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Abstract: Statistical inferences based on small dimension samples represent a big problem and a made to 
measure challenge. In the biomedical domain there are many situations when costs or ethical reasons enforce that 
only a few data are collected. Nevertheless, inferences must be made. In this paper, an alternative to the classical 
statistical approach is discussed. The article is focused on a simulation strategy through bootstrap re-sampling. 
Linked to this, an important phenomenon appears during bootstrapping, namely bootstrap aggregation. This is 
also revealed through simulation. The model is tested on real small samples of medical data concerning the 
oxidative stress at newborns, in term and premature, comparatively. All calculations implied by the model are 
implemented through Matlab scripts.   
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1. INTRODUCTION 

Classical statistics is no longer the only way to infer 
from data. There are many situations when the 
conditions to apply a significance tests, as for 
example the most used t test, are not satisfied. The 
most common situation is the small dimension of 
samples and the absence of any information about 
the population from which the samples are taken. To 
handle such situations new methods are necessary. 
Re-sampling techniques are one of the alternatives to 
classical statistical methods.  
The first part of the paper is dedicated for problems 
presentation. The statistical and simulation 
framework to approach is also presented. A brief and 
schematic introduction is made to the principles of 
nonparametric bootstrap re-sampling technique.  
The second, and the most consistent part, contains 
the simulation itself of an important re-sampling 
phenomenon: the bootstrap aggregation. This is also 
called, in short, “bagging”. In this section the 
principle, the algorithm and the implementation of 
the simulation of bagging are shown.  
The last part contains the application of the 
bootstrapping-simulation model to real small 
samples of data from a neonatology problem. The 
inferential problem is detailed in this part. The 
interpretation of the results will take into account the 
phenomenon of bagging. This is the reason why the 
simulation of bagging was presented in the second 
part, as a basis for bootstrap-simulation inference. A 
correction of bagging through simulation is also 
discussed here. 

Acknoledgements. Data are obtained from a clinical 
study concerning the evaluation of the oxidizing 

stress to premature new born babies comparing with 
on time new born babies. The study was performed 
in the neonatology clinical section, the Clinic 
Obstetric-Gynecology I, from Cluj-Napoca, 
Romania, under the coordination of professor 
Antonia Popescu, PhD. The method was dosing the 
activity of superoxyde disbutaza. It was performed 
at the Department of Pharmaceutical Biochemistry 
and Clinical Laboratory from the Faculty of 
Pharmacy, Cluj-Napoca by Lecturer Cristina 
Crăciun. [Popescu et all, 2005]  

2. THE INFERENTIAL PROBLEM AND SOME 
BASICS ON BOOTSTRAPPING 

The statistical inferential problem.  
Two samples of small dimension are considered.  
The first one, X5=[495.63, 852.07, 468.67, 420.03, 
480.2] is sampled from a population of in time 
newborns (X). The second one, Y5=[378.71, 337.83, 
489.71, 422.29, 520.99] is sampled from a 
population of premature newborns (Y). The values 
of X5 and Y5 represent doses of superoxyde 
disbutaza in both groups. The sample mean of X5 
must be compared to the sample mean of Y5 and to 
infer whether YX >  by 25%. Usually, a 
significance test would be enough to prove this, but 
there is a big problem. The dimensions of the two 
samples are very small, n=5, and no assumptions on 
the distributions can be made, especially on Y. So, 
alternatively methods must be used for inference.  

Some basics on bootstrap re-sampling 
Re-sampling aim is to re-construct the distribution of 
a population starting from one or some selected real 
samples. The principle of bootstrap re-sampling is 
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sampling with replacement from a real original 
sample selected from a studied population. On the 
basis of these selections a new distribution is built. 
This is called bootstrap distribution. Among the four 
variants of bootstrap re-sampling methods 
(nonparametric, parametric smoothed and Bayesian) 
the nonparametric one is used in this statistical 
study. It is not the intention of this paper to present a 
description of this relatively new statistical 
technique. However, the nonparametric bootstrap 
algorithm is summarized below and a 
comprehensive scheme is presented illustrating the 
principle and the stages for bootstrapping a sample 
(Fig 1). The idea represented in the diagram is 
sustained throughout the simulations in the next 
section.  

The Algorithm for Nonparametric Bootstrap re-
sampling  
1. An array of n data is considered 

Sample ( )nxxxX ,...,, 21= , representing the 
sample of n selections from the target 
population, linked to a specified characteristic 
of study.  

Observation. In this application the studied 

characteristic will be 
X
Y . 

2. n random numbers are generated between 1 and 
n: i1, i2, …in. These will be considered as 
indexes. 

3. The  array ( )nxxxSampleXBoot iii ,...,2,1=_  
will be a new sample of pseudo-data obtained as 
repeated sampling with replacement from the 
original sample SampleX. 

4. To the array Boot_SampleX the statistic of 
interest, for example the mean, is applied. 

5. The algorithm is took over from the second 
step. 

Observation. To be reliable, this algorithm must be 
took over for a large number of times, b=1..B, 
B∝103, 104,…. [Cheng 2000; Hesterberg, 2003] 

 
Fig 1. Asymptotic behavior of the bootstrap 

distribution. 

Simulation of the bootstrap aggregation 
(“bagging”) 
Basically, bootstrap aggregation refers to the 
phenomenon of reducing the variation in the 
bootstrap distribution face to the real distribution of 
the characteristic followed in the entire population. 
[Schaffer and Strimmer, 2005]. It is important not to 
forget that only a small sample from the population 
is known. Instead of proofing this assertion through 
a theorem, a simulation experiment is preferred.  
Bagging is observed regardless of the type of 
distribution that the population follows. So, the 
simulation experiment intends to demonstrate that 
the bootstrap distribution tends to a normal one, 
even if the bootstrapped sample doesn’t proceed 
from a normal one. For this purpose, the exponential 
distribution was elected to simulate the population 
distribution from whom is made the sample 
selection.  
The implementation of the simulation algorithm is 
made in Matlab. 

3. SIMULATION EXPERIMENT 

Simulation input. The variables and the parameters 
that can be adjusted during simulation process are 
listed below. 
 Population distribution, X. A type of 

distribution is chosen, as the source distribution 
for sampling. To underline the asymptotic 
behavior of the bootstrap distribution and to 
make bagging more evident, the exponential 
distribution is chosen because its shape is 
evidently different from the normal distribution. 

 N is the dimension of the population. Values 
can get very large.  

 µ is the parameter of the exponential 
distribution (the mean), chosen as population’s 
distribution relatively to the characteristic of 
interest; X~Exp(µ). If another distribution is 
selected at the beginning, the corresponding 
parameters are selected. 

 n is the volume of the sample. In this simulation 
two types of values are chosen for this variable, 
small and large, respectively with the purpose of 
observing bagging and asymptotic behavior of 
bootstrap distribution in both situations.  

 B is the number of bootstrap re-sampling 
iterations. For very small samples, for example 
n=5 from a population of thousands, B is 
recommended to be at least B=nn. 

When the bootstrap algorithm is applied, the Matlab 
program builds the bootstrap distribution, 
Boot_SampleX, on the basis of randomly selected 
sample, SampleX, from X, through B re-sampling 
iterations. The statistic applied to each re-sample is 
the mean.  
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The few significant lines of the Matlab script that 
implements the simulation are concisely shown 
below. The lines with “%” are explanatory 
comments in the script. 

%Simulation: Bootstraping a sample from 
Exponential distribution 
N=input('Population’s dimension, N=') 
miu=input('Parameter of the exponential 
distribution, miu=') 
n=input('Sample’s dmension, n=') 
X=exprnd(miu,N,1); 
index=unidrnd(N,n,1); % a uniformly distributed 
set of indexes is generated 
%The line below  is the core of the simulation. It 
transfers the randomness of indexes to a set elected 
from the distribution X. This will be the simulated 
sample from population; 
SampleX=X(index); 
B=input('The number of bootstrap re-sampling 
iterantions, B=') 
[bootstat,bootsam]=bootstrp(B,'mean',SampleX) 
%In the line above: bootsam is an array containing 
random indexes that indicate the corresponding data 
selected from the real sample; bootstat is the array 
containing the bootstrapped re-samples from the 
original SampleX; the statistic applied to each 
pseudo-sample is the mean. 
… 

The table below summarizes the basic values for the 
two simulations that will be presented. 

Population: 
X~Exp(µ) 

N=10000 
µ=2.5 

Sample form X: 
SampleX 

n=10 (Simulation1) 
n=100 (Simulation 2) 

Bootstrap 
distribution: 

Boot_SampleX 

B=1000 (Simulation 1) 
B=2000 (Simulation 2) 

Table1: Numerical input values 

Simulated output results 
Simulation 1: Bagging from a small sample.  
The numerical results of the first simulation, (Table 
1), and the comparative distributions: the theoretical 
one, the sampling and the bootstrap distribution, 
(Figure 2) are shown below.  
 

Simulated 
Population: 
X~Exp(2.5) 

µ≈= 4934.2X  

4843.2=XS  

Sample: 
SampleX 

9913.2=SampleX  

5532.2=SampleXS  

Bootatrap 
Distribution: 

Boot_SampleX 

9846.2=XBootSample  
7755.0=XBootSampleS  

Table 2: Numerical results from simulation 1 

Observation. There is a small difference between 
the theoretical mean of the population produced by 
the simulation, 4934.2=X , and the elected 
parameter µ=2.5 of the exponential distribution. This 
is because Matlab generates an exponentially 
distributed random array using pseudo-random 
numbers. For the purposes of this simulation this 
difference is negligible.   

 
Figure 2: Bagging from a small sample 

Simulation 2: Bagging from a large sample.        
The numerical results of the second simulation, 
(Table 3), and the comparatively distributions: 
theoretical, sampling and bootstrap distribution, 
(Figure 3) are shown below. Bagging for a large 
sample can be observed from this output. 

Simulated Population: 
X~Exp(2.5) 

µ≈= 4832.2X  
4486.2=XS  

Sample: SampleX 1972.2=SampleX
37.2.2=SampleXS  

Bootstrap Distribution: 
BootSampleX 

1959.2=XBootSample
2170.0=XBootSampleS  

Table 3: Output from simulation 2 
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Fig 3: Bagging from a large sample 

Comments. Some remarks must be made on the 
increase of the sample size, n, and of the number of 
re-sampling bootstrap iterations, B. 
 The sample becomes “more representative” for 

the population, as it can be observed from the 
exponential shape of the sampling distribution 
(Fig. 2, middle) 

 However, even in this case, the bootstrap 
distribution tends to a normal shape. 

 Bootstrap aggregation is more evident. In the 
first simulation, for n=10 and B=100, the 
bootstrap standard deviation is 

7755.0=_ SampleXBootS , in the second 
simulation, for n=100, B=2000, the standard 
deviation calculated in the bootstrap distribution 
is 2170.0=_ SampleXBootS . 

In the next application bagging will be observed and 
accounted for  in the inferential process.  

4. APPLICATION: BOOTSTRAPPING TO 
COMPARE TWO SMALL GROUPS OF 
NEWBORNS  

For the majority of the problems involving the 
comparison of the characteristics of two unknown 
populations based on samples, a test of significance 
is used. The t test is most commonly used. The 
assumption in those cases is that data are normally 
distributed. There are cases, and this application is 
one of them, when no information about the 
distribution is available and the samples are very 
small. It is obvious that no assumption can be made 
on the distributions of the populations. In these 
conditions an alternative approach can be a re-
sampling technique, for example a bootstrap one.  

The inferential problem. The means of the X5 and 
Y5 selections are compared. The tested hypothesis 
is: the mean of X in the population of new born 
babies is 25% larger than the mean of Y in the 
population of premature new born babies. Formally, 
this means  

YX > by 25 % ⇔ XYY =+ 25.0  ⇔ 80.0=
X
Y  

Discussion.  The ratio of the samples’ means is 

7912.0=
5

5

X

Y
, a value very close to the test value. 

The formulation of the problem is as classical as it 
can be, but there are two important reasons why a 
classical test of significance is not applicable.  
 The dimensions of the samples are very small, 

n=5, for both selections. This is due to 
professional ethics and to the small number of 
premature newborns relative to in term ones.  

 No information is available concerning the 
normality or non-normality of the populations’ 
distributions which the selections are made 
from. 

In this context it is necessary to comment on the 
representativeness of the two samples.  
In the case of X5 it is very likely to select a 
representative sample from the new born babies. 
Their status, the fact that they are born in normal 
conditions, does not imply strict ethical reasons not 
to undertake the control samples. A classification of 
the population is possible to ensure that the sample 
is a representative one.  
The situation is different in the case of Y5. Due to 
the fact that the subjects in this population are 
premature new born babies to undertake control 
samples is restricted and some ethical constraints 
apply. Data are taken “as they come”. This situation 
creates a serious problem. From a statistical point of 
view Y5 is obtained as a survey array of data not as a 
planned representative selection from the 
population. From the target population of premature 
new born babies is much more difficult to obtain 
selected data. 
As a conclusion of this remark, the real problem of 
this kind of study is the fact that two different types 
of groups are compared: a selection that should be 
representative of the population and a survey whose 
degree of representativeness is not known. This 
problem is amplified by the small dimension of the 
data sets.     

Considering these arguments, a test of significance 
to assess the difference between the X and Y means 
on the basis of X5 and Y5, or to construct a 

confidence interval for the 
X
Y  ratio directly from 

the real samples in the classical statistical way is not 
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a reliable approach. It is the right situation to apply a 
non-conventional technique to compare the means of 
these two small groups. 

The bootstrap algorithm for hypothesis testing 
(evaluating the relation between groups’ means) 

1. A number of B re-samples are constructed from 
each selection X5 and Y5, with the same 
dimensions as the original ones. The value of B 
is large (B∝103, 104). For this application with 
n=5 the value of B will be taken as 
B=3125=nn=55. 

Observation. In this application the dimensions of 
the two samples are equal. This is not a compulsory 
condition for re-sampling. The two bootstrap 
distributions can be constructed from two samples 
with different dimensions.  
 

2. For each pair of re-samples ( )55, bb YX  the ratio 

5

5

b

b

X

Y
 is calculated. This is the statistic of interest 

for comparing the groups X and Y. 

3. From the b iterations, b=1. B results the 
bootstrap distribution of the statistic calculated 
at point (2). 

4. The bootstrap distribution is analyzed in the 
“classical” way: shape, mean, bias, etc… 

5. A confidence interval for the bootstrap 
distribution’s mean is calculated.  

In the last part of the algorithm, point (5) the 
phenomenon of bootstrap aggregation will need to 
be taken into account. The importance of the 
simulation of bagging will become evident. 
 
Numerical results. By implementing the algorithm 
illustrated above through a Matlab script, the 

bootstrap distribution of the statistic  
5

5

b

b

X

Y
, b=1..B, 

is obtained. For concision, the elements of this 
distribution will be referred as Boot(Y/X).  

)/(..1
5

5
XYBootBb

X

Y not

b

b =
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=  

The problem is summarised in Table 3. The 
bootstrap distribution is shown in Figure 4. Its 
normal shape must be remarked. In the next section 
the expectation that this distribution show a 
bootstrap aggregation phenomenon will also be 
discussed.  
 
 
 
 

Samples X5 Y5 

Mean 543.32 429.906 

Standard 

Deviation 

174.8986 75.8787 

5

5

X

Y
 0.7192 

Hypothesis 

H0 
8.0=

X
Y  

Table 3 
The bootstrap distribution of Boot(Y/X) is shown 
below. 

 
Fig 4. The bootstrap distribution of Boot(Y/X) 

After bootstrapping the statistic of interest, the mean 
of the distribution is calculated. This will be called 

TestBoot.  TestBootXYBoot
not
=)/(  

The confidence interval for TestBoot is calculated 
on the basis: Boot(Y/X) ~ N(TestBoot, SBoot(Y/X)). 
For the unknown theoretical mean µ, and the 
standard deviation calculated from the boostrap 
distribution Boot(Y/X), the confidence interval for µ 

is considered as: 
B

S
TestBoot XYBoot )/(96.1± . The 

value 1.96 is the quantile zα/2 of the standard normal 
distribution for a confidence level α=0.05. 
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Samples 

Calculated means’ 
ratio 7192.0

5

5
=

X

Y  

Bootstrap 
( B=3125 ) 

Confidence interval 
for TestBoot 

TestBoot = 0.8029 
Bootstrap Standard 
Deviation  = 0.113 

TestBoot∈[0.7989, 
0.8068] 

for α=0.05 
Table 4: Results 

5. CORRECTING BAGGING THROUGH 
SIMULATION 

Considering the simulation of bagging illustrated in 
the previous section, the bootstrap aggregation is 
expected to be present in this distribution as well. 
The confidence interval, calculated from the 
bootstrap distribution, is narrower as it would be 
calculated from a real large and representative 
sample taken directly from the population. Applying 
a correction for the bootstrap standard deviation 
SBoot(Y/X) would be an appropriate solution in order to 
make the bootstrapped result more credible. An 
empirical correction is proposed based on the 
simulation of bagging, starting from the particular 
set of data. 

For the given sets of data, X5 and Y5, which the 
bootstrap procedure was applied to,  an algorithm of  
bagging simulation is run in order to determine the 
correction factor for the bootstrap standard deviation 
of TestBoot. The purpose is to observe the upper and 
lower limits of the standard deviation and then to 
establish a new value for this parameter, closer to 
the real one.  

 
Fig. 5. Simulation of the bootstrap standard 
deviation in the distributions constructed on the re-
samplings of E(BootY5)/E(BootX5); the number of 
iterations is 500 and B is the same for each iteration, 
B=3125. 

Result of the simulation: SBoot(Y/X) ∈[0.11, 0.1182]. 
This is a narrow interval which reflects the stability 
of the bootstrap technique. 

Correction: SBoot(Y/X) can be corrected to a value 

between 0.11 and ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

5

5
287.0

X
YS . The corrected 

confidence interval for TestBoot is  [0.7984, 0.8150] 
and it is obtained for the bootstrap standard 
deviation  taken as 2⋅SBoot(Y/X) = 0.2364. 

The more accurate the information available about 
the variation in the real sample, the more the process 
of correcting bagging can be adjusted.  

Observation. The corrected standard variation of 
the bootstrap distribution is not an exact value. In 
this application, by discussing with the neonatology 
specialist, we concluded that it is appropriate to 
correct bagging with a correction factor equal to 2. 
The simulation procedure for correction has the role 
of estimating an interval of correction not the exact 
value of the correction coefficient.     

Future work. Bagging depends on many factors. 
This application is even more particular due to the 
fact that the statistics of interest is a ratio. Future 
directions of study will include the study of 
bootstrap aggregation for different types of statistics 
for data sampled from non-normally shape 
distributions.    

6. DISCUSSIONS AND CONCLUSIONS 

Analyzing the results obtained from this approach it 

can be concluded that the ratio 
X
Y  in the population 

is close enough to the expected value of 0.80. The 
argument is that the mean of the re-sampled 
distribution Boot(Y/X) is very close to this value, 
TestBoot=0.8029.  

The confidence interval, for a good significance 
level α=0.05, is a narrow one, which strengthens the 
idea that the mean of the bootstrap distribution is a 

good estimator for the theoretical ratio 
X
Y  of the 

means of the studied populations. 

The phenomenon of bootstrap aggregation must be 
taken into account. In the majority of problems the 
study of variation is needed, so the bootstrap 
aggregation must be corrected. In several cases 
bootstrap simulation can be a valid alternative to 
classical methods. 
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For this kind of approach, computer implementation 
is compulsory due to the large number of 
calculations involved. 

Inferring from small samples is a common problem 
in biomedical research. In these situations classical 
statistical methods can be replaced with new ones. 
The bootstrap re-sampling method is one of these 
alternatives. 
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