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Abstract—Various techniques of fitness landscape analysis for the determination of optimisation problem hardness for evolutionary 
algorithms are proposed in the literature. However, a few implementations of these techniques and their application in practice are 
described nowadays. In the paper comparative statistical and information analysis for benchmark fitness functions such as Sphere, 
Rastrigin, Rosenbrock and Ackley functions is performed. Both statistical and information measures for benchmark fitness 
landscapes are estimated and interpreted in the optimisation context. The sensitivity analysis is performed to determine how the 
conditions of experimental analysis and the noise factor will impact the target measures and their estimations. 
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I. INTRODUCTION 

Nowadays, evolutionary algorithms are often used to 
solve complex optimisation problems. However, in some 
cases they may be not enough computationally efficient. The 
hardness of an optimisation problem and the ability of the 
evolutionary algorithm to perform an efficient search of the 
optimal solution can be determined by using fitness 
landscape analysis [1-4]. The problem is hard to solve with 
an evolutionary algorithm if its fitness landscape has a large 
number of structures, which disturb a search of the global 
solution. The main landscape feature which influences the 
problem difficulty for an optimisation algorithm is the 
landscape ruggedness. To measure the degree of ruggedness 
of the problem search space, several statistical and 
information measures are proposed [5]. 

The paper presents practical implementation of the 
fitness landscape analysis techniques in order to estimate 
measures of fitness landscapes for some benchmark 
functions with the known structure. Also, the paper gives an 
analysis on how random noise in the fitness function can 
affect the measures of fitness landscapes.  

The paper is organised as follows. Section II gives basic 
information about the fitness landscape analysis, and main 
statistical and information measures of fitness landscapes are 
described. Samples of benchmark fitness landscapes are 
described in Section III. Section IV presents some results of 
an experimental analysis of statistical and information 
measures for benchmark fitness landscapes. The effects of a 
random noise on the estimates of these measures is analysed 
in Section V. In Section VI, results of optimisation 
experiments with a genetic algorithm (GA) for benchmark 
fitness functions are discussed in the context of their 
landscapes analysis. The last section presents the summary 
of performed research. 

This paper is an extended version of the paper presented 
in the UkSIM Fourth European Modelling Symposium on 
Computer Modelling and Simulation EMS2010 [6]. 

II. FITNESS LANDSCAPE ANALYSIS 

Fitness landscape consists of three main components [1]: 
the set of genotypes, the fitness function that evaluates the 
genotypes and genetics operators that define neighbourhood 
relations between the genotype sets. A landscape can be 
interpreted by a surface in a search space that defines the 
fitness for each potential solution. In this case, searching an 
optimal solution may be interpreted as walking on the fitness 
landscape surface towards the highest hill, with overcoming 
other hills and valleys. 

The structure of the fitness landscape influences the 
performance of an evolutionary algorithm. There are several 
characteristics associated with the landscape optima that 
define the structure of fitness landscapes [2] in terms of 
modality, epistasis, ruggedness, and deceptiveness. The 
modality evaluates a number of optima in a search space and 
an optima density. The epistasis refers to genotype fitness 
dependence on multiple genes interaction. Both high 
modality and epistasis lead to a more rugged fitness 
landscape. Such rugged search spaces are harder to search 
compared to a smoother landscape with low epistasis and 
modality [3, 4]. 

A number of different techniques has been developed for 
analysis of fitness landscapes by evaluating their 
characteristics. These techniques can be divided in two 
groups that provide statistical analysis and information 
analysis of fitness landscapes.  

In statistical analysis techniques, several correlation 
metrics for characterising the structure of the landscape are 
proposed. The autocorrelation function is used to measure 
the ruggedness of the landscape [7]. In case of a low 
autocorrelation between two sets of fitness points separated 
by some distance, these points have dissimilar values, and 
the landscape is more rugged. Another correlation metric 
used in practice is the correlation length. It defines a distance 
beyond which two sets of fitness points becomes 
uncorrelated [8]. The magnitude of this length indicates the 
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smoothness of the landscape. A longer correlation length 
indicates smoother landscape while a shorter would indicate 
a more rugged landscape. Fitness landscape analysis is 
performed on a sequence of fitness values obtained in a 
random walk.  

The following formulas are used for estimation of the 
fitness landscape statistical measures [4]. Autocorrelation 
function r(s) between sets of fitness points separated with s 
solutions is calculated by:  

   
 






 






n

j j

sn

j sjj

ff

ffff
sr

1

2

1
)(

 

where fj is value of the sequence of n fitness values {fj}
n
j=1. 

Correlation length τ is defined as:  
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Information analysis is aimed to obtain more information 
about the structure of the fitness landscape, comparing to 
statistical analysis. In particular, it allows estimating the 
diversity of the local optima, modality of landscape and the 
degree of regularity of random walks [3]. Information 
analysis is performed based on the sequence of fitness values 
obtained by a random walk on the landscape. The concept of 
entropy proposed in classical information theory is used as a 
basic concept to quantify the ruggedness of a landscape. Four 
information measures are proposed in literature [3]. The 
information content and partial information content are two 
measures of the entropy or amount of fitness change 
encountered during the walk in the obtained landscape path. 
They indicate the ruggedness and the modality of the 
landscape path. The information stability ε* characterizes the 
magnitude of the landscape path slope during the walk. The 
density-basin information analyses the variety of flat and 
smooth sections on the landscape. Both statistical and 
information analysis techniques suppose that reviewed 
fitness landscapes are statistically isotropic [3]. 

The following formulas are used for estimation of fitness 
landscape information measures [3]. Information content 
H(ε) is defined as follows;  
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where the parameter ε controls the sensitivity for measuring 
the entropy H(ε) and is a real number from the interval [0, £], 
where £ is the maximum fitness difference of the sequence 
{fj}

n
j=1. Probabilities P[pq] represent frequencies of possible 

sub-blocks pq of elements from the string S(ε)= s1, s2,...,sn of 

symbols is [ 1 ,0,1]. Partial information content M(ε) is 

defined by:  
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where Φ(1,0,0) counts the slopes of the optima, that are 
represented by string S(ε). For further explanations we refer 
to [3]. 

Finally, density-basin information h(ε) is interpreted by: 
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where probabilities P[pp] represent frequencies of the sub-
blocks pp from the string S(ε) [3]. 

III. BENCHMARK FITNESS LANDSCAPES 

A. Sample fitness landscapes 

The following fitness functions used for benchmarking of 
genetic algorithms [9, 10, and 11] are selected for estimating 
and analysing statistical and information measures of 
benchmark fitness landscapes, i.e. Sphere, Rastrigin, 
Rosenbrock, and Ackley functions. 

All these functions can be defined in the same search 
domain with a similar number of variables and can be easily 
graphically interpreted for two variables. The Sphere 
function for the vector 

nxxX ,...,1  of n variables is 

defined as follows [9]:  
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It is a continuous, convex, quadratic and unimodal function 
with one global minimum equal to fSphere = 0 in the point xi = 
0, i = 1...n, and does not have the local optima. The Sphere 
function and its contour plot are shown in Figure 1. 

Figure 1.  Sphere function with 2 variables and its contour plot. 

So called Rastrigin function has more rugged landscape and 
in case of n variables is defined by:  

     



n
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1 2cos1010,...,   

In case of the function minimisation, it also has one global 
optimum in point of nixi ...1,0   with the value fRastrigin= 0. 

But this function is highly multimodal having the local 
optima produced by its cosine component (see Fig. 2). 
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0

x1  = –3,486... x2  = 0,840...

0 1 0 0 1 1  0 1  1  1   0   0  1  0   1  0  1 1  0 

Figure 2.  Rastrigin function with 2 variables and its contour plot. 

The Rosenbrock function of n variables is calculated by:  
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It is continuous, non-convex, quartic and unimodal function 
with the global minimum equal to 0 in the point xi = 1, i = 
1...n, located inside a parabolic shaped flat valley (see Fig. 
3). While the valley can be easily found, it could be difficult 
to converge to the global minimum. 

Figure 3.  Rosenbrock function with 2 variables and its contour plot. 

Finally, the Ackley function of n variables is defined by:  
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Like the Rastrigin function, it has the local optima, but the 
slope to the optima is exponential. The Ackley function is 
highly multimodal and rugged (see Fig. 4). 

Figure 4.  Ackley function with two variables and its contoir plot. 

B. Search space and neigbourhood  structure 

For all four functions a number of variables is equal to 
n=2, and a search domain is defined by: 

 2,1,55  ixi
 

Two types of solution representation are used, i.e. real-
value encoding and binary representation. In the first case 
variables x1 and x2 are coded as real numbers with a 
resolution factor of 0.01, e.g. -3,49 and 0,84 
correspondingly. Binary coded chromosomes have length of 
20, where first 10 bits code x1, but others code x2. Each 
variable is coded by a formula: 

 5
4,102


z
x  

where z is a decimal number coded with a binary string of 
10. Sample binary chromosome is shown in Fig. 5.  

 

Figure 5.  Sample of binary chromosome. 

Both statistical and information analysis techniques use 
by a random walk generated fitness sequences, where a 
mutation operator defines the way, in which solutions in a 
search space are connected topologically. For real-value 
encoding, a mutation operator changes each variable in a 
chromosome by +0.01 or –0.01 with the probability equal to 
1/3. If all variables xi stays unchanged, the mutation operator 
is re-applied until at least one variable in this chromosome 
changes its value. For binary representation, the bitflip 
operator is used that change the value of a randomly selected 
bit to the opposite value. 

Thereby eight different fitness landscapes are analysed in 
this paper, i.e. four different benchmark functions and two 
types of search space for each function. 

IV. EXPERIMENTAL ANALYSIS 

A. Single experiments  

Express analysis was performed for the Sphere, Rastrigin 
and Rosenbrock fitness landscapes with variables coded by 
real numbers. First, by a random walk the only single path in 
a genotype space was generated, and corresponding fitness 
values for compared landscapes in the phenotype space were 
determined (e.g., see Fig. 6 for Rastrigin function). Then 
autocorrelation for different functions and different lags was 
calculated by formula (1). Obtained correlograms are shown 
in Figure 7. 
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Figure 6.  Proceeded random path in genotype space. 

From statistical analysis, the Rastrigin function has more 
rugged landscape that can be also seen on the function 
contour plot. Its autocorrelation values for lags 1 and 2 are 
smaller than ones for the Sphere and Rosenbrock functions. 
Autocorrelation function for lag more than 2 tends to zero 
and does not provide any information about its landscape. 
Also, the correlation length defined by formula (2) is less for 
the Rastrigin function and equal to 2.35, while for two others 
functions the correlation length is 3.20 and 3.30 
correspondingly. Moreover, the Sphere and Rosenbrock 
functions have quite close autocorrelation values (Fig. 7). 

Figure 7.  Correlograms of Sphere, Rastrigin and Rosenbrock functions. 

Then the sequences of fitness values were transformed to 
strings of symbols S(ε) for different ε, e.g. for the Sphere 
function and ε= 0.04, S(ε) was defined as 1001011010111010010 . 
Information measures H(ε), M(ε) and h(ε) for benchmark 
landscapes were calculated according to formulas (3)-(5), 
e.g. information measures obtained for the landscape of the 
Rastrigin function are given in Table I.   

From information analysis, for Rastrigin function with a 
more rugged landscape measures of the information content 
H(ε) and the modality defined by the partial information 
content M(ε) for different ε are larger than ones for Sphere 
and Rosenbrock functions. Finally, the information stability 
for Rastrigin function is low and equal to ε*≈ 0.087. 

 

TABLE I.  INFORMATION MEASURES OF LANDSCAPE OF RASTRIGIN 
FUNCTION 

ε H(ε) M(ε) h(ε) 
0 0.552 0.444 0.373 
0.4 0.747 0.222 0.315 
0.8 0.452 0.111 0.258 
1.2 0 0 0 

 

B. Multiple experiments 

For more detailed analysis of benchmark fitness 
landscapes, a software prototype for calculation both 
statistical and information measures was developed and 
applied. To estimate structural measures of these landscapes, 
multiple experiments were performed and involved multiple 
randomly generated paths with the starting point uniformly 
distributed in the genotype space.  

In the first series of experiments, the effect of the path 
length on the statistical and information measures for 
benchmark landscapes was analysed. For each length of the 
path on the fitness landscape 10 experiments were 
performed, and measures were estimated by their average 
values. Autocorrelation functions calculated for different 
benchmark functions and lags showed identical results (Fig. 
8). While correlation measures show dependence on the 
length of the path generated by a random walk, the behaviour 
of the information content measures does not demonstrate 
this effect.   

Figure 8.  Dependence of autocorrelation on length of time series. 

In the second series of experiments, the autocorrelation 
for different benchmark landscapes and lags was defined for 
two types of solution representation. In this case, 20 
sequences of fitness values on the landscapes were generated 
by a random walk with 200 points in each. Correlograms 
obtained for real-value and binary coded benchmark 
landscapes (Fig. 9) show the higher autocorrelation for real-
value coded fitness landscapes that make easier search 
process. But the difference between correlogramms for 
different landscapes with the same representation type is 
minor.  
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Figure 9.  Correlograms for real-value and binary coded fitness landscapes. Figure 10.  Sphere function correlograms for different length values. 

Figure 11.  Information content of the Sphere  function obtained in 10 
experiments and averaged over all experiments . 

Figure 12.  Information content of the Rosenbrock function. 

 

Figure 13.  Information content for binary coded Sphere function 

Correlograms in Fig. 10 are obtained for real-value coded 
Sphere landscape and show the higher autocorrelation for the 
longer length of the path in a random work. Furthermore, the 
dependence on lag becomes less chaotic and more linear for 
large lengths, for example, when L is equal to 200. 

In the third series of experiments, different information 
measures for all benchmark landscapes and different ε values 
were estimated. 

The results show the higher information content for the 
smaller values of calculation ε with an explicit peak at 
ε=0.03 for the real-value coded Sphere function (Fig.11). 
However, at ε = 0 that provides taking into accounts any 
small movements on the landscape and L=200, information 
measures become identical and don’t give new information 
about performance of the fitness landscape. In this case, the 
information content tends to 0.388 (see Fig. 11), the partial 
information content to 0.5, and the density-basin information 
to 0.63. At the same time, smaller values of the information 
content for the Rosenbrock function (Fig. 12) compared to 
the Sphere (Fig. 11) indicate the higher degree of flatness 
with respect to rugged areas of the landscape. 

Fig. 13 illustrates the dependence of information content 
measure H(ε) on ε for different length L of the path obtained 
by a random walk on the Sphere function. The curves 
obtained showed no significant differences for the five 
different lengths L. 

C. Local landscape  experiments 

Multiple experiments were also performed for three small 
areas on the Sphere benchmark landscape located near the 
global minimum, close to the local maximum and between 
them. A starting point in a random walk in each local search 
was fixed and defined by <0.05;–0.01>, <4.49; 4.82>, and 
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<–3.71; 1.23>, correspondingly. The results obtained for the 
Sphere function show (Fig. 14) no significant sensitivity of 
the autocorrelation to a starting point location associated to 
the local structures with fitness monotonic changes. The 
magnitude of fitness change during the walk between 
neighbouring points has a big impact on the information 
content measures. Therefore information content (Fig. 15) 
shows high sensitivity to a parameter ε so that ε values need 
to be carefully defined for different local areas of the 
landscape.  

V. NOISE AND MEASURES OF LANDSCAPES 

Additional experiments were performed to define the 
affects of a random noise in fitness on statistical and 
information measures of the benchmark fitness landscape. In 
this case, the fitness function f* is described as follows: 

 f* = f + ξ 

where f is the true fitness function, and ξ is a term that 
represents noise effects not accounted in f  that is treated as a 
statistical error and assumed to be normally distributed with 
mean zero and variance σ2. 

The results of experiments with 20 runs and 200 points in 
each run show that both statistical and information measures 
are quite sensitive to noise. For the real-value coded Sphere 
function with the range of values [0; 50], a random noise has 
an explicit impact on the degree of the autocorrelation for 

σ2= 0.08. Furthermore, with increase of variance, comparing 
with the true fitness function the autocorrelation gets lower 
for shorter lags and higher for longer lags. Additionally, a 
random noise increases the entropy of the true fitness 
landscape structures. Graphs of the information content (Fig. 
17) show the entropy of these landscape structures generated 
by a random noise for different sensitivity values ε. 

VI. GA OPTIMISATION EXPERIMENTS 

To see the correlation between the results of fitness 
landscape analysis and hardness of a real problem for an 
evolutionary algorithm, a series of optimisation experiments 
were performed with benchmark fitness functions.  

GA with one point crossover with rate 0.75 and above 
described mutation operator was used to estimate a 
cumulative probability of success (CPS) [10] for different 
benchmark landscapes. Multiple optimisation experiments 
with different numbers of generations were performed for 
both binary coded and real-valued fitness landscapes. In each 
series, 100 optimisation experiments were performed with 
population of 500 chromosomes.  

The results of optimisations experiments show that for 
binary coded Sphere, Rastrigin and Ackley functions the 
global optimum is found in about 50-60% runs of more than 
20 generations. The CPS doesn’t become higher for a larger 
number of generations. In case of the Rosenbrock function 
the global optimum is found in 10-20% runs.  

Figure 14.  Autocorrelation analysis of Sphere function, for different areas 
of landscape. 

Figure 15.  Information content analysis of Sphere function, for different 
areas of landscape. 

Figure 16.  Autocorrelation of Sphere function with random noise. Figure 17.  Information content of Sphere function with random noise. 
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Figure 18.  Solutions for 2 generations with real-valued chromosomes 
(Rosenbrock function). 

Figure 19.  Solutions for 2 generations with binary chromosomes 
(Rosenbrock function). 

 
In general (except the Rosenbrock function), GA found 

solutions on the real-value coded benchmark landscape are 
better than on the binary coded landscape that was predicted 
within statistical analysis. As the autocorrelation between 
neighbourhood fitness points is higher (see Fig. 9), it is 
easier for GA to move to a point with better fitness. 
Nevertheless, optimisation experiments show that for applied 
GA the Rosenbrock function is harder than three other 
benchmark functions. This could happen due to techniques 
of fitness landscape analysis do not identify the structures 
that make search with GA difficult. Also, no information 
about crossover operator is used in fitness landscape 
analysis. To find out the reasons of the GA performance, 
dynamics of populations in different generations was 
analysed.  

Distribution of found solutions in populations in the fifth 
(crosses) and sixteenth generations (points) in the search 
space is illustrated in Figure 18 where solutions are encoded 
as real-valued chromosomes. In the fifth generation all 
solutions are located on the both sides of the valley (see Fig. 
3). But the global optimum <1, 1> is on the outer edge of the 
cloud of solutions in the sixteenth generation. Here, the 
population tends to the centre of the valley, not to the global 
optimum. This tendency was not observed for the GA 
working with binary chromosomes.  For the binary encoded 
fitness landscape of Rosenbrock function, in the fifth 
generation solutions cover all valley area and in the sixteenth 
generation population converges to the global optimum. 

For other three functions GA converge to the global 
optimum much better for both types of encoding. In the fifth 
generation solutions are located near local optimums, and in 
the sixteenth generation almost all solutions are close to the 
global optimum.   

VII. CONCLUSIONS 

Fitness landscape analysis provides efficient techniques 
for determination of the optimisation problem hardness for 
evolution algorithms. A number of different techniques and 
measures (autocorrelation, correlation length, information 

content, information stability, etc.) have been developed for 
analysing structural characteristics of fitness landscapes that 
influence performance of an evolutionary algorithm. In 
particularly, these allow measuring ruggedness of the 
landscape, estimating its modality and the diversity of the 
local optima, the degree of regularity of random walks. The 
result of this analysis is dependent on many parameters such 
as representation type of the solutions, length of the part in 
the random walk, sensitivity parameter that control 
measuring itself, etc. Also, statistical and information 
measures of fitness landscape analysis are very sensitive to 
random noise that increases the entropy of the true fitness 
landscape structures. 

Fitness landscape analysis for benchmark functions 
allows finding out relationships between the landscape 
measures and these parameters; and between the results of 
fitness landscape analysis and hardness of a real problem for 
an evolutionary algorithm by performing optimisation 
experiments with benchmark fitness functions. 

In future research, a set of benchmark functions will be 
extended, including functions that have more rugged fitness 
landscape and are complicated in structure with a variety of 
different local structures. This will provide more detailed 
information on the correlation between the fitness landscape 
analysis measures and the real hardness of evolutionary 
algorithm for these landscapes. 
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