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Abstract. Intelligent connection of numeric data and symbolic or cognitive function plays a crucial role in AI 
robotics. This problem is also defined as symbol grounding or perceptual anchoring problem in different 
contexts. In this paper we consider this problem from fundamental robot kinematics, Qualitative kinematics of 
planar robots has been proposed in this paper based on aggregation operators and fuzzy qualitative trigonometry. 
Aggregation operators are employed to cluster a certain number of links into a link component in order to 
overcome the state explosion of fuzzy qualitative technique. On the other hand, fuzzy qualitative trigonometry 
replaces the role of conventional trigonometry in robotic kinematics. The proposed approach allows qualitative 
control of a planar robot without changing its motion control module. A case study has been given to 
demonstrate the effectiveness of the proposed approach. The proposed approach can be extended to robot 
kinematics in 3D space. 
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1. INTRODUCTION 
 
Perception-action problem is inherent in most of 
intelligent robotic systems [1,2]. Generally it can 
be understood as the intelligent connection 
between low-level control & sensing tasks and 
symbolic functions of a robotic system. It is one 
of bottleneck problems to robotics, especially for 
robots comprising both motion control modules 
and symbolic modules. Attention has been paid 
to research on intelligent connection structure in 
the past two decades. The motion of a rigid body 
usually is considered as the combination of an 
orientation component and a translation 
component. 
 
The translation component can be obtained from 
its motion control module, e.g., DH parameter 
representation. Parameters of the orientation 
component are unknown, usually which are used 
to describe the qualitative behaviour of a motion 
[3]. Atomic behaviors of a robot in terms of its 
orientation can be represented by its qualitative 
states. Blackwell did pioneering work on spatial 
reasoning on robots [4]. Liu proposed qualitative 
trigonometry to analyze qualitative behaviour of 
a rigid body [5]. Forbus and his student fellows 
made significant contributions to qualitative 
analysis of physical systems [6,7]. Recently Liu 
and Coghill have proposed approaches on 
qualitative robotic modeling using normalization 

[8] and fuzzy qualitative trigonometry [9]. This 
paper focuses on the behaviour control of atomic 
behaviours of planar robots without the change 
of their motion control modules. That is to say, 
the output of the qualitative control of a robot is 
the desired trajectories for its control strategy, 
e.g., PID. Fuzzy qualitative trigonometry is 
employed to qualitative calculation of robotic 
behaviours; aggregation operators are used to 
cluster qualitative states to trajectory position 
points, which can be used to interpolate desired 
trajectories.  
 
Future robotics is a multidisciplinary research 
area. Its central aim is to integrate traditional 
robotics, artificial intelligence, cognitive science 
and neuroscience etc. Research into robotics has 
traditionally emphasized low-level sensing and 
control tasks including sensory processing, path 
planning, and manipulator design and control. 
Future robotics is concerned with endowing 
robots and software agents with higher-level 
cognitive functions that enable them to reason, 
act and perceive in dynamic, incompletely 
known and unpredictable environments. The 
methods used should be flexible enough to 
combine the strengths of conventional 
programming with those of machine learning 
methods. Cognitive-function descriptions for 
robot behaviour and behaviour-based robotics 
are urgently required to confront chanllenges 
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raised by future robotics. Robots can be 
generally categorized as manipulators, mobile 
robots and mobile manipulators. Due to the 
nature of sensors (e.g. sonar) that a mobile robot 
has, methods for its behaviour description have 
been developed in the past three decades [18-20]. 
However, there have been very few behaviour 
methods for both robotic arms and mobile 
manipulators reported so far. For instance, 
Jenkins and Mataric [21] presented performance-
derived behaviour vocabularies as a 
methodology for automatically deriving 
behaviour vocabularies to serve as skill-level 
interfaces for autonomous humanoid robots. 
Although Khatib et al [22] presented a whole-
body control framework that decouples the 
interaction between the task and postural 
objectives and compensates for the dynamics in 
their respective space, it is difficult to use the 
same framework to further describe the 
behaviours of a body. 
 
We propose a representation of qualitative 
kinematics for planar robots in this paper based 
on aggregation operators and fuzzy qualitative 
trigonometry. Aggregation operators are 
employed to cluster a certain number of links 
into a link component in order to overcome the 
state explosion of fuzzy qualitative technique. 
On the other hand, fuzzy qualitative 
trigonometry replaces the role of conventional 
trigonometry in robotic kinematics. The 
proposed approach allows to qualitative control a 
planar robot without changing its motion control 
module. The proposed approach leads to a hybrid 
robotic system that the robot can be driven by its 
motion control module with symbolic description 
of its orientation angles. 
 
This paper is organized as follows: Section 2 
presents preliminaries on fuzzy qualitative 
trigonometry and aggregation operators, Section 
3 gives the proposed kinematics representation 
based on fuzzy qualitative trigonometry and 
aggregation operators, Section 4 implements the 
proposed kinematics into a four-link planar 
robot. Section 5 concludes this paper with 
remarks. 
 

2. FUZZY QUALITATIVE    
    TRIGONOMETRY 
 

Fuzzy qualitative trigonometry is the 
conventional trigonometry in terms of fuzzy sets 
and qualitative reasoning techniques. It replaces 
a unit circle with a fuzzy qualitative circle. The 
orientation and translation parameters of a circle 
are represented by fuzzy membership functions. 
Liu and Coghill have proved that trigonometric 
functions work in the same way as the 
conventional trigonometry does, but in fuzzy 
qualitative terms. Fuzzy qualitative trigonometry 
has been implemented as a MATLAB toolbox 
called XTrig in terms of the representation of 
four-tuple fuzzy numbers [10].  
 

 
 
and 
 

 
 
For instance, denote its orientation and 
translation parameters as 16 and 10. It means that 
there are 16 qualitative states for a full 
orientation and 10 for a unit translation length. 
Their fuzzy numbers are given in the appendix at 
the back of the paper. The above are generated 
by the XTrig for the values of sine and cosine 
function of the 3th and 13th qualitative states, 
respectively.  
 
Results of trigonometric functions are 
represented in a column vector, which includes 
their qualitative values of corresponding 
functions and their relevant index. It shows fuzzy 
qualitative trigonometry uses four tuple fuzzy 
numbers to describe qualitative states; the 
relevant index is introduced to identify the 
relation between adjacent fuzzy numbers. Please 
refer to paper [9] for more information. 
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3. AGGREGATION OPERATORS 
 
Aggregation operators model operations such as 
conjunction, disjunction and averaging on 
intervals and fuzzy sets [11]. One of popular 
aggregation operator families is ordered 
weighted averaging operators and their 
variations. Their general mathematical 
description is given in equation 1. The OWA 
operators are the extensions to the quasi-
arithmetic mean [12] in the aggregation 
operation of fuzzy sets [13–16], originally 
studied by Yager [17]. 
 
 

 
 

Table 1 OWA aggregation operators 
 

(1) 
 
where σ is an ordinal sequence, wi ≥ 0 and Σwi = 
1.  
 
The OWA operators provide a parameterised 
family of aggregation operators which can be 
used for many of the well-known  operators by 
choosing suitable weights as shown in Table 1. 
The OWA weights can be selected based on 
domain knowledge or application contexts where 
the aim is to adjust the OWA operator to 
generate suitable numerical meaningful values. 
In this paper, the OWA operators are employed 
to generate discrete trajectory points which can 
be used to generate desired trajectories using 
interpolation techniques. 

 

4. REPRESENTATION OF ROBOT  
    KINEMATICS 
 
A new kinematic representation of planar robots 
is proposed in this section. The representation is 
ased on fuzzy qualitative trigonometry and 
aggregation 
operators. Due to the nature of states explosion 
in fuzzy qualitative techniques, robotic links are 
separately clustered by aggregation operators. 
The formula for a n-link planar robot is given as 
follows, 
 

(2) 
 
where 
 

(3) 
 
where P(X,Y) is the position of the end-effector, 
Pi

j(Θ) is the ith aggregated link component which 
contains jth links. ls and QS(θs) denote the sth 
link length and qualitative orientation angle of 
the ith link component. Equation 2 also indicates 
that the robot has m(m+1/2) links. 
 

5 CASE STUDY  
 
An example of a four-link planar robot is 
demonstrated in this section in order to reveal the 
effectiveness of the proposed approach in 
Section 3. The robot is decomposed into two link 
components using Equation 2b, each link 
component consists of two links and is modelled 
by Equation 2a. Input qualitative states for its 
joints are given in Table 2, QS(i) denotes the ith 
qualitative state for a joint. The qualitative states 
corresponding to specific fuzzy numbers are 
shown in the appendix. For information please 
see Section 2.1. Fuzzy qualitative trigonometry is 
firstly employed for the two link components; it 
calculates the end-effectors of the two link 
components. Basically it leads the positions to 
overlapped intervals, e.g., Fig. 1. Secondly the 
median aggregation operator in Table 1 is used to 
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generate aggregated values for the positions. 
Aggregated values are labelled as ‘o’ in Figs. 2-
5. It shows that the aggregated values are within 
the intervals of qualitative states. The intervals of 
qualitative states in Figs. 2-5 are actually the 
projections of four-tuple fuzzy numbers to the 
real lines of their universe. Thirdly, inverse 
kinematics is applied to the two components to 
produce respective joint trajectories. Finally the 
two link components are combined together, that 

is, the base of the second link component mounts 
on the position of the end-effector of the first 
link component. The snapshots of the four-link 
robot’s motion are shown in Fig. 6, the 
aggregated values are labelled with ‘o’. 
Qualitative descriptions of robotic sampling 
position points, e.g., those in Table 2, are used to 
qualitatively control the motion of a robot, i.e., a 
four-link planar robot, in this case. 

 

 
Table 2 Qualitative trajectories for a four-link planar robot

 
 

Figure 1: Propagated position values of the end-effector of the first link component for qualitative state 
QS(x13, y13) 
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Figure 2: Trajectory of the first joint of a four-link robot with the qualitative states and aggregated values. 

 
 

 
Figure 3: Trajectory of the second joint of a four-link robot with the qualitative states and aggregated 

values. 
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Figure 4: Trajectory of the third joint of a four-link robot with the qualitative states and aggregated values. 
 

 
 

Figure 5: Trajectory of the fourth joint of a four-link robot with the qualitative 
 states and aggregated values. 
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Figure 6: Snapshots of a 4-link robot motion with the trajectories of the aggregated values in Figs. 2-5 
 

CONCLUDING REMARKS 
 
This paper has proposed a novel approach to 
qualitatively controlling atomic behaviours of 
planar robots with a target in mind of solving the 
perception action problem. Fuzzy qualitative 
trigonometry and aggregation operators are used 
to implement the control between qualitative 
descriptions and desired joint trajectories. The 
proposed approach has pointed out a way 
towards intelligent connection of motion control 
task and symbolic tasks, e.g., planning. 
 
Atomic behaviours of robots described by 
qualitative states have the capability of being 
used to construct symbolic functions. On the 
other hand, desired trajectories are the inputs for 
motion control modules. The proposed approach 
works as a middleware, which not only supplies 
atomic behaviours for symbolic sub-systems but 
also generates the inputs for numerical 
subsystems. It also indicates that the more 
accurate scale of measurement reflecting more 
quantitative termed states, the more precision of 
controlled robotic behaviours. 
APPENDIX A  
 

Arithmetic operation with four-tuple fuzzy 
numbers are given in this appendix, please see 
reference 10 for more detail. 
 

 
APPENDIX B 
 
Qualitative states of the orientation Qa and 
translation Qd components in terms of four tuple 
fuzzy numbers are listed for the examples 
throughout this paper. Herein we set orientation 
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number and translation number as 16 and 21 
respectively.  
 

 
 
 

and
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