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Abstract: A new learning methodology based on a 
hybrid algorithm for interval type-2 fuzzy logic 
systems (FLS) parameter estimation is presented. 
The new proposal consists of Back-Propagation with 
Recursive Least-Squares (BP-RLS) and Back-
Propagation with square-root filter (BP-REFIL). A 
system with the proposed methodology was 
simulated to test its capability for output surface 
temperature prediction of a transfer bar at Hot Strip 
Mill (HSM) Scale Breaker (SB) entry zone for three 
different types of coils. The inputs of the system are 
the surface temperature of the transfer bar and the 
travelling time required to reach the SB entry zone. 
The inputs are modelled as singleton, type-1 or type-
2 fuzzy sets depending on whether the noise was 
taken into account or not. The following 
combinations were simulated: a) interval singleton 
type-2 FLS (type-2 SFLS), b) interval type-1 non-
singleton type-2 FLS (type-2 NSFLS-1) and c) 
interval type-2 non-singleton type-2 FLS (type-2 
NSFLS-2), where the bold face terms indicate the 
kind of input. Modelling results show the feasibility 
of the proposed methodology to be implemented into 
an intelligent process controller for the HSM 
industry. 
 
 
1. INTRODUCTION 
 
Obtaining product consistency and the best quality 
in hot rolled coils, under the mill and slabs 
constraints, is a major concern of HSM industries. 
Because of the complexities and uncertainties 
involved in rolling operations, development of 
mathematical theories has been largely restricted to 
one or two-dimensional models applicable to heat 
behaviour in flat rolling operations. Figure 1 is a 
simplified diagram of a HSM. It shows from the 
initial point of the process at the reheat furnace 
entry, to its final point at the coilers. 
 
Besides the mechanical, electrical and electronic 
equipment, great potential for ensuring good quality 
lies in the automation systems and the control 
techniques used. The most critical process in the 

HSM occurs in the Finishing Mill. Actually, there 
are several mathematical model-based systems for 
setting up the Finishing Mill. 

Figure 1  Schematic view of a typical hot strip mill 
 
The Finishing Mill Set Up model calculates the 
finishing mill working references required to obtain 
gauge, width and temperature at the finishing mill 
exit stand, taking as inputs Finishing Mill exit target 
gage, target width and target temperature, steel 
grade, hardness ratio from slab chemistry, load 
distribution, gauge offset, temperature offset, roll 
diameters, load distribution, transfer bar gauge, 
transfer bar width and transfer bar entry temperature. 
It is very important for the model to know the 
Finishing Scale Breaker entry temperature 
accurately, since a temperature error would 
propagate throughout the entire Finishing Mill. 
 
HSM processes are highly uncertain, non-linear, 
time varying and non-stationary [Mendez et al, 
2003a, Mendez et al, 2003b, Lee and Cho, 1999] , 
having very complex mathematical representations. 
Type-2 Fuzzy Logic Systems (FLS) is an emerging 
technology [Mendel, 2001a] that takes easily the 
random and systematic components of type A or B 
standard uncertainty [Taylor, 1994] of industrial 
measurements. The non-linearities are handled by 
FLS as identifiers and universal approximators of 
nonlinear dynamic systems [Wang, 1992a, Wang, 
1997, Wang, 1992b, Wang and Mendel, 1992].  The 
stationary and non-stationary additive noise is 
handled in a natural way by type-2 FLS [Mendel, 
2001a]. Such characteristics make type-2 FLS a very 
powerful inference system to model and control 
industrial processes. This paper introduces a Hybrid 
type-2 FLS to predict the entry temperature at the 
Scale Breaker in HSM processes. The original 
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contributions are highlighted in Section 2 while 
Section 3 provides the basic fundamentals of type-2 
fuzzy. Section 4 presents the proposed hybrid 
learning algorithm. Section 5 contains applications 
for HSM temperature prediction using the hybrid 
method. Section 6 presents the results of computer 
modelling for three different types of coils and 
finally Section 7 shows conclusions. 
 
 
2. ORIGINAL CONTRIBUTION 
 
One-pass and Back-Propagation (BP) are presented 
as type-2 FLS learning methods in [Mendel, 2001a]. 
One-pass method generates a set of IF-THEN rules 
by using the given training data once, and combines 
the rules to construct the final FLS. None of the 
antecedent and consequent parameters of type-2 FLS 
are fixed at the start of the training process in BP; 
instead they are tuned by using the steepest descent 
method. To the best knowledge of the authors, the 
hybrid learning method has not been reported in 
type-2 FLS. 
Only the BP learning method for type-2 FLS has 
been proposed in the literature, therefore one of the 
main contributions of this work is to implement a 
new hybrid learning algorithm for type-2 FLS, in 
view of the success of the hybrid learning method in 
type-1 FLS [Jang et al, 1997]. [Mendez et al, 2003a, 
Mendez et al, 2003b] it is shown that hybrid 
algorithms improve convergence over the BP 
method. Convergence of the proposed methods has 
been practically tested; however mathematical proof 
is still to be done in general for hybrid learning 
algorithms. 
 
This papers proposes a hybrid learning algorithm for 
interval type-2 FLS for antecedent and consequent 
parameter estimation during training process using 
input-output data pairs. In the forward pass, FLS 
output is calculated and the consequent parameters 
are estimated by either RLS [Jang et al, 1997] or 
REFIL [Peterka, 1975] methods. In the backward 
pass, the error propagates backward, and the 
antecedent parameters are estimated by the BP 
method. One of the proposed hybrid algorithms is 
based on RLS, since it is a benchmark algorithm for 
parameter estimation or systems identification. In 
addition, the parameter estimation method called 
REFIL, has also been used since it improves 
performance over RLS [Aguado, 2000]. 
 
A second but very important purpose of this paper is 
to propose an application methodology based on 
type-2 FLS and the hybrid learning method 
mentioned above for HSM temperature prediction. 
Type-2 FLS is suitable for industrial modelling and 
control applications. The Scale Breaker entry mean 
and surface temperatures are used by the Finishing 
Mill Set-Up model [GE Metals, 1993] to preset the 

Finishing Mill stand screws and to calculate the 
transfer bar thread speed, both required to achieve 
the Finishing Mill exit target head gage the target 
head temperature. 
In temperature prediction, the inputs of the fuzzy 
type-2 models, used to predict the Scale Breaker 
entry temperatures, are the surface temperature of 
the transfer bar at the Roughing Mill exit ( )1x  and 
the time required by the transfer bar head to reach 
the Scale Breaker entry zone ( )2x . Currently, the 
surface temperature is measured using a pyrometer 
located at the RM exit side. Scale grows at the 
transfer bar surface producing a noisy temperature 
measurement. The measurement is also affected by 
environment water steam as well as pyrometer 
location, calibration, resolution and repeatability. 
The head end transfer bar travelling time is 
estimated by the FSU model using Finishing Mill 
estimated thread speed. Such estimation has an error 
associated with the inherent FSU model uncertainty. 
Although temperature prediction ( )y  is a critical 
issue in a HSM the problem has not been fully 
addressed by fuzzy logic control systems [Mendel, 
2001a, Mendez et al, 2003a, Mendez et al, 2003b]. 
 
 
3. PROPOSED METHODOLOGY 
3.1  Type-2 FLS 
 
A type-2 fuzzy set, denoted by A~ , is characterized 
by a type-2 membership function ( )uxA ,~µ , where 

Xx∈  and [ ]1,0⊆∈ xJu : 
( ) ( )( ) [ ]{ }1,0,|,,,~

~ ⊆∈∀∈∀= xA JuXxuxuxA µ   (1) 
and ( ) .1,0 ~ ≤≤ uxAµ  This means that at a specific 
value of x , say x′ , there is no longer a single value 
as for the type-1 membership function ( )u′ ; instead 
the type-2 membership function takes on a set of 
values named the primary membership of x′ , 

[ ]1,0⊆∈ xJu . It is possible to assign an amplitude 
distribution to all of those points. This amplitude is 
named a secondary grade of general type-2 fuzzy 
set. When the weights are the same and equal to 1, 
there is the case of an interval type-2 membership 
function [Mendel, 2001a, Mendel and Liang, 2000, 
John, 2002, Mendel and John, 2002, Mendel, 2001b, 
Turksen, 1993a, Turksen, 1993b]. 
 
3.2 RLS Method 
 
Suppose that a particular system has one input ( )ku  
and one output ( )ky  with an additive noise ( )ke  
measured during a certain number time t  periods of 
T , then it is possible to describe its dynamic 
behaviour using the next differences model: 
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where tk ...3,2,1= ; ∈jj ba ,  R and =n system order. 
This can be written in the form:   
( ) ( ) ( )kekky T += zp     (3) 

where: 

[ ]nn
T babab ,,...,,, 110=p     (4) 

is the parameter estimation matrix of size 12 +n and:  
( ) ( ) ( ) ( ) ( ) ( )[ ]nkunkykukykukT −−−−= ,,...,1,1,z

      (5) 
is the measurements vector of  size 12 +n . 
The model (3) can be expressed for t  input-output 
data pairs as: 

( ) ( ) ( )ttt TTTT EZPY +=     (6) 
where 

( ) ( ) ( ) ( )[ ]tyyytT ,...,2,1=Y     (7) 
is the output vector of size t , and: 

( )

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )⎥

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−−
−−−

−
−

=

ntununu
ntynyny

tuuu
tyyy

tuuu

tT

,....,2,1
,...,2,1

......................................

......................................
1.......,,.........1,0
1......,,.........1,0

,..........,.........2,1

Z   (8) 

is the measurements matrix of size ( ) tn ×+12 , and:  

( ) ( ) ( ) ( )[ ]teeetT ,...,2,1=E     (9) 
is the noise vector of size t . 
For the estimation of P , it is required to minimize 
the next criteria: 

( ) ( ) ( )( ) ( ) ( ) ( )( )tttttt T PZYIPZYJ )(−−=  (10) 
The symmetric and positive matrix ( )1+tC  of size 

)12()12( +×+ nn  is defined as: 

( ) ( ) ( )[ ] 1111 −
++=+ ttt T ZZC   (11) 

and it works as a covariance attenuation matrix of 
the process identification. 
Then, the recursive algorithm for the RLS method 
can be stated as in [Aguado, 2000]: 
( ) ( ) ( )11 +=+ ttt zCg    (12) 

( ) ( ) ( )111 22 +++=+ ttt T gzϕα   (13) 

( ) ( ) ( ) ( )111 +−+=+ tttyte T zP
))   (14) 

( ) ( )
( )

( ) ( )11
1

11
2

++
+

+=+ tet
t

tt TT )))
gPP

α
 (15) 

( ) ( )
( )

( ) ( )⎥
⎦

⎤
⎢
⎣

⎡
++

+
−=+ 11

1
111

22
tt

t
tt TggCC

αϕ
(16) 

whereϕ  is the forgetting factor, normally fixed to 
1.0, ( )1+tg  is an intermediate passing vector of size 

12 +n , ( )12 +tα  is an intermediate passing scalar 

value and ( )1+te)  is the next error estimation. The 
initial values of ( )0P̂  can be interpreted as the 
parameter initial estimation and ( )0Ĉ , its 
uncertainty. During the initial estimation, all existent 
information can be used to fix the most probable 
parameters values.  
 
3.3 REFIL Method 
 
On the other hand, in the linear equation system:  

bAx =      (17) 
A  is a matrix of size nm× , x  is a vector of size n , 
b  is a vector of size m , and nm > , does not have 
an exact solution, and can be written as: 

ebAx =−     (18) 
where e  is the error of any solution of (17), and if 

FFAA TT =     (19) 
where F is any upper or lower triangular matrix of 
size nn× , then (13) can be written as:  

( ) bAFFx TT 1−
=     (20) 

A least-squares solution can be found using (20). 
Now, with (3) expressed as:  
( ) ( ) ( )tPtt EZY +=    (21) 

the least-squares solution to this system is: 
( ) ( )[ ] ( ) ( ) ( )ttttt TTT YZPZZ =   (22) 

The square root of the covariance attenuation matrix 
( )tC  is propagated in each period of time during the 

recursive parameters estimation. The square root of 
( )tC  is defined as an ρρ ×  upper triangular matrix: 

( ) ( ) ( )ttt T CGG =     (23) 
In this way, the covariance matrix ( )tC  is assured to 
be positive every time. If Q  is an upper triangular 
matrix, substituting (23) into (16): 

( ) ( )QGG tt
ϕ
11 =+    (24) 

lets the ( )tG  matrix to be updated for the next 
period of time. The Q  matrix can be obtained using 
the Chelovsky [matrix factorization Aguado, 2000]. 
For each period of time, the REFIL algorithm 
updates ( )1+tG  matrix (24), ( )1+tg  vector (12) and 
( )1+tα  scalar value (13), and using (14) and (15), 

the process parameters can be estimated. 
 
In [Mendel, 2001a], the learning algorithm is back-
propagation during backward pass for antecedent 
and consequent parameters estimation as shown in 
Table 1. 

Table 1 
One Pass in Learning Procedure for Interval Type-2 FLS 

 

 Forward pass Backward pass 
Antecedent 
parameters 

Fixed Steepest descent 

Consequent 
parameters 

Fixed Steepest descent 
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 In the proposed hybrid algorithm, either standard 
RLS or REFIL is used during forward pass for 
consequent parameters tuning, and BP method 
during backward pass for antecedent parameters 
tuning as shown in Table 2. 
 

 Forward pass Backward pass 
Antecedent 
parameters 

Fixed Steepest descent 

Consequent 
parameters 

Either RLS or 
REFIL  

Fixed 

Table 2 
Two Passes in Hybrid Learning for Interval Type-2 FLS 

 
The proposed hybrid learning method is an 
extension of the ANFIS training method [Jang et al, 
1997, Jang and Sun, 1995]. ANFIS uses type-1 
fuzzy logic and the proposed method uses type-2 
fuzzy logic and one of the two algorithms: RLS or 
REFIL. 
According to [Mendel, 2001a], there are three points 
that prevent the use of RLS for consequent 
parameters estimation in type-2 FLS: 
1. The starting point for the RLS method to 
designing an interval singleton FLS is a type-1 
Fuzzy Basis Function (FBF) expansion. No such 
FBF expansion exists for a general singleton type-2 
FLS. Since a type-2 FLS output ( )xy  can be 
expressed as:  

( ) ( ) ( )[ ]xpyxpyx r
T
rl

T
ly +=

2
1    (25) 

with Ml ,...,2,1= ordered rules, it looks like a least-
squares method can be used to tune the parameters 
in T

ly  (matrix transpose of M left-points l
ly  of 

consequent centroids) and T
ry  (matrix transpose of 

M right-points l
ry  of consequent centroids). 

Unfortunately, this is incorrect. In order to know the 
FBF expansion ( )xp l  and ( )xp r , each l

ly  and l
ry  

(the M left-points and right-points of interval 
consequent centroids) must be known first. Because 
at initial conditions of the calculations there are no 
numerical values for those elements, it is impossible 
to do this; hence the FBF expansion ( )xp l  and 

( )xp r  cannot be calculated. This situation does not 
occur for type-1 FBF expansion. 
2. Although ly  and ry  (the end-points of type-2 
FLS centre-of-sets type-reduced set COSY ) can be 
expressed as an interval [ ]ll ff ,  in terms of their lower 

( lf ) and upper ( lf ) M firing sets, and the 
corresponding M consequents left and right-points, 

l
ly and l

ry , as: 

( )M
ll

MLL
ll yyffffyy ,...,,,...,,,..., 111 +=  

( )M
rr

MRR
rr yyffffyy ,...,,,...,,,..., 111 +=  

where L and R are unknown in advance [Mendel, 
2001a]. L is the index to the rule-ordered FBF 
expansions at which ly  is a minimum, and R is the 
index at which ry  is a maximum. Once points L and 
R are known, (25) is very useful to organize and 
describe the calculations of ly  and ry  
3.  The next problem deals with the re-ordering of 

l
ly  and l

ry  [Mendel, 2001a]. The type-1 FBF 
expansions have always had an inherent rule 
ordering associated with them; i.e. rules 

MRRR ,...,, 21  always establishing the first, 
second,…, and Mth  FBF. This order is lost and it is 
necessary to restore it for later use. 
We solved the previous points using the following 
approach: 
1. Because the values of l

ly  and l
ry  have been 

initially fixed as initial condition, then it is possible 
to use either RLS or REFIL methods for consequent 
centroids left-point and right-point parameters 
estimation using the standard deviation of the 
variable at each calculation. 
2. The values of ( )xp l  and ( )xp r  from (25) can be 

calculated using the initial values of l
ly  and l

ry , and 
then use them as the base for RLS and REFIL 
estimation methods. 
3. The loosed rule-ordered FBF expansions can be 
restored [Mendel, 2001a] and used for next 
consequent centroids estimation l

ly  and l
ry . 

 
3.4 The Hybrid Training Algorithm 
 
The membership functions of the proposed hybrid 
training method are Gaussian and are based on 
initial conditions of the antecedent parameters, (the 
interval mean [ ]l

k
l
k

l
k mmm 21 ,∈  and the standard 

deviation ( l
kσ ), consequent parameters ( l

ly  and l
ry ) 

and measurement parameters (the interval of 
standard deviation [ ]21 , kkX k

σσσ ∈ ). Antecedent 
and measurement parameters are tuned using the BP 
training method, while consequent parameters are 
tuned using either the RLS or the REFIL training 
method following the next criteria: 
Given N input-output training data pairs, the hybrid 
training algorithm for E training epochs, should 
minimize the error function:  

( ) ( )( ) ( )[ ]222
1 tt

s
t yfe −= x     (26) 

where ( )( )[ ]t
sf x2  is the defuzzified output. 

The steps of the hybrid training algorithm are: 
 
1. Initialize all the parameters in the antecedent and 

consequent membership functions. Choose the 
mean values of the type-2 Gaussian fuzzy 
numbers to be centred at the measurement values 
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and initialize the standard deviation interval end-
points of these numbers. 

2. Set the training epoch counter, ep , to zero; i.e., 
0≡ep . 

3. Set the training data counter, t , to one; i.e., 
1≡t . 

4. Apply the next input ( )tx to the type-2 FLS and 
compute the total firing interval for each rule; i.e. 
compute if  and if  

5. Compute ly  and ry using the iterative method 
described in [Mendel, 2001a]. Then, establish L 
and R, so ly  and ry can be expressed as: 

( )M
ll

MLL
ll yyffffyy ,...,,,...,,,..., 111 +=  

( )M
rr

MRR
rr yyffffyy ,...,,,...,,,..., 111 +=  

6. Compute the defuzzified output, ( )( )t
sf x2 . 

7. Determine the explicit dependence of ly  and ry  
on membership functions. Because L and R 
obtained in step 5 usually change from one t-
iteration to the next, the dependence of ly  and 

ry  on membership functions will also usually 
change from one t-iteration to the next. 

8. Test each component of ( )tx  to determine the 
active branches. 

9. Tune the parameters of the active branches of the 
consequent using either RLS or REFIL 
algorithm. 

10. Tune the parameters of the active branches of the 
antecedent’s membership functions using the 
steepest descent algorithm. 

11. Set 1+≡ tt . If 1+≡ Nt , go to step 12; 
otherwise, go to step 4. 

12. Set 1+≡ epep . If Eep ≡ , STOP; otherwise go 
to step 3. 

 
Figure 2, at the end of the paper, shows a simplified 
flowchart diagram of the training algorithm. 
 
 
4. TRANSFER BAR SURFACE 
TEMPERATURE PREDICTION 
4.1 Design of the Type-2 Fuzzy Logic System 
 
The architecture of the FLS for HSM temperature 
prediction was established in such a way that 
parameters are continuously optimized. The number 
of rule-antecedents was fixed to two, one for the 
Roughing Mill exit surface temperature and the 
other for the transfer bar head travelling time. Each 
antecedent-input space was divided into five fuzzy 
sets, fixing in this way the number of rules to 
twenty-five. Gaussian primary membership-
functions of uncertain means were chosen for both 
the antecedents and consequents. Each rule of the 
three type-2 FLS was characterized by six 
antecedent membership function parameters (two for 

left-hand and right-hand bounds of the mean and one 
for standard deviation, for each of the two 
antecedent Gaussian membership functions) and two 
consequent parameters (one for left-hand and one for 
right-hand end points of the centroid of the 
consequent type-2 fuzzy set). 
 
For the case of interval type-2 SFLS the resulting 
type-2 FLS uses type-1 singleton fuzzification, 
maximum t-conorm, product t-norm, product 
implication, and centre-of-sets type-reduction. For 
interval type-2 NSFLS-1 the resulting type-2 FLS 
uses type-1 non-singleton fuzzification, maximum t-
conorm, product t-norm, product implication, and 
centre-of-sets type-reduction. For the case of interval 
type-2 NSFLS-2, the resulting type-2 FLS uses type-
2 non-singleton fuzzification, maximum t-conorm, 
product t-norm, product implication, and centre-of-
sets type-reduction. 
For parameter optimization, this work proposes the 
use of two hybrid learning methods, BP-RLS and 
BP-REFIL, and results are compared against BP. 
 

 
Figure 2 A flow chart of steps of the hybrid training  
algorithm  
 
4.2 Noisy Input-Output Training Data Pairs 
 
Noisy input-output data pairs of three different coils 
from an industrial HSM were obtained and used as 
training and checking data. The inputs were the 
noisy temperatures measured at the Roughing Mill 
exit surface and the travelling time measured 
between the Roughing Mill exit to the end of the 
Scale Breaker entry transfer bar. The output was the 
noisy temperature at the Scale Breaker entry surface. 
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4.3 Input Membership Functions 
 
The primary membership functions for each input of 
interval type-2 NSFLS-1 was: 
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where: =k 1,2 (the number of type-1 non-singleton 
inputs) and ( )kX x

k
µ  is centred at '

kk xx = . The 
standard deviation of the Roughing Mill exit surface 
temperature 

1Xσ was initially set to 13.0 Co  and the 
standard deviation head end travelling time 

2Xσ was 
initially set to 2.41 s. 
Whereas the primary membership function for each 
input of interval type-2 NSFLS-2 was: 

( )
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −
−=

2
'

2
1exp

k
k

X

kk
kX

xx
x

σ
µ   (28) 

where: [ ]21 , kkX k
σσσ ∈  =k 1,2 (the number of 

type-2 non-singleton inputs) and ( )kX x
k

µ  centred at 
'
kk xx = . The uncertain standard deviation [ ]1211 ,σσ  

of Roughing Mill exit surface temperature was 
initially set as [11.0, 14.0] Co  and the uncertain 
standard deviation [ ]2221 ,σσ  of head end travelling 
time was initially set to [1.41, 3.41] s. 
 
4.4 Antecedent Membership Functions 
 
The primary membership function for each 
antecedent was a Gaussian with uncertain means as: 

( )
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡ −
−=

2

2
1exp l

k

l
kk

k
l
k

mx
x

σ
µ   (29) 

where [ ]l
k

l
k

l
k mmm 21 ,∈  is the uncertain mean, l

kσ  is 
the standard deviation, =k 1,2 (the number of 
antecedents) and =l 1,2,..25 (the number of M 
rules). The means of the antecedent fuzzy sets were 
chosen to be uniformly distributed over the entire 
input space.   
In this application we have used three different coils 
made from different material and target gage, target 
width and steel grade as shown in Table 3. 
 
 

 Target 
gage 
mm 

Target 
width 
mm 

Steel 
grade 
SAE/AISI

Coil 
A 

1.95 1104.0 1006 

Coil 
B 

5.33 1066.0 1009 

Coil 
C 

3.04 939.0 1045 

Table 3 
Material Type Coils 

 
The standard deviations of antecedent’s fuzzy sets 
were chosen for the 25 rules to be =1σ  60.0 Co and 

=2σ  10.0 s respectively.  
Using the calculated mean and standard deviation of 
input ( )1x  and input ( )2x  for the three coils, the 
uncertainty value for the five intervals for input ( )1x  
were selected as shown in Table 4. 
 

 
11m ( )Co  12m ( )Co  1σ ( )Co  

1 950 952 60 
2 980 982 60 
3 1016 1018 60 
4 1048 1050 60 
5 1080 1082 60 

Table 4 
Selected Intervals of Uncertainty for Input ( )1x  

 
The uncertainty values for the five intervals for input 
( )2x  were selected as shown in Table 5. 
 

 
12m  (s) 22m  (s) 2σ  (s) 

1 32 34 10 
2 38 40 10 
3 42 44 10 
4 48 50 10 
5 56 58 10 

Table 5 
Selected Intervals of Uncertainty for Input ( )2x  

 
The calculated mean and standard deviation of 
inputs ( )1x  and ( )2x  training data are shown in 
Table 6. 
 

 
1xm ( )Co  

1xσ ( )Co  
2xm (s) 

2xσ (s)

Coil 
A 

1050.0 13.0 39.50 2.41 

Coil 
B 

1037.2 22.98 39.67 2.52 

Coil 
C 

1022.0 16.78 37.32 3.26 

Table 6 
Calculated Mean and Standard Deviation of  

Inputs ( )1x  and ( )2x  for Different Coils 

 
where 

1x
m and 

1xσ , 
2xm and 

2xσ are the mean and 
standard deviation of inputs ( )1x , ( )2x  training data, 
respectively. The standard deviation of the 
temperature noise 

1nσ was initially set to 1.0 Co and 
the standard deviation of the time noise 

2nσ was set 
to 1.0 s. 
 
4.5 Fuzzy Rule Base 
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The type-2 fuzzy rule base consists of a set of IF-
THEN rules that represent the model of the system. 
The interval non-singleton type-2 FLS has two 
inputs 2211 ,, XxandXx ∈∈  and one output Yy∈ , 
which has a corresponding rule base size of M = 25 
rules of the form: 

,~~: 2211
lll FisxandFisxIFR

lGisyTHEN ~    (30) 
where =l  1,2,…25 these rules represent a fuzzy 
relation between the input space 21 XX ×  and the 
output space Y , and it is complete, consistent and 
continuous [Wang, 1997], as shown in Table 7. 
 
 

l  
11m  12m  1σ  12m  22m  2σ  l

ly  l
ry  

1 950 952 60 32 34 10 938 940 
2 950 952 60 38 40 10 933 935 
3 950 952 60 42 44 10 928 930 
4 950 952 60 48 50 10 924 926 
5 950 952 60 56 58 10 920 922 
6 980 982 60 32 34 10 958 960 
7 980 982 60 38 40 10 954 956 
8 980 982 60 42 44 10 950 952 
9 980 982 60 48 50 10 946 948 
10 980 982 60 56 58 10 942 944 
11 1016 1018 60 32 34 10 978 980 
12 1016 1018 60 38 40 10 974 976 
13 1016 1018 60 42 44 10 970 972 
14 1016 1018 60 48 50 10 966 970 
15 1016 1018 60 56 58 10 962 964 
16 1048 1050 60 32 34 10 998 1000 
17 1048 1050 60 38 40 10 994 996 
18 1048 1050 60 42 44 10 990 992 
19 1048 1050 60 48 50 10 986 988 
20 1048 1050 60 56 58 10 982 984 
21 1080 1082 60 32 34 10 1020 1022 
22 1080 1082 60 38 40 10 1016 1018 
23 1080 1082 60 42 44 10 1012 1014 
24 1080 1082 60 48 50 10 1008 1010 
25 1080 1082 60 56 58 10 1002 1004 

Table 7 
Initial Value of Antecedent and Consequent Parameters of 

Type-2 FLS 
 

 
4.6 Consequent Membership Functions 
 
The primary membership function for each 
consequent is a Gaussian with uncertain means, as 
defined in (29). Because the centre-of-sets type-
reducer replaces each consequent set 

lGC ~ by its 

centroid, then l
ly  and l

ry  are the consequent 
parameters. 
Because only the input-output data training 
pairs ( ) ( )( )11 : yx , ( ) ( )( )22 : yx ,…, ( ) ( )( )NN yx :  are 
available and there is no data information about the 
consequents, the initial values for the centroid 
parameters l

ly  and l
ry  may be determined 

according to the linguistic rules from human experts 
or chosen arbitrarily in the output space [Wang, 

1997]. In this work the initial values of parameters 
l
ly  and l

ry are such that the corresponding 
membership functions uniformly cover the output 
space. Table 7 also shows the initial values of 
consequent centroids of the twenty-five rules. 
 
 
5. SIMULATION RESULTS 
 
Three different designs for each interval type-2 
SFLS, interval type-2 NSFLS-1 and interval type-2 
NSFLS-2 were trained and used to predict the SB 
entry temperature. For each of the three type-2 FLS 
we ran fifteen epoch computations, using eighty 
seven, sixty-eight and twenty-eight input-output 
training data pairs per epoch, for coil A, coil B and 
coil C respectively. For each input-output data pairs, 
the twenty-five rules of the nine FLS were tuned. 
The performance evaluation for each of the learning 
methods is based on root mean-squared error 
(RMSE) criteria: 

( ) ( ) ( )( )[ ]2
1 *22

1* ∑ = −−=
n

k
k

ss fkY
n

RMSE x  (31) 

where ( )kY  is the output training data from ten 
input-output checking pairs. 

( )*2sRMSE  stands for ( )BPRMSEs2 , ( )RLSRMSEs2  
and ( )REFILRMSEs2 . They are obtained when 
applying BP, hybrid BP-RLS and hybrid BP-REFIL 
learning methods respectively to an interval type-2 
FLS: ( )( )k

bpsf x−2 , ( )( )k
RLSsf x−2  and ( )( )k

REFILsf x−2  
using the checking data pairs. 
Figures 3 to 5 show RMSE of the three used interval 
type-2 FLS systems with fifteen epochs’ 
computations for type A coils. 

 
Figure 3  Type A Coil - type-2 sfls: (*) bp, (+)  bp-rls, (o) bp-
refil. 

 
Figures 6 to 8 show RMSE of the three used interval 
type-2 FLS systems with fifteen epochs’ 
computations for type B coils, while Figures 9 to 11 
show the results for type C coils. 
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Figure 4  Type A Coil-type-2 nsfls1  (*) bp, (+)  bp-rls, (o) bp-
refil. 
 

 
Figure 5  Type A Coil - type-2 nsfls2: (*) bp, (+)  bp-rls, (o) 
bp-refil. 

 
Figure 6  Type B Coil - type-2 sfls: (*) bp, (+)  bp-rls, (o) bp-
refil. 
 
 

 
Figure 7  Type B Coil - type-2 nsfls1: (*) bp, (+)  bp-rls, (o) 
bp-refil. 
 

 
Figure 8  Type B Coil - type-2 nsfls2: (*) bp, (+)  bp-rls, (o) 
bp-refil. 
 

 
Figure 9  Type C Coil - type-2 sfls: (*) bp, (+)  bp-rls, (o) bp-
refil. 
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Figure 10  Type C Coil - type-2 nsfls1: (*) bp, (+)  bp-rls, (o) 
bp-refil. 
 

 
Figure 11  Type C Coil - type-2 nsfls2  (*) bp, (+)  bp-rls, (o) 
bp-refil. 
 
It can be observed from figures 3-11 that type C 
coils are those that presented the biggest RMSE 
values, while type A coils present the better ones. 
These results are related to the selected mean and 
standard deviation values of the antecedent 
membership functions, to the values of the standard 
deviation of each input-output training data set, and 
to the number of the numeric input-output data pairs 
of each coil type used in the training process. 
In the above figures, it can be appreciated that BP-
REFIL has better performance than BP and BP-RLS. 
 
Table 8 shows the final values of adapted parameters 
for the type-2 NSFLS-2 coil type B after epoch 
number fifteen. 
 
 
6. CONCLUSIONS 
 
New applications for temperature prediction in a 
HSM of interval type-2 SFLS, interval type-2 
NSFLS-1 and interval type-2 NSFLS-2 using the 
proposed hybrid learning method are presented. The 
type-2 FLS antecedent membership functions and 
consequent centroids successfully absorbed the 

uncertainty introduced by training noisy data: noisy 
temperature and noisy travelling time measurements. 
The uncertainty of the input data was modelled as 
stationary additive noise using type-1 fuzzy sets as 
non-stationary additive noise using type-2 fuzzy 
sets. The selected initial values of the antecedent and 
consequent parameters can affect the results of the 
type-2 FLS predictions. BP, BP-RLS and BP-REFIL 
methods were tested and the power of hybrid 
parameters estimation was demonstrated. There is a 
substantial improvement in performance and 
stability of the hybrid method over the one with only 
BP. The hybrid BP-REFIL achieves the better 
RMSE performance as it can be seen in the 
experimental results. It was envisaged that the 
proposed algorithm can be applied in modelling and 
control, not only for temperature of steel coil and for 
its gage, width and flatness but also for any linear 
and non-linear dynamic system with stationary and 
non-stationary additive noise.  
In the presented interval type-2 FLS, models have 
only two inputs and one output, but the model can be 
applied to model and control systems with multiple 
inputs and outputs. 
 
 

l  
11m  12m  1σ 12m 22m  2σ  l

ly  l
ry  

1 949.5 951.4 57.4 32.3 34.4 11.6 938.0 940.0 
2 949.6 951.5 57.4 39.2 41.0 10.0 932.8 934.8 
3 949.8 951.6 57.8 43.1 44.5 8.3 927.8 929.7 
4 949.8 951.8 58.6 47.3 47.5 6.3 923.8 925.9 
5 949.9 951.8 59.0 55.9 57.3 11.0 919.9 921.9 
6 979.2 981.2 57.7 31.4 33.5 10.8 958.4 960.4 
7 979.2 981.2 57.4 39.5 41.7 9.8 954.2 956.1 
8 979.4 981.3 57.8 44.6 45.7 5.5 950.0 951.9 
9 979.6 981.7 58.9 48.4 49.5 3.9 946.2 948.2 
10 979.8 981.7 59.2 56.9 58.0 8.3 942.0 944.0 
11 1015.7 1017.8 59.6 29.5 32.7 7.7 979.7 981.1 
12 1015.5 1017.6 59.3 38.7 41.5 9.8 975.2 977.1 
13 1015.6 1017.6 59.3 45.3 46.5 3.6 970.7 972.3 
14 1016.0 1018.0 59.9 48.2 49.6 3.6 966.1 970.2 
15 1015.9 1017.9 59.9 57.1 58.5 6.9 962.1 964.1 
16 1048.3 1050.3 59.9 31.5 33.8 9.0 999.7 1002.1 
17 1048.4 1050.4 59.8 37.2 39.3 10.1 996.2 998.3 
18 1048.2 1050.2 59.8 42.1 43.9 10.5 991.6 993.9 
19 1048.0 1050.0 60.0 48.6 49.6 2.1 985.9 987.9 
20 1048.0 1050.0 60.0 56.6 58.5 7.5 982.1 983.9 
21 1080.1 1082.1 59.1 33.8 35.5 11.5 1022.3 1024.6 
22 1080.2 1082.2 58.9 36.9 38.0 10.3 1018.7 1020.7 
23 1080.2 1082.2 59.0 39.8 41.0 12.4 1014.4 1016.6 
24 1080.2 1082.1 59.7 48.3 51.7 0.1 1007.7 1009.6 
25 1801.0 1082.1 59.7 55.2 57.7 12.9 1002.2 1004.4 

Table 8 
Final Value of Antecedent and Consequent Parameters after 

Epoch Fifteen of Type-2 NSFLS-2 
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