(I)

·

∫ ∞

n

(

q (x + Bε + 2E(A)) + 1
)−p

dx

≥
E(S) (E(A) − E(S)) (1 − ε E(I) )

2 E2(I)

·
(

q (n + Bε + 2 E(A)) + 1
)1−p

≥
ρ (1 − ρ) E2(A) (1 − ε E(I) )

2 E2(I)

·
(

q (n + Bε) + 2/(ρ (p − 1)) + 1
)1−p

where ρ = E(S)/E(A). In order to estimate the
quantiles of the waiting time distribution we trans-
form the previous result into

(

q (n + Bε) + 2/(ρ (p − 1)) + 1
)p−1

≥
ρ (1 − ρ) E2(A) (1 − ε E(I) )

2 E2(I) P{W ≥ n}
⇒

q n ≥

(

ρ (1 − ρ) E2(A) (1 − ε E(I) )

2 E2(I) P{W ≥ n}

)1/(p−1)

−q Bε − 2/(ρ (p− 1)) − 1.

We compute quantiles γk with regard to the mean
service time such that

P{W ≥ γk E(S)} = P{W ≥ γk/(q (p − 1))}

= 10−k

and conclude

γk ≥

(

10kρ (1 − ρ) E2(A) (1 − ε E(I) )

2 E2(I)

)1/(p−1)

·(p − 1) − Bε/E(S) − 2/ρ − p + 1. (14)

The obtained bound is generally applicable to dis-
crete time versions of GI/Pareto/1 queues, when the
bound Bε has been determined such that a trun-
cation of the tail of the service time distribution

beyond Bε does not modify the probabilities l(n) of
the idle time by more than ε. Due to the geomet-
rical decaying influence of a truncation on the idle
times, we can compute l(n) for increasing trunca-
tion bounds until the differences become sufficiently
small.

5 M(GEO)/PARETO/1 SYSTEMS

The special case of a memoryless arrival process sim-
plifies the derivation, since then the idle times always
have the same exponential or geometrical distribu-
tion as the interarrival times, completely indepen-
dent of the service times. In the previous derivation
we can start from
l(n) = (1 − 1/E(I))n/E(I) for n ≥ 1 and obtain

c0 = 1; ck = 1/E(I) for k ≥ 1 ⇒

v(n) = d(n) +
1

E(I)

∞
∑

k=1

d(n + k)

≥
P{D ≥ n}

E(I)
≥

P{S ≥ n + 2 E(A)}

2 E(I)
.

The bound of the waiting time is simplified since we
can assume ε = Bε = 0 and E(I) = E(A):

P{W ≥ n} ≥
ρ (1 − ρ)

2

·
(

q n + 2/(ρ (p − 1)) + 1
)1−p

and

γk ≥ (p − 1)

(

10kρ (1 − ρ)

2

)

1

p−1

−
2

ρ
− p + 1.

Although derived by discrete time analysis, this re-
sult is again independent of the scaling parameter q
and therefore also holds in the limit q → 0 for the
continuous time M/Pareto/1 case.

6 NUMERICAL EVALUATION

We have evaluated the latter bound assuming a uti-
lization in the range

0.1 ≤ ρ ≤ 0.9 ⇒

γk ≥ (p − 1)
(

0.045 · 10k
)1/(p−1)

−19− p

In table 2 results are shown for k = 2, 4, · · · , 10 and
p = 1.9, 1.7, · · · , 1.1.
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Table 2: Lower bounds of the M/Pareto/1 waiting time quantiles γk

P{W ≥ γk E(S)} = 10−k; P{S ≥ x} = (1 + qx)−p for ρ = E(S)/E(A) ≥ 0.1

γk ≥ p = 1.9 p = 1.7 p = 1.5 p = 1.3 p = 1.1
k = 2 < 0 < 0 < 0 2.5 · 101 3.4 · 105

k = 4 7.8 · 102 4.3 · 103 1.0 · 105 2.1 · 108 3.4 · 1025

k = 6 1.3 · 105 3.1 · 106 1.0 · 109 9.7 · 1014 3.4 · 1045

k = 8 2.2 · 107 2.2 · 109 1.0 · 1013 4.5 · 1021 3.4 · 1065

k = 10 3.7 · 109 1.6 · 1012 1.0 · 1017 2.1 · 1028 3.4 · 1085

Extreme values are obtained for the quantiles
when usual demands for a loss rate below 10−6

in data transmission are combined with a region
1.6 > p > 1.1, which has been experienced to be
relevant for the distribution of the size of WWW-
pages [Crovella and Bestavros, 1997].

The results for GI/Pareto/1 systems with Marko-
vian arrival processes do not essentially differ from
the M/Pareto/1 bounds depicted in the table.
The main difference is contributed by the factor
( E(A)/E(I) )1/(p−1), whereas the influence of Bε be-
comes negligible compared to the dominant factor
10k/(p−1).

As an example, we apply the bound to a dis-
crete time version of an U/Pareto/1 system with
uniformly distributed interarrival times in the range
0 ≤ A ≤ 100 and P{S > x} = (1 + 0.1 x)−1.5. The
system has been analysed for truncated service time
distribution with varying truncation bound. The idle
time distribution is observed to remain unchanged
on the first 10 digits of the float point representation
when the truncation is done beyond 2000 steps. A
computation of the series ck for this idle time distri-
bution shows that for ε = 10−8 a bound Bε = 800 is
sufficient according to the previous derivation. The
bound on the waiting time quantiles (14) is then
given by

γk ≥ 0.01127 · 102k − 45.5

where

E(A) = 50; E(S) = 20; ρ = 0.4; E(I) ≈ 44.7;

ε = 10−8 and Bε = 800.

The M/Pareto/1 bound for ρ = 0.4 and p = 1.5
yields

γk ≥ 0.0072 · 102k − 5.5.

The lower bounds capture the decay behavior of
the tail of the waiting time distribution and the or-
der of magnitude of quantiles, but they cannot be

expected to be tight. In the previous U/Pareto/1
example the bound predicts

γ3 ≥ 1.12 · 104.

Numerical exact analysis for a discrete version of the
service time distribution

P{S = n} = (1 + 0.1 n)−1.5 − (1 + 0.1 (n + 1))−1.5

with truncation at k = 106 already yields

γ3 ≥ 2.35 · 105.

Therefore the quantiles are even expected to be es-
sentially larger than the bounds (14). Figure 5 also
shows the increase in the percentiles of the workload
depending on the truncation bound for a D/Pareto/1
example.

7 CONCLUSION

An extension of the Wiener-Hopf factorization ap-
proach for discrete time analysis of workload pro-
cesses based on Lindley’s equation is applied to long-
tailed distributions of the workload increases. A
truncated version of the long-tailed distribution is
shown to be sufficient to determine the idle time dis-
tribution, from which the generating function of the
steady state distribution of the workload is obtained.

A lower bound is derived for the quantiles of
the workload of a GI/Pareto/1 server, which dif-
fers about a factor (E(A)/E(I))2/(p−1) from the
M/Pareto/1 bound with the same utilization. The
results for memoryless arrival processes correspond
to known results [Abate et al., 1994; Boxma and
Cohen, 1998; Heymann, 1998; Tsybakov and Geor-
ganas, 1997], where the latter work derives a bound
of the same form.

When data transfers in telecommunication net-
works demand for a low loss probability e.g. less than
10−5, then evaluation of the bounds for usual param-
eters of Internet traffic lead to extremely large work-
load quantiles which cannot be satisfied by buffers
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of usual size retaining data for no longer than a few
seconds.

We expect that the property of the idle times be-
ing independent of the tail of service time distribu-
tions still holds for semi-Markovian service systems.
Then further study may lead to a semi-Markovian
extension of the presented results for renewal pro-
cesses as compared to the extension by [Haßlinger,
2000] for the workload analysis by [Grassmann and
Jain, 1989].
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