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Abstract: Global optimization is widely used in various aspects both in industry and academia. Although 
different methods in operations research have been proposed to solve the global optimization, simulated 
annealing and its variations have been favored for their simplicity in the implementation. In order to reach the 
global optimum from the current solution, a walking mechanism must be planned so that global optimum can be 
reached stochastically with high probability. The walking mechanism is the stochastic rule to find the next 
solution from the current solution. One of the most promising walking mechanisms is represented as Tsallis 
distribution. In this study, an exact simulation method is proposed for the Tsallis distribution that is used in 
performing generalized simulated annealing (GSA), a global optimization algorithm suggested by Tsallis (1996). 
First, the Tsallis variate (random variable) is transformed linearly into a standard Tsallis variate with one 
parameter vq . Then the structure of a t distribution variate is imitated to obtain the standard Tsallis variate. A 
ratio of a standard normal variate over a square root function of the Gamma variate with proper chosen 
parameters’ values renders the standard Tsallis distribution variate. This method is suitable for all vq  in the 
range 1 to 3. Theoretical justification is provided in supporting the proposed method. A numerical example, 
given originally by Tsallis and Stariolo, on the GSA is studied on the effect to which the vq  has on the 
convergence to the optimal solution. A conclusion can be drawn from the results that the development of the 
exact simulation method is crucial in obtaining the correct results by using GSA. 
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1. INTRODUCTION 
 
Simulated annealing, derived from the metallurgical 
annealing, is a simple tool to search the global 
optimum. It is a stochastic method with the 
guarantee, in the probability sense, that the global 
optimum can be found. However, the search time is 
infinite. That is the convergence to the global 
optimum could be very slow for complex problems. 
One of the key factors which influence the 
convergence is the walking mechanism. A walking 
mechanism is a procedure to search the next possible 
solution from the current solution. If the walking 
mechanism can allow the current solution to jump 
very far in a wise way, then it is possible to reach the 
global optimum in a very short time. The walking 
mechanism can be described in a probability density 
function (pdf) with variable x  representing the 
jump distance. One of the most promising 
probability density functions which control the move 
of the walker in the randomly search is the Tsallis 
distribution. Although Tsallis distribution in 
combination with generalized simulated annealing 
(GSA) has been proposed by C. Tsallis and D. 
Stariolo in 1996 and has been proved to have a 
better convergence to the global optimum in a 
theoretical way, a working methodology to 
implement the GSA is lacking. This is due to the fact 

only ad-hoc methods are available to simulate the 
Tsallis distribution. In order to use the GSA to its 
fullest capacity, a theoretical sound algorithm must 
be provided to simulate the Tsallis distribution. 
 
This paper is a follow-up study to an article 
published in 2004 (Deng et al, 2004) with the aim to 
provide a theoretical sound algorithm. The Tsallis 
distribution was first introduced by C. Tsallis and D. 
Stariolo (1996). They unified the classical 
(“Boltzmann machine”) simulated annealing (CSA) 
(Kirkpatrick et al, 1983) and fast (“Cauchy 
machine”) simulated annealing (FSA) (Szu et al, 
1987) using the generalized thermostatistics (Tsallis, 
1988) with an extra benefit of providing an 
algorithm which is even faster than the FSA. The 
GSA mechanics consists of three parts: (1) the 
visiting distribution, (2) the acceptance probability, 
and (3) the cooling schedule. The visiting 
distribution is the walking mechanism to allow the 
walker walk in a wise way in the solution space. The 
characteristic of a good walking mechanism is that 
when the annealing temperature is high, the walker 
should be able to jump very far from the current 
solution; whereas when the temperature approaches 
to zero the solution will converge to the global 
optimum. In this way, no matter where the initial 
solution is the walking mechanism is able to locate 
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the optimal solution region in a very short time and 
eventually converges to the global optimum. The 
acceptance probability is the rule to accept a new 
move after the visiting distribution is performed. It is 
always good to accept a “better”, in the sense of 
lower objective function, solution. However when a 
poor solution is encountered, care must be taken to 
decide whether it is accepted or rejected. The 
acceptance of a poor move is not always allowed, 
this is where the acceptance probability comes in. 
The reason to accept a poor solution is to allow the 
walker to jump out of the local optimum. Finally the 
cooling schedule determines the timing to cool down 
the annealing temperature. The higher the 
temperature, the easier it is to jump farther; whereas 
the lower the temperature, the walker becomes less 
active and it just jumps locally around the 
neighborhood of the current solution. When the 
temperature reaches zero, the walker stops jumping. 
A good cooling schedule will save the unnecessary 
moves around the local optimum region and can 
shorten the simulation time required to reach the 
global optimum. The visiting distribution gives [1,2] 
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where tx∆  is the trial jump distance from location 

tx  to the next location 1+tx , i.e., tx∆ = 1+tx - tx , D  

is the degree of dimension of tx∆ , vq  is a 
parameter of visiting distribution and is in the range 
of (1.0, 3.0), ( )tT V

qv
 is the positive controlling 

temperature at time t , and )(xΓ  is the Gamma 
function. When D=1, it shows that in the limit of 

1→vq , the visiting distribution becomes a normal 
distribution with mean equal to zero and variance 
given by 2/)(tT V

qv
 (Deng et al, 2004).  However, 

when 2=vq , the visiting distribution reduces to 
the Cauchy distribution of 
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The second part of the GSA is the probability of 
accepting a new move (Tsallis et al, 1996 and Franz 
et al, 2003) 
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depending on two additional positive parameters 

}1{\RqA ∈  and positive )(tT A
qA

. The 

temperature parameter )(tT A
qA

 in (3) can differ from 

its counterpart )(tT V
qv

 in (1); similarly for the 

parameters Aq   and vq . For the sake of simplicity, 
these parameters are treated respectively as identical. 
I.e., )(tT A

qA
= )(tT V

qv
= )(tTq  t ∀  where the 

subscript q  in )(tTq  could be vq  or Aq   
depending on the context. When the context is clear,   

)(tTq can be further simplified to T . As for  Aq =1, 
equation (3) is not defined. But one can show that in 
the limit of Aq → 1, the acceptance probability (3) 
converges to the Metropolis probability (Geman et 
al, 1984). I.e., 
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Last of all is the cooling schedule. For an arbitrary 
D , the equation is written as 
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In the limit of vq → 1 the logarithmic cooling 
schedule is recovered as 

)1ln(/2ln)1()( 11 tTtT += ; whereas in 2=vq the 
reciprocal cooling schedule is recovered as 

tTtT /)1()( 22 =    (Szu et al, 1987). 
 
The energy function in the GSA is assumed to be 
greater than or equal to zero. The goal of the GSA is 
to find the global minimum of the energy function. 
For the sake of completeness, the whole algorithm to 
find the global minimum of a given cost function 

)(xE  is summarized as follows (Tsallis et al, 1996): 
(i) Designate a pair of predetermined values of 

) ,( vA qq  and proceed, at t = 1, with an arbitrary 
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value 1x  and a value high enough for )1(
vqT  and 

calculate )( 1xE . 

(ii) Then randomly generate 1+tx  from tx     
according to equation (1) to determine the size of 
the jump tx∆ . And isotropically determine its 
direction. Isotropically mean the direction is 
randomly chosen in each parameter in the polar 
coordinate system when the variate is represented 
in the polar form. 

(iii) Next, calculate )( 1+txE  and determine whether 

or not to accept the new move 1+tx  by equation 
(3). We randomly pick a value, say v , from a (0, 
1) uniform random variate. If v  is less than the 
accepting probability in (3), we accept the new 
move, otherwise reject it. 

(iv) Calculate the new temperature 
vqT  using 

equation (5) and then go back to (ii) until the 
minimum value of )(xE  is reached within the 
desired precision. 

 
To make the GSA work, an accurate and efficient 
random number generator is required to simulate the 
visiting distribution in (1). These visiting 
distribution functions are not analytically inversible; 
hence, a numerical procedure is necessary to 
generate random numbers (See Deng et al, 2004 and 
references cited therein for discussion of different 
classical simulation methods and their 
inappropriateness.) Since the cumulative probability 
distribution of the Tsallis distribution cannot be 
derived analytically and the numerical integration to 
calculate the cumulative probability distribution is 
very time consuming, Monte Carlo technique is not 
suitable for this type of application. Inspired by the 
simulation concept of Levy’s stable process 
mentioned in Mantegna (1994) [8], Deng et al have 
made an attempt to solve this simulation problem 
with some progress in their previous paper. They 
proposed a two-step algorithm to simulate the Tsallis 
variate which outperformed the Tsallis and 
Stariolo’s algorithm in terms of matching condition 
between the corresponding simulated probability 
density function (pdf) and the theoretical counterpart 
(it is measured by the Kolmogorov’s statistic 
(Birnbaum, 1952 and Massey, 1951).) However, one 
major problem concerning Deng and et al’s 
algorithm is that it generates a two-peak effect when 

6.2≥vq , as shown in Figure 1. It shows that the 

empirical probability density (□) and the theoretical 
probability density (-) have parameters T =1 and 

vq =2.6. A two-hump phenomenon of the simulated 
distribution stands out and jeopardizes the matching 
quality between the simulated probability density 
function (pdf) and theoretical pdf. Note that the 

ordinate in Figure 1 is in a logarithmic scale on the 
base of 10. Heading of Figure 1 indicate the proper 
chosen parameters values, )(αk  and )(αC , 
determined in the two-step algorithm. (Check Deng 
et al, 2004 for the meaning and determination of 
those parameters.) Such an inconsistency between 
empirical distribution and the theoretical distribution 
gives rise to the investigation of the current research. 
And the main objective of this study is to overcome 
the problem by providing an exact random number 
generator to simulate Tsallis variate. 
 

 
Figure 1. Empirical probability density, (□) 
together with theoretical probability (-), with 
parameters  =1 and  =2.6 in two-step algorithm. 

 
 
 
2. Development of an Exact Random Number 
Generator 
 
The need to develop an accurate and efficient 
algorithm for Tsallis distribution is evident in the 
number of researchers wanting to use it. See, for 
example, Penna (1995) [11], Okamoto and 
Hansmann (2001) [12] and Xiang and Gong (2002) 
[13]. Without such an algorithm the GSA will be 
useless. In order to simulate the Tsallis distribution 
variate, the form in (1) is first simplified. Regarding 
D  as 1, tx∆  as x , )(tT V

qv
 as T , the visiting 

distribution becomes 
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Note that the distribution has two parameters vq  and 

T . Let variate ( )xg
T
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which is the standard Tsallis distribution with 

1=T . The term “standard” is coined because any 
Tsallis distribution can be transformed into a simple 
Tsallis distribution by a linear function. Just like an 
ordinary normal distribution with mean µ  and 
standard deviation σ  can be converted into the 
standard normal distribution with mean zero and 
standard deviation one. The work is then focused on 
the y  variate, which has only one parameter vq , 
and with the inverse linear transform a general 
Tsallis distribution with two parameters T  and vq  
can be obtained. Looking into both the numerator 
and denominator in (7), it is self evident that each 
one can be represented using a Gamma function. 
Recall that the probability density function (pdf) of a 
t variate has a similar form and its pdf is given by 
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where v is the degree of freedom greater than or 
equal to 2 (Bain et al, 1987). Note that variate t is a 
ratio formed by standard normal variate over a 
square root function of an independent Gamma 
variate formulated as 
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V
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2
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independent of each other. Where the pdf of a 
),( κθGamma  variate gives 
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with parameters 0>κ  and 0>θ . The analysis of 
equations (7-9) indicates that a mimicking t variate, 
which is a ratio of a standard normal variate over a 
square root function of Gamma variate, can be used 
to represent a standard Tsallis variate. We thus 
obtain the following Lemma. 
 
Lemma 1. Let Z ~ N(0,1) and 1V  ~ ),( κθGamma  
be two independent variates with parameters 2=θ , 
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variate. 
Proof: 
   The pdf of Z ~ N(0,1) is  
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whereas the pdf of  1V  ~ )
2
1,2( −vGamma  is 
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The random variates (RVs) Z and 1V  are 
independent of each other and with a joint density 
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We form two functions 1
1

  , VW

v
V
ZTs ==  and 

can show that it is a one-to-one transformation from 
) ,( 1VZ  to ) ,( WTs . The joint density ),(, wtf WTs
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of RVs sT   and W  can be expressed as the joint 

density ),( 1, 1
vzf VZ , involving the Jacobian 

),( 1vzJ  of the transformation (Papoulis, 1990), as 
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Substituting (15) into (14), have 
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Hence, using Maple (Monagan et al, 2001) the 
marginal density of variate sT  is maintained as 
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Rearranging (17), have 
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Substituting 
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=
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v  into (18), obtain 
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which is identical to the pdf of the standard Tsallis 
variate in (7) if the notation is changed from t to y. 
This completes the proof. 
 
The method mentioned above can be called the 
mimicking t variate method since the structure and 
pdf of the t variate are mimicked to obtain the 
standard Tsallis variate. An example of the standard 
Tsallis distribution with parameter vq =2.6 is 
simulated by applying Lemma 1 and its empirical 
probability density plotting together with the 
theoretical counterpart. Figure 2 shows the empirical 
probability density ( □ ) and the theoretical 
probability density (-) match perfectly. A close-up 
picture of Figure 2 in the region roughly between –2 
to 2 also reveals a perfect match between the 
empirical probability density and the theoretical 
probability density. For the sake of simplicity, this 
figure is omitted. Note that a previous two-hump 
effect is completely eliminated from the figure.  
 

 
Figure 2. Empirical probability density (□) and 
theoretical probability (-) with parameters T =1 
and vq =2.6 by Lemma 1. 

 
 
 
3 A Numerical Example 
 
In this section how the values of vq  affect the speed 
of convergence to the optimum is studied. A simple 
example considering four variables to be optimized, 
is proposed to illustrate this effect. This example 
was originally proposed by Tsallis and Stariolo 
(1996) [2] to show how the procedures work in 
GSA. Therein they made comments on the best 
choice of vq . This example is used again for 
purpose of comparing their results and ours. The 
energy (cost) function to be minimized is 
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where 3276.570 ≅E  such that ( ) 0≥xE  x∀ . It 
is clear that the minimum of the function is zero. 
The parameters in Tsallis and Stariolo’s paper are 
repeated here. Thus having set 100)1( =T , 

Aq =1.0 the idea is to study the effect of the vq  
parameter on the speed of convergence to the 
optimal value. Three thresholds of 0.1, 0.01, and 
0.001 are used as measures of the desired precision. 
That is if the value of the cost function is less than 
the threshold, the optimum is regarded to be 
reached. The goal of the study is to find out what is 
the best parameter value for vq  in terms of the 
number of iterations needed to reach the optimum. 
The smaller is the number of iterations, the better. 
Twenty samples are run for each parameter with 
5000 iterations as the cap for each run. The range of 

vq  is [1.0, 1.1, 1.2, …, 2.7, 2.8, 2.9]. The box-plot 
(Vardeman, 1993) of the twenty simulated numbers 
of iterations for each parameter vq  is drawn and 
displayed in Figures 3-5. Based on the values of the 
mean, standard deviation of the number of iterations, 
therein it is seen clearly that the best choice for vq  
is unanimously 2.3. This value is totally different 
from the best value vq =2.7 obtained by Tsallis and 
Stariolo using their heuristic algorithm. The example 
indicates the importance of using an accurate 
algorithm to generate the Tsallis distribution. An 
inaccurate algorithm could lead to wrong 
conclusions. 
 

 
Figure 3. Box plot of the number of iterations to 
reach the optimum with threshold=0.1. 

 
Figure 4. Box plot of the number of iterations to 
reach the optimum with threshold=0.01. 
 

 
Figure 5. Box plot of the number of iterations to 
reach the optimum with threshold=0.001. 
 
These three figures show that the standard deviation 
of the numbers of iterations is large for vq =2.7, 
which indicates it is not stable to reach the optimum. 
For example, in the case of threshold 0.01, the 
smallest number of iterations is less than 500 while 
the largest number of iterations is 5,000. This means 
some of the twenty simulations the GSA could not 
reach the optimum within the cap limit of 5,000 
iterations. In practice, it always prefers a reliable 
algorithm to reach the optimum, thus the value of 

vq =2.7 surely is not a good choice. Another 
consideration worth pointing out  therein is that both 
the classical simulated annealing (CSA), with 

vq =1.0, and the fast simulated annealing (FSA), 

with vq =2.0, are not suitable to reach the optimum 
because of the very large  number of the iterations 
required. For the case of CSA, the average number 
of iterations is above 5,000 even for the roughest 
precision (threshold = 0.1). This means none of the 
energy functions in twenty simulations can reach a 
precision beyond 0.1 within 5,000 moves. Whereas 
for the case of FSA, in only four out of twenty 
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simulations runs does the energy function reach the 
optimum with 0.001 accuracy. However, for the case 
of vq =2.3, the energy function reaches the optimum 
with threshold 0.001 for all the twenty simulations. 
The worst result (which takes the most iteration) is 
one that takes less than 3,500 iterations to reach the 
optimum. With the proper chosen value for vq , the 
out-performance of GSA over CSA and FSA is 
obvious.  
 
 
 
4 Conclusions 
 
Global optimization is widely used in a variety of 
applications both in the industry and in academia. 
Although different methods in operations research 
have been proposed to perform global optimization, 
simulated annealing and its variations have been 
favored for their simplicity in the implementation. In 
order to reach the global optimum from the current 
solution, a walking mechanism must be planned so 
that global optimum can be reached stochastically 
with high probability. One of the most promising 
walking mechanisms is represented as the Tsallis 
distribution. When Tsallis distribution combines 
with suitable acceptance probability and cooling 
schedule, they become a powerful tool, known as 
generalized simulated annealing (GSA), to solve the 
global optimization problem. 
 
Although GSA is a powerful tool, its capacity has 
been hindered by the lacking of proper algorithm to 
simulate the Tsallis distribution. The purpose of this 
paper is to bridge this gap. A method to generate 
Tsallis variate has been proposed. Given the 
probability density function of ordinary Tsallis 
variate x  with two parameters vq  and T  as shown 
in equation (6), first linearly transform the Tsallis 

variate by 
vqT

xy
−

=
3

1  and render a standard Tsallis 

variate with one parameter vq  as shown in equation 

(7). Where vq  is in the range of (1.0, 3.0), and T  is 
greater than zero. Then using two independent 
variates Z ~ N(0,1) and 1V  ~ ),( κθGamma  with 

parameters 2=θ , 
2
1

−= vκ  where 
1

1
−

=
vq

v , 

it is shown that 
)1(11 −

==
v

s qV
Z

v
V
ZT  is the 

standard Tsallis variate. After generating the 
standard Tsallis variate, an inverse linear transform 
of the standard Tsallis variate can be used to restore 

the ordinary Tsallis variate. This method is inspired 
by the structure and the probability density function 
of a t variate. Thus this method is christened 
mimicking t variate method. 
 
The significance of the proposed method is 
demonstrated by a numerical method which was 
originally proposed by Tsallis and Stariolo to show 
how the procedures of GSA work and the effect of 

vq  has on the convergence to the optimum. The 
energy function is shown in equation (20) and its 
optimum is zero. To show the effect of vq  on the 
convergence to the optimum, three different 
threshold values, 0.1, 0.01, and 0.001, are used to 
signal the arrival of optimum in the GSA operations. 
That is when the value of energy function is lower 
than the threshold the optimum is considered being 
reached. The number of iterations required to reach 
the optimum is recorded for twenty simulations and 
for each simulation the cap of 5,000 iterations is 
being set. The range of vq  in this study is [1.0, 1.1, 
1.2, …, 2.7, 2.8 2.9]. A box-plot for every value of 

vq  is drawn based on twenty simulations and the 
results are shown in Figures 3-5. In terms of the 
mean and standard deviation of the number of 
iterations they show unanimously that the best 
choice for vq  is 2.3, that which is different from the 
reported best value, 2.7, by Tsallis and Stariolo. In 
the three Figures 3-5, it is shown clearly there is at 
least one run in twenty simulations, in each of the 
three cases, can not reach the optimum when 

vq =2.7; whereas when vq =2.3 all of the twenty 
simulations reach the optimum. Indeed, even for the 
strictest threshold, 0.001, the worst solution is to 
take less than 3,500 iterations to reach the optimum 
when vq =2.3. This shows the out-performance of 

vq =2.3 over vq =2.7. This example demonstrates 
the importance of accurate algorithm of Tsallis 
distribution. An erroneous algorithm, such as the one 
proposed by Tsallis and Stariolo, could lead us to an 
incorrect conclusion. In additions, vq =2.3 is also 
superior to both the classical simulated annealing 
(CSA) ( vq =1.0) and the fast simulated annealing 

(FSA) ( vq =2.0) in this case study. In the case of 
CSA, none of the twenty simulations reach the 
optimum even for threshold to be 0.1. Whereas for 
FSA, the achievement is better, however, it is not as 
good as that of vq =2.3. For the case of FSA with 
threshold 0.001, sixteen runs cannot reach the 
optimum. 
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