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Abstract— Using a queuing approach to describe a shared memory parallel computer system, it can be considered as a parallel 
computer system with a shared single ready queue. This can depict a single queue parallel server queuing model. Some models that 
are based on probability density function have been used to model the performance of the queuing system. This paper uses 
recursive models to evaluate the performance of a single queue parallel server queuing model of compute intensive applications of 
a parallel computer system. The recursive models that this paper uses are efficient models because each recursive model makes one 
recursive call. 
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I. INTRODUCTION  

 
 Consider a parallel computer system with a finite single 
ready queue [1,2,3,4]. The assumptions to be made is that 
arrival of processes into the finite single ready queue is 
according to poisson distribution and the service time is 
according to exponential distribution.[5,6].  
 
 
              C   Parallel Processors 
 
 
 
 

Figure 1 Model of a Single Queue, Parallel Processor Queuing System 

 
 The diagram in Figure 1, illustrates a parallel computer 
queuing system, having a finite single ready queue, and C 
number of processors.  
   

II. STATEMENT OF THE PROBLEM 

 
 Jobs that arrive in the shared single ready queue of the 
parallel processors are split among the various processors for 
concurrent execution. Furthermore for compute intensive 

applications, jobs are arriving more than they are departing. 
It implies that the parallel processors are always busy. 
Therefore, there is the need to redefine the service rate of the 
various processors and use efficient recursive models to 
evaluate the various performance metrics of the system. The 
service/departure rate for a single queue parallel server 
queuing system has been modeled in [7] as  
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X denotes the maximum number of processes that can be in 
the system.  The above service/execution rate does not truly 
represent the service rate or execution rate of compute 
intensive applications of a parallel computer system, where 
all the processors are busy every time, executing a part of a 
program concurrently. There is the need to redefine the 
service rate of compute intensive applications of a parallel 
computer [8]. Some of the non-recursive models for compute 
intensive applications of parallel computer system, which 
have been developed in [8] are undefined when the arrival 
rate is equal to the service rate of the various parallel 
processors. There is therefore the need to use recursive 
models to develop thorough models that will solve the 
problem of undefined case as seen in the non-recursive 

CPU’s Queue
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models whenever the arrival rate is equal to the service rate. 
Furthermore, it is important that recursive models be used to 
evaluate the performance of the system because recursive 
models are efficient models, especially when a recursive 
model makes only one recursive call [9], as seen in the 
recursive models used in this paper. This paper extends the 
models developed in [18] by using recursive models to 
model the standard error, which assesses the accuracy of the 
models developed in this paper. 
 

III. METHODOLOGY 

 
 We aim at using recursive models to evaluate the 
performance of parallel computer system. We have achieved 
this aim by using computer queuing approach [10], with a 
finite single queue. The parallel processors depict parallel 
servers, and we have used all the related laws that are based 
on queuing system, like Little’s formulae as stated in [7]. We 
have used statistical method of probability density function 
to develop the probability density function of the number of 
processes that join the queuing system. We have used 
mathematical method of deriving recursive models that 
determines the xth term and important functions of a given 
mathematical sequence to develop the recursive models. We 
have used the recursive models to develop the various 
performance metrics that evaluate the performance of 
parallel computer system. We have simulated the models, 
using Java programming language and we have used 
statistical regression/trend line analysis to analyze the results 
of the simulation [11].  
 

IV. LITERATURE REVIEW AND LIMITATION OF 
CURRENT TECHNIQUE 

 
 Recursive models have been used extensively in the 
literature to model the performance of single finite queue 
parallel server queuing system [18, 20, 21].  However, the 
main contribution of this paper is that it redefines and 
represents an appropriate arrival rate of processes based on 
the way processes are split and assigned to the various 
parallel processors and for compute intensive application of 
parallel computer queuing system. Some of the benefits of 
using recursive models is that it is easy to simulate on the 
computer, and it is very efficient, especially when the 
recursive model contains one recursive call [19]. However, 
one of the limitations of using recursive models is that it is 
not very efficient when the recursive model contains more 
than one recursive call [19]. 
 

V. DEVELOPING THE MODELS 

 As a result of the use of the above methodologies, the 
following models have been developed. 
 

A. Probability Density Function of the Number of 
Processes on  the Parallel Queueing System. 

 
 Let X denotes the maximum number of processes that 
can be in the finite parallel processor queuing system at any 
time [12, 13, 14], and let C denotes the number of processors 
on the parallel computer.  Suppose the arrival rate, x when 
x processes are on the queuing system of the parallel 
processors can be described as follows:  
 



 


otherwise

Xx
x ,0

1,...3,,2,1,0,
       (2) 

 
 With good load balancing and homogeneous parallel 
processors, the departure/service rate, x or rate for the next 
CPU burst time when x processes are on the queuing system 
of the parallel computer can be described as follows:  
 



 


otherwise

Xxc
x ,0
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     (3) 

 
 We have used a constant model for the service time 
distribution, c , rather than the usual distribution seen in 
most literature [7,15] as stated in equation (1). This is 
because of the way jobs are serviced/executed on a parallel 
computer system. Jobs that arrive at the common ready 
queue are split and assigned to the various processors for 
concurrent executions. The aim is to keep all the processors 
busy, we assume that under the steady state, the service 
rate/execution rate of a parallel computer will be the same, 
irrespective of the number of jobs in the common ready 
queue. Using the steady state probability as stated in [7,16] 
the probability that x processes will be on the queueing 
system is 



 


otherwise
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P0 can be obtained as we sum all the probabilities and equate 
it to 1.  This implies that:  





X

x
xP

0

1.                                      (5) 

 
From equations (4) and (5), it implies that:  
 
P0 + P0 + 2P0 + 3P0 + 4P0 + … + XP0 = 1.     (6) 
 
Factorizing equation (6), it implies that  
 
P0 (1 +  + 2 + 3 + … + X) = 1.                        (7) 
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 Using Mathematical method of deriving recursive model 

for the xth term of the sequence,  0 , 1 , 2 , 3 ,…, 
X , the xth term of the sequence is given as  

                     1, X = 0 
 
 
Term1(X,  )  =         (8)   
 
                          * Term1(X-1,  ),  X   0 
 
Therefore, the sum of the first xth term of the sequence is 
given as 
 
 
                               1  , X = 0 

 
 
Sum1(X,  ) =    
                                                                (9) 
 
                         Term1(X,  ) + Sum1(X-1,  ), X   0 
 
 
 Therefore, using equation (9) in equation (7), it implies 
that 
 Po*Sum1(X,  ) = 1                    (10) 
 
Solving for Po in equation (10), we have 

Po  =  
),(1

1

XSum
                    (11) 

 
 Using equation (11) in equation (4), we obtain the 
probability density function of the number of processes that 
arrive at the parallel queuing system as  
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          (12) 

 
 Equation (12) is the probability density function that 
models the probability that x processes will be in the parallel 
queuing system. 
 

B. Average Number of Processes in the Parallel 
Queuing System.  
 
 Furthermore, the average number of processes in the 
queuing system can be described statistically as expectation 
of x , where x  is the random variable that denotes the 
number of processes in the system. This can be written as   

E( x ) =  


X

x
xxP

0

.                                   (13) 

 
 Using equation (12) in equation (13), we obtain  

E( x ) = 


X

x

x

XSum
x

0 ),(1 


                 (14) 

 
Simplifying equation (14), we obtain 

E( x )     = 
),(1

1

XSum



X

x

xx
0

                  (15) 

 
Expanding equation (15), we obtain   

E( x )=
),(1

1

XSum
 XX  ...432 432    (16)  

  
Factorizing equation (16), we obtain 

E( x ) =
),(1

1

XSum
 132 ...4321  XX      (17) 

 
 A recursive model can be used to determine the 
convergence of this series,  
 

132 ...4321  XX  
 
as seen in equation (17). In order to determine the recursive 
model, we first determine the xth term of the sequence, 1, 

12 , 23 , 34 ,…, 1XX , which can be determined by 
considering the sequence as two sequences. The first 
sequence is: 1, 2, 3, 4, …., X , while the second sequence is: 

0 , 1 , 2 , 3 ,…, 1X . Therefore the recursive model 
for the xth term of the first sequence is given as follows: 
 
                 1, X = 1 
    

Term2(X) =      (18) 
 
 
                           1 + term2(X-1), X   1 
     

The recursive model for the xth term of the second 
sequence has been developed earlier in equation (8). 
Therefore, combining the two models in equations (8) and 

(18), the series, 132 ...4321  XX  
converges to this recursive model, 
 
                               1, X = 1 
 
Sum2(X,  )=      
                                       (19) 
   

  Term2(X)*term1(X-1,  ) + Sum2(X-1, 
 ), X   1 
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 Therefore, using equation (19) in equation (17), we 
obtain 

          E( x ) =  
),(1 


XSum

Sum2(X,  )        (20) 

 
E( x ), which is the average number of processes that is in 
the queuing system can be denoted as Ls. It implies that  

  Ls  =  
),(1 


XSum

 Sum2(X,  )                   (21) 

 

C. Effective Arrival Rate, eff 
 
 The effective arrival rate, eff models the rate of arrival 
of processes that actually joins the single ready queue.  The 
reason for this is because the single ready queue of parallel 
processor queuing system is finite; this means that there is a 
limit to the number of processes that the single ready queue 
can admit.  Therefore, a process that arrives to join the queue 
can actually join the queue or be lost on arrival. Assuming 
that  is the rate of arrival of processes into the single ready 
queue, and lost is the rate of arrival of processes that will not 
be able to join the queue on arrival, because the finite single 
ready queue is full.  It implies that:  
eff  =  - lost                           (22)  
 
 Since the queuing system allows a maximum of X 
processes, the probability that a process will not be able to 
join the queuing system on arrival will be the probability that 
X processes will be on the queuing system on arrival, Px 
Therefore, lost, the rate of arrival of processes that will not 
be able to join the common ready queue will be PX . It 
implies that  
lost = PX                        (23) 
 
Using equation  (23) in equation (22), we obtain   
eff  =  - PX                      (24) 
 
Factorizing equation (24), we obtain 
 eff  = (1-PX)         (25) 
 

D. Average Waiting Time on the Queuing System. 
 
 Using Little’s formulae as stated in [7], the average 
length of the queuing system is directly proportional to the 
average waiting time on the queuing system. This can be 
expressed as follows,  
 
Ls  Ws                                       (26) 
 
Ls denotes the average length of the queuing system and Ws  

denotes the average waiting time on the queuing system. 
Applying the constant of proportionality in equation (26), we 
obtain 
Ls = effWs,                                    (27) 

 
where eff is the constant of proportionality.  
 Solving for Ws  in equation (27), we obtain 

Ws  = 
ffe

sL


                                   (28) 

Using equation (21) in equation (28), we obtain 

Ws  = 
),(1* 


XSumffe

* Sum2(X,  )         (29) 

 

E. Average Waiting Time on the Ready Queue. 
 
 The average waiting time on the queuing system, which 
will be denoted as Ws has been defined in [17], as average 
time that a process waits on the single queue together with 
the average service time.  Because the distribution of the 
service time is exponential with parameter, , therefore, it 
implies that  
 
Ws = Wq + 1/       (30) 
 
 Solving for Wq in equation (30) and using equation (29) 
in equation (30), we obtain   

Wq  = 
),(1* 


XSumffe

* Sum2(X,  ) - 

1

          (31) 

 

F. Average Number of Processes on the Queue. 
 
 Using another version of Little’s formulae as stated in 
[7], the average length of the queue is directly proportional 
to the average waiting time on the queue. This can be 
expressed as  
 
Lq  Wq                           (32) 
 
Lq denotes the average length of the queue and Wq denotes 
the average waiting time on the queue. Applying the constant 
of proportionality in equation (32), we obtain, 
 
Lq = effWq .                        (33) 
 
 Using equation (31) in equation (33), we obtain, 

Lq  =  





 ffe

XSum

XSum


),(1

),(2*
                    (34) 

 
 Using equation (21) in equation (34), we obtain that  

Lq = Ls -
 


 ffe

                                 (35) 

 
 Simplifying equation (35), we obtain, 
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L
s – Lq = cffe 




                     (36) 

c  denotes the average number of busy processors.  The 
percentage of utilization of the parallel processors is: 

((Ls-Lq) /C)*100 = 100*)/)(( C
eff




     (37) 

 
 

VI. ESTIMATING THE STANDARD ERROR OF THE 

MODELS 

 
 Since all the models that have been developed are 
statistical models that are based on probability density 
function, it is necessary that we assess the accuracy of the 
models. One of the best ways of assessing the accuracy of 
probabilistic models is to estimate the standard error of the 
models.  Statistically, the standard error of the random 
variable, X, which is number of processes in the queue of the 
parallel computer is defined as 
 

SE(X) = )(XVAR                                   (38) 

 
VAR(X) is defined as 
 
VAR(X)= E(X2)-(E(X))2

                                                         (39) 
 
E(X2) in equation (39) can be simplified as follows: 

E(X2) = 


X

x
xPx

0

2
       (40) 

Using equation (12) in equation (40), we obtain the 
following: 

E(X2) = 


X

x

x

XSum
x

0

2

),(1 


                    (41) 

 
Simplifying equation (41), we obtain, 
 

E(X2) =  


X

x

xx
XSum 0

2

),(1

1 


     (42) 

 
Simplifying equation (42) further, we obtain, 
 

 XX
XSum

XE 


24232222 ...432
),(1

1
)(      (43) 

 
Factorizing equation (43), we obtain 
 

E(X2) =  1232222 ...4321
),(1

1  XX
XSum




      (44) 

The series in equation (44) is made up of two sequences, 
which are:   
 

Sequence3 =   0 , 1 , 2 , 3 ,…, 1X              (45) 
 
Sequence4 = 1, 4, 9, 16, …, X2                                     (46) 
 
 The recursive model that determines the xth term of the 
sequence in equation (46) has been stated in equation (17). 
Similarly, the recursive model that determines the xth term 
of the sequence in equation (46) is given as:  
 
                           1, X = 1 
 
 
Term3(X) =    
                      (47)   
 
                     (2*X-1) + Term3(X-1),  X   0 
 
 Combining the two sequences, the recursive model for 
the xth term of this series in equation (44), which is shown 
below,  
 

 1232222 ...4321  XX   
 
is given as 
 
Sum3(X,  ), which is equivalent to: 
 
 
         1, X = 1 
 
         (48) 
  
 

  Term1(X-1,  )*Term3(X) + Sum3(X-1,  ) , X 
  0 

 
Therefore, using equation (48) in equation (44), we obtain, 

E(X2) = 
 ),(1

1

XSum
*Sum3(X,  )     (49) 

 
Using equation (21) and equation (49) in equation (39), we 
obtain, 

Var(X)= 
),(1

1

XSum
*Sum3(X,  )-( Ls)

2 
             (50) 

Therefore, using equation (50) in equation (38), we obtain, 
 

  SE(X)  =   )(XVar       (51) 
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VII. PERFORMANCE ANALYSIS OF THE RECURSIVE 

MODELS 

 
 Performance analysis of the models aims at evaluating 
how parameter changes affect the performance metric that is 
under consideration. [10]. The performance metric that will 
be used to do the evaluation is the percentage of utilization 
of the parallel processors. The parameters that can be used to 
evaluate this performance metric under consideration are the 
maximum number of processes that can be in the system, X 
and  , the arrival rate of processes into the single ready 
queue. As the value of X changes, we wish to find out how it 
affects the percentage of utilization of the parallel 
processors. Similarly, as the value of   changes, we wish to 
find out how it affects the percentage of utilization of the 
parallel processors. After simulating the recursive models on 
the computer, using Java programming language, we obtain 
the various results of the performance metric, percentage of 
utilization of the parallel processors, for various values of X 
and specific value of  and 
 After plotting the values of the percentage of utilization 
of the parallel processors against X as shown in figure 2a. 
The positive value of the slope in the trend line shows that as 
the number of processes that can be in the system increases, 
while other variables remain constant, the percentage of 
utilization of the processors increases. The interpretation of 
the result is that parallel computers realize high percentage 
of processors utilization for high memory capacity. 
 Similarly, after obtaining the various values of the 
performance metric, percentage of utilization of the parallel 
processors for fixed value of X = 25, C = 3,  = 2 , and 
various values of  . Figure 2b is used to illustrate the 
relationship between the performance metric, percentage of 
utilization of the parallel processors and  . From figure 2b, 

the result shows that as the value of   increases, the 
percentage of utilization of the processors increases while 
other variables, like X, C and  remain constant. The 
interpretation of the result shows that as we use the parallel 
computer for compute intensive application, the percentage 
of utilization of the processors is bound to increase. 
 Furthermore, for fixed values of X = 25, which is the 
maximum number of processes to be admitted into the 
system, C = 3 parallel processors and arrival rate  = 21, 
provided that   is not greater than 1, i.e. the system is used 
for non compute intensive applications, figure 2c shows the 
result of standard error against the departure rate. The result 
in figure 2c shows that the standard error of the models 
assumes a minimum value when fast processors are used on 
the parallel computer. 
 

VIII. SUMMARY AND CONCLUSION 

 
 We have been able to evaluate the performance of 
parallel computer system, using recursive models, and assess 

the accuracy of the models by developing model that 
estimates the standard error. We have been able to simulate 
the models using Java programming language, and have been 
able to analyze the results of the simulation in order to 
establish how variable changes affect an important 
performance metric, percentage of utilization of the 
processors. Finally, we have been able to establish when the 
parallel computer assumes high performance and when the 
models assume high accuracy or low standard error. 
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Figure 2. Results of the Simulated Model

 


