
OPTIMISATION OF FOUR QUEUE NETWORK
VIA NESTED PARTITIONS METHOD

EBERT BREA & RUSSELL C. H. CHENG
University of Southampton, Department of Mathematics

Southampton SO17 1BJ, UK
E.Brea@maths.soton.ac.uk

R.C.H.Cheng@maths.soton.ac.uk

Abstract: A practical example of searching for the optimal operating conditions of a four queue network
via Nested Partitions (NP) method is shown in this paper. NP Method systematically partitions the
feasible region and concentrates the search for an optimal solution in regions that are most promising.
The example is shown step by step with the aim of giving a didactic explanation of the method. Numerical
results demonstrate the e¢cacy of the method, although actually, there has only been limited evaluation
of the e¤ectiveness of this method.
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1 INTRODUCTION

Searching for the optimal operating conditions of
a Discrete Event Dynamic System (DEDS) rep-
resented by a simulation model is often di¢cult,
because a large amount of experimentation is re-
quired to compute the object function even in the
situation where there is just a …nite set of points
of the feasible region. Moreover, estimation of the
object function must be made through a number
of simulation replication in order to obtain some
statistical measure of the variability of the perfor-
mance measure of the studied simulation model.

Decision variables can be divided into two cate-
gories: continuous decision variables and discrete
decision variables. According to these two cate-
gories and the information that could be gathered
from the simulation model, there has developed
two groups of methods for estimating the opti-
mal solution in a simulation model. Firstly these
are those which extract information from a sin-

gle simulation run, as for example: perturbation
analysis methods, score function, and frequency
domain experimentation [Fu, 1994]. Secondly
there exists another group of methods which re-
quire performing a number of simulation runs.

We call these "multiple simulation run meth-
ods". Of these the most recently developed is the
Nested Partitions (NP) Method [Shi and Chen,
2000; Shi and Ólafsson, 2000a; Shi and Ólafsson,
2000b]. To date there has only been limited eval-
uation of the e¤ectiveness of this method. In this
paper we shall show the application of NP method
through an example of a four queue network with
the aim of giving a didactic explanation of the NP
method, showing its potential for more complex
situations.

The remainder of the paper is organized as fol-
lows. In Section 2 we describe the NP method.
In Section 3 we propose a small example of a four
queue network with the aim of identifying the op-
timal solution. The use of the NP method for our



problem will be shown through three iterations of
the algorithm, in Section 4. Finally, in Section 5
we present our conclusions and recommendations.

2THE NESTED PARTITIONS METHOD

The NP method proposed by Shi and Ólafsson
[Shi and Ólafsson, 2000b] was …rstly developed
for solving global optimisation problems in deter-
ministic models. The method systematically par-
titions the feasible region and concentrates the
search for an optimal solution in regions that are
most promising. The estimation of which region
is most promising is computed through random
sampling of the considered feasible region. Is
it important to point out that the NP method
o¤ers convergence with probability one in …nite
time, without having to verify all the feasible re-
gions. We consider the problem of getting the
optimal solution in the case that we have a …nite
feasible region, in this case, we can get the opti-
mal solution via comparison of all points in order
to choose the best feasible solution. This prob-
lem is mathematically simple to solve in princi-
pal. However, when there are a huge number of
alternatives, the problem can become large and
tedious. The NP method assumes that in each it-
eration of the algorithm there is a subset σ of the
feasible region £ considered as the most promis-
ing. This subset σ must be partitioned into M+1
subregions if σ is not a singleton subset followed
by checking each of these M+1 subregions us-
ing some random sampling scheme. The stopping
rule of the algorithm is given in [Shi and Ólafsson,
2000a].

3FOUR QUEUE NETWORK PROBLEM

We have a queue network in which there are four
queues. Each queue (Q1, Q2, Q3 and Q4) is asso-
ciated with its respective server (S1, S2, S3 and
S4). The set formed by each queue and server will
be called a subsystem. Each subsystem, i=1, 2,
3 and 4, requires of a number of resources called

R1, R2, R3 and R4, respectively (See Figure 1).
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Figure 1. Four Queue Network

Let (1-p1) and (1-p2) be the probabilities of that
a customer returns to Q1 and Q2, after service
by S2 and S3, respectively. It is important to
point out that returned customers from Q3 are
sent to Q4 before that they can be sent to Q2. Ad-
ditionally, customers that are not returned from
Q2 are sent to Q3 with probability p1, and cus-
tomers that are not returned from Q3 leave with
probability p2. The e¢ciency of each server is de-
pendent on the amount of resource Ri that is allo-
cated to it. We shall assume that the service time
has a mean inversely proportional to the amount
resource allocated to it. We shall assume that the
total resource available for allocation to servers is
limited. Our object is to …nd the best con…gura-
tion or allocation of resources to the network of
queues, to minimize the average time customers
spend in the system (T̂ ) under the condition that
the sum of all the resources is equal to N . A
mathematical formulation of the problem takes
the following form:

Let T̂ (~R) be the average time customers spend
in the system and Let ~RT be the resource vector
given by (R1, R2, R3, R4).

~ROpt = arg min T̂ (~R)
Subject to

4X

i=1

Ri = N

where
Ri 2 N+ _ i = 1, . . . , 4 N ¸ 4

Here N+ is the set of positive integers.



The inter-arrival times were assumed to be uni-
formly distributed with minimum 0 and maxi-
mum given by the parameter Max Inter-Arrival.
A way of representing the e¤ect that has each re-
source (Ri, i = 1,. . . ,4) on the system is through
the activity time associated to each server (Si,
i = 1,. . . ,4). In this sense, each server time was
modelled by a uniform random variable with min-
imum given by a inversely proportional function
depending on the quantity of assigned resource
and maximum given by twice the last one func-
tion. The factor of proportion of these functions
was called "time factor" (tf).

Probabilities p1 and p2 were 0.90 and 0.85 respec-
tively, the total number of resources was 8, Max
Inter-Arrival was equal to 20 time unit (tu) and
tf was equal to 5.

4RESULTS OF THREE ITERATIONS

With the aim of giving a didactic explanation of
NP method, it is shown step by step each phase
of the algorithm.

Step 0, k=0, De…nition of the feasible re-
gion
Let σ(0) be the set of all possible combinations
of Ri allocated to the four queues subject to the
total being 8.

Mathematically we have:

σ(0)=£=f(R1, R2, R3, R4)/ R1=1,. . .,5 ^
R2=1,. . .,(6-R1) ^ R3=1,. . .,(7-R1-R2) ^ R4=8-
R1-R2-R3g
Each design experiment point was sequentially
denoted by Ei, in our case, i = 1,. . .,35. Each ~Ri

is explicitly de…ned by the following algorithm:
Start N = 8; i = 1

Do: (R1=1 to (N -3))
Do: (R2=1 to (N-2-R1))

Do: (R3=1 to (N-1-R1-R2)
R4=N -R1-R2-R3
~Ri=(R1, R2, R3, R4)
i = i + 1

End Do
End Do

End Do, End

Table 1 shows the set of design experiment points
which was denoted by £. Each row of the table
shows its design experiment point Ei and its re-
spective components of ~Ri

Table 1. Set of design experiment points £

Exp R1 R2 R3 R4

E1 1 1 1 5
E2 1 1 2 4
E3 1 1 3 3
E4 1 1 4 2
E5 1 1 5 1
E6 1 2 1 4
E7 1 2 2 3
E8 1 2 3 2
E9 1 2 4 1
E10 1 3 1 3
E11 1 3 2 2
E12 1 3 3 1
E13 1 4 1 2
E14 1 4 2 1
E15 1 5 1 1
E16 2 1 1 4
E17 2 1 2 3
E18 2 1 3 2
E19 2 1 4 1
E20 2 2 1 3
E21 2 2 2 2
E22 2 2 3 1
E23 2 3 1 2
E24 2 3 2 1
E25 2 4 1 1
E26 3 1 1 3
E27 3 1 2 2
E28 3 1 3 1
E29 3 2 1 2
E30 3 2 2 1
E31 3 3 1 1
E32 4 1 1 2
E33 4 1 2 1
E34 4 2 1 1
E35 5 1 1 1



Step 1, k=0, Partitioning σ(0)
Here we partition σ(0) into …ve subsets as follows:

σ1(0)=f(1, R2, R3, R4)/ R2=1,. . .,(6-R1) ^
R3=1,. . .,(7-R1-R2) ^ R4=8-R1-R2-R3g

σ1(0)=f(2, R2, R3, R4)/ R2=1,. . .,(6-R1) ^
R3=1,. . .,(7-R1-R2) ^ R4=8-R1-R2-R3g

σ3(0)=f(3, R2, R3, R4)/ R2=1,. . .,(6-R1) ^
R3=1,. . ., (7-R1-R2) ^ R4=8-R1-R2-R3g

σ4(0)=f(4, R2, R3, R4)/ R2=1,. . .,(6-R1) ^
R3=1,. . ., (7-R1-R2) ^ R4=8-R1-R2-R3g

σ5(0)=f(5, 1, 1, 1)g

Step 2, k=0, Sampling σi(0), i=1,. . .,5
We now sample randomly and uniformly from
each subset. The randomly sampled subsets are
denoted by:

Dσ1(0)=f(1, R2, R3, R4)/ E5, E15, E13, E8, E3g
Dσ2(0)=f(2, R2, R3, R4)/ E24, E21, E17g
Dσ3(0)=f(3, R2, R3, R4)/ E31, E27g
Dσ4(0)=f(4, R2, R3,R4)/ E32g
Dσ5(0)=f(5, 1, 1, 1)/ E35g

Step 3, k=0, Ranking and selection of the
best design Dσi(0), i=1,. . .,5
We now carry out simulation runs at each design
experiment point of each subset. Ranking was
done using 50 simulation replication per design
experiment point, and the simulation time per
replication was of 100000 tu.

The results summarized in Table 2 to Table 14
give us the average of the average time customers
spend in the system (T̂ ) of the simulation repli-
cation which is denoted by T̂Ei . The minimum
value of T̂ is given by T̂min and the maximum
value if denoted by T̂Max. SEi means the sam-
ple standard deviation of the set of sample T̂ and
Serror is the standard error of T̂ which is com-
puted as the sample standard deviation divided
by the square root of the number of simulation
replication.

Table 2. Statistical summary of Dσ1(0)

Exp T̂Ei SEi Serror T̂min T̂Max

E5 174.01 79.93 11.3 85.17 413.68
E15 45.16 2.29 0.32 38.56 50.29
E13 45.16 2.13 0.3 39.33 49.87
E8 28.95 1.02 0.11 26.59 31.06
E3 174.61 80.42 11.37 86.38 418.91

Table 3. Statistical summary of Dσ2(0)

Exp T̂Ei SEi Serror T̂min T̂Max

E24 14.74 0.01 0.01 14.53 15
E21 16.03 0.01 0.01 15.85 16.22
E17 171.07 83.3 11.78 87.25 435.44

Table 4. Statistical summary of Dσ3(0)

Exp T̂Ei SEi Serror T̂min T̂Max

E31 33.53 1.93 0.27 29.95 38.89
E27 169.8 84.02 11.88 86.83 441.76

Table 5. Statistical summary of Dσ4(0)

Exp T̂Ei SEi Serror T̂min T̂Max

E32 169.62 72.68 10.28 92.73 417.64

Table 6. Statistical summary of Dσ5(0)

Exp T̂Ei SEi Serror T̂min T̂Max

E35 168.99 81.89 11.58 93.73 437.58

From a statistical comparative analysis of all T̂Ei

de…ned, we concluded that the best subset was
σ2(0) , because it had the smallest T̂ . The fol-
lowing step is k = k + 1 and go to step 1, with
σ(1) = σ2(0), due to the fact that σ2(0) is not
a singleton set. We additionally require to check
some stopping rule, for instance see [Shi and Ólaf-
sson, 2000a].
Step 1, k=1, Partitioning σ(1) = σ2(0)
We now partition the best subset identi…ed as
σ2(0) in the previous stage.

σ1(1)=f(2, 1, R3, R4)/ R3=1,. . .,(7-R1-R2) ^
R4=8-R1-R2-R3g

σ2(1)=f(2, 2, R3, R4)/ R3=1,. . .,(7-R1-R2) ^
R4=8-R1-R2-R3g



σ3(1)=f(2, 3, R3, R4)/ R3=1,. . .,(7-R1-R2) ^
R4=8-R1-R2-R3g

σ4(1)=f(2, 4, 1, 1)g
σ5(1)= £ n σ(1)=f(R1, R2, R3, R4)/ R1 6=2 ^

R2=1,. . .,(6-R1) ^ R3=1,. . .,(7-R1-R2) ^
R4=8-R1-R2-R3g

Step 2, k=1, Sampling σi(1), i=1,. . .,5
Dσ1(1)=f(2, 1, R3, R4)/ E19, E17g
Dσ2(1)=f(2, 2, R3, R4)/ E20g
Dσ3(1)=f(2, 3, R3, R4)/ E24g
Dσ4(1)=f(2, 4, R3, R4)/ E25g
Dσ5(1)=ff(R1, R2, R3, R4)/ E11,E6, E8, E12,

E2, E28, E32, E26g
Step 3, k=1, Ranking and selection of the
best design Dσi(1), i=1,. . .,5
In this step, we also did 50 simulation replication
per design experiment point with a simulation
time per replication of 100000 tu. It is important
point out that the results of before iteration were
taken into account.

Table 7. Statistical summary of Dσ1(1)

Exp T̂Ei SEi Serror T̂min T̂Max

E19 169.39 83.27 11.77 86.99 433.16
E17 171.07 83.3 11.78 87.25 435.44

Table 8. Statistical summary of Dσ2(1)

Exp T̂Ei SEi Serror T̂min T̂Max

E20 175.79 79.92 11.3 87.06 416.56

Table 9. Statistical summary of Dσ3(1)

Exp T̂Ei SEi Serror T̂min T̂Max

E24 14.74 0.1 0.01 14.53 15

Table 10. Statistical summary of Dσ4(1)

Exp T̂Ei SEi Serror T̂min T̂Max

E25 34.39 1.84 0.26 30.19 39.4

Table 11. Statistical summary of Dσ5(1)

Exp T̂Ei SEi Serror T̂min T̂Max

E11 28.73 0.99 0.14 26.13 30.85
E6 47.45 2.16 0.31 41.02 52.63
E8 28.95 1.02 0.14 26.59 31.06
E12 27.76 0.85 0.12 25.14 29.1
E2 175.79 79.92 11.3 87.06 416.56
E28 169.94 83.95 11.87 86.06 441.07
E32 169.62 72.68 10.28 92.73 417.64
E26 175.91 74.24 10.50 78.49 369.56

In this iteration σ3(1)was the most promising re-
gion. Because σ3(1)is not a singleton set, we
have to do k = k + 1 and go to step 1, with
σ(2) = σ3(1).

Step 1, k=2, Partitioning σ(2) = σ3(1)
σ1(2)=f(2, 3, 1, 2)g
σ2(2)=f(2, 3, 2, 1)g
σ3(2)= £ n σ(2)=f(R1, R2, R3, R4)/ R1 6=2 ^

R2 6=3 ^ R3=1,. . .,(7-R1-R2) ^
R4=8-R1-R2-R3g

Step 2, k=2, Sampling σi(2), i=1,. . .,3
Dσ1(2)=f(2, 3, 1, 2)/ E23g
Dσ2(2)=f(2, 3, 2, 1)/ E24g
Dσ3(2)=ff(R1, R2, R3, R4)/ E7,E15, E5, E22,

E9, E14, E19, E30, E25, E32g
Step 3, k=2, Ranking and selection of the
best design Dσi(1), i=1,. . .,3
Of the same manner that we did the before itera-
tion, we did 50 simulation replication per design
experiment point with a simulation time per repli-
cation of 100000 tu. Results of before iterations
were considered in this step.

Table 12. Statistical summary of Dσ1(2)

Exp T̂Ei SEi Serror T̂min T̂Max

E23 34.67 1.9 0.27 30.14 39.89

Table 13. Statistical summary of Dσ2(2)

Exp T̂Ei SEi Serror T̂min T̂Max

E24 14.74 0.1 0.01 14.53 15



Table 14. Statistical summary of Dσ3(2)

Exp T̂Ei SEi Serror T̂min T̂Max

E7 30.29 0.92 0.13 28.19 32.33
E15 45.16 2.29 0.32 38.56 50.29
E5 174.01 79.93 11.30 85.17 413.68
E22 15.05 0.11 0.02 14.82 15.34
E9 28.83 0.87 0.12 26.77 31.20
E14 28.64 0.96 0.14 26.34 30.61
E19 169.39 83.28 11.77 86.99 433.16
E30 15.20 0.11 0.02 14.98 15.48
E25 34.39 1.84 0.26 30.19 39.4
E32 169.62 72.68 10.28 92.73 417.64

From a statistical approach, we can say the best

design was σ2(2) because it has the smallest T̂ .
Note that in this iteration σ2(2) is a singleton set.
Therefore, we must review if σ2(2) is a optimal
solution according to some stopping rule. An ex-
ample of such a rule is given in [Shi and Ólafsson,
2000a].

We assume that σ2(2) is a optimal solution which
corresponds with ~RT

Opt = (2, 3, 2, 1). In this
example we needed to estimate the performance
measure of 28 design experiment points out of a
total of 35.
Figure 2 depicts the range of T̂ per design ex-
periment point Ei for 50 simulation replication
with a simulation time per replication of 100000
tu. The vertical axis displays the design experi-
ment points and the horizontal axis the values of
T̂ from the minimal T̂ to the maximum T̂ .
As can be seen from Figure 2, there exists a great
di¤erence between the group of design experiment
points given by (R1, 1, R3, R4) and the group of
design experiment points given by (R1, R2, R3,
R4) for R2 = 2, 3, 4. If we analyse the queue
network we can see the following: Firstly the sec-
ond subsystem is the most in‡uential, because all
returned customers are serviced by S2. Secondly
the …rst subsystem is the second most in‡uen-
tial, because it receives a portion of all returned
customers, and …nally, the subsystem 1 is less in-
‡uential than the subsystem 3, however, is more
important than subsystem 4. Hence the best allo-

cation of resources must maximize R2 taking into
consideration the described aspects.

Another explanation we could give about the be-
haviour of the system when R2 = 1 and R2 = 2,
3, 4, is based on the transient period of the sys-
tem. A question which needs proo…ng is if there
exists some relationship between transient period
and optimal operating of the DEDS. Because we
can see that when the system operates at R2 =
1 the transient period is bigger than when it op-
erates at R2 = 2, 3, 4. Hence, the performance
measure has an important noise when R2 = 1.
This last reason needs further study in order to
…nd a relationship between the transient period
and optimal operation of the DEDS.
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5CONCLUSION

This paper shows an approach for the identi…ca-
tion of the best solution in a simulation model,
without having to evaluate all feasible points.
There was only limited bene…t in using the NP
technique in this example, because of the small
feasible region. The NP method might be ex-
pected to problem more e¤ectively when the fea-
sible region is large but we are only interested in
a relatively course identi…cation of the optimal
operating point. We hope to investigate this fur-
ther. Additionally, a studying of the relationship
between transient period and optimal operating
of DEDS is suggested in order to improve the es-
timation of the performance measure of DEDS.
This kind of example can be implemented in sim-
ulation course with the aim of showing the use of
simulation models in optimisation.
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