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Abstract—Portfolio selection is a well-known intractable
research problem in the area of economics and finance. There
are many definitions of the problem that by introduction
of additional constraints try to make it closer to the real-
word conditions. Firefly algorithm is one of the latest swarm
intelligence metaheuristics that was very successfully applied
to both, unconstrained and constrained hard optimization
problems. In this paper we adjusted firefly algorithm to the
portfolio optimization problem and since the results were
not completely satisfactory, we modified it so that better
exploitation/exploration balance was achieved. We tested our
improved algorithm on unconstrained portfolio problem, as
well as on the problem formulation with cardinality and
bounding constraints. We used official benchmark data sets
from the OR-Library, and included data from Hang Seng
in Hong Kong, DAX 100 in Germany and FTSE 100 in
UK with 31, 85 and 89 assets respectively. Our upgraded
algorithm proved to be uniformly better than the original
one. Additionally, we compared it on the same data set to five
other optimization metaheuristics from the literature and our
upgraded firefly algorithm was better in most cases measured
by all performance indicators.

Keywords-portfolio optimization; firefly algorithm; swarm in-
telligence; nature inspired algorithms; constrained optimization

I. INTRODUCTION

Portfolio optimization is a well-known problem in eco-
nomics, management and finance. From the literature survey
it can be seen than many optimization methods and tech-
niques were applied to solving this problem. For example,
in solving fuzzy portfolio optimization, parametric quadratic
programming technique [1] obtained satisfying results. Basic
portfolio optimization model is just a rough approximation
of the real-world scenario. In order to make the model
more realistic and applicable, additional constraints are
being added to its fundamental formulation. However, with
additional constraints the model becomes harder for opti-
mization. Since hard optimization problems are unsolvable
in a reasonable amount of time, the exact methods which
trace optimal solution cannot be applied. For such problems,
it is necessary to employ metaheuristics.

A metaheuristic is formally defined as an iterative gen-
eration process which guides a subordinate heuristic by
combining intelligently different concepts for exploring and
exploiting the search space. Swarm intelligence algorithms
belong to the group of nature-inspired metaheuristics.

This research was supported by Ministry of Education, Science and
Technological Development of the Republic of Serbia, Grant No. III-44006.

Particle swarm optimization (PSO) is one of the first
swarm intelligence metaheuristics It emulates social be-
havior of fish or birds. PSO was applied to portfolio
problems [2]. Ant colony optimization (ACO) simulates
the foraging behavior of ants. Many successful implemen-
tations of this approach can be found in the literature
[3], [4], [5]. Cuckoo search (CS) simulates search process
by utilizing Levy flights. It was proved to be a robust
optimization technique [6]. Seeker optimization algorithm
(SOA) models human search procedure that employs human
reasoning, memory, interactions, and past experience. Global
optimization problems were successfully solved with this
technique [7]. Artificial bee colony (ABC) was inspired by
foraging behavior of honey bee swarm. This metaheuristic
was successfully applied to portfolio optimization [8], [9]
and other constrained problems [10], [11]. Social behavior
of Antarctic krills was inspiration for emergence of krill herd
(KH) algorithm [12] which was also applied to portfolio
problem [13].

In this paper, we applied upgraded firefly algorithm (FA)
to the portfolio selection problem. We noticed that basic
firefly algorithm suffers from low exploitation power during
late iterations. To overcome this deficiency, we upgraded the
exploitation mechanism at that algorithm’s stage.

This paper is organized as follows. After Introduction,
summary of portfolio models is given in Section 2. Section 3
is a review of the original firefly algorithm, and Section 4 de-
scribes our proposed upgraded algorithm. Section 5 presents
benchmark data, parameter setup, performance indicator and
test results. In the final section, conclusion and final remark
are given.

II. PORTFOLIO OPTIMIZATION PROBLEM DEFINITION

There are many formulations of the portfolio optimiza-
tion problem. Among the first one is Markowitz’s mean-
variance (MV) model [14]. This model is optimization prob-
lem with real-valued variables, quadratic objective function
and linear constraints. It is formulated as:

min σ2
p =

N∑
i=1

N∑
j=1

ωiωjσi,j (1)

Subject to
N∑
i=1

ωiµi = R∗ (2)

N∑
i=1

ωi = 1 (3)
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0 ≤ ωi ≤ 1, ∀i ∈ (1, 2, ...N) (4)

where N is the number of available assets, µi is the mean
return on an asset i and σi,j is covariance of returns between
assets i and j respectively (i = 1, ..., N ; j = 1, ..., N).
R∗ is targeted mean return, and ωi is decision variable
that controls the proportion of total available capital that
is invested in security i. Eq. (3) is added to the model to
make sure that the total capital is invested.

Eq. 1 is objective function that represents the variance
(risk) which is subject to minimization. Return constraint
that ensures that the portfolio obtains a predefined return
R∗ is shown in Eq. (2). Budget constraint for the feasible
portfolio is represented in Eq. (3), while Eq. (4) requires
that all investments should be positive (short sales are now
allowed).

By solving presented model with different values for R∗,
a set of efficient portfolios could be traced.

One practical approach which utilizes risk aversion pa-
rameter λ ∈ [0, 1] merges variance (risk) and return into
single objective function. In this model, the sensitivity of
the investor to the risk is defined as follows:

min λ[

N∑
i=1

N∑
j=1

ωiωjσi,j ] + (1− λ)[−
N∑
i=1

ωiµi] (5)

Subject to

N∑
i=1

ωi = 1 (6)

0 ≤ ωi ≤ 1, ∀i ∈ (1, 2, ...N) , (7)

where parameter λ determines the relative importance of
the risk to the mean return for the investor. In Eq. (5),
when λ is zero, mean return is maximized regardless of the
risk. Oppositely, when λ equals one, the risk is minimized
without considering the value of mean expected return.

In the defined model, efficiency of portfolio is based
upon the concept of Pareto optimality. For the given level
of risk, there should not be portfolio with a higher expected
return than efficient portfolio. Conversely, for a given ex-
pected return, there should be no portfolio with a lower
value of risk [15]. Continuous curve denoted as efficient
frontier visually shows the dependencies between changes
of λ and the intersections of mean return and variance. This
curve represents the best trade-offs between mean return and
the variance in Markowitz’s theory. We should also mention
Sharpe ratio model which is applied by construction of
only one evaluation function that models the whole problem
formulation. This model uses information from mean and
variance of the assets when evaluating investments [16].

Two models described above are not realistic because
they do not take into account limitations and factors from the
real world scenarios. These limitations include: the existence
of transactional costs and tax rates, sectors with high capi-
talization, as well as other costs and obstacles arising from
the legal, economic, and other environments [17]. This drove
to the establishment of new portfolio problem formulations
which take into account real-world factors. One such model
is extended mean-variance which belongs to the group of
quadratic mixed-integer programming problems [2].

A. Proposed Portfolio Model
In this paper we show optimization of the mean-variance

model with cardinality and bounding constraints. These are
common trading constraints which make basic MV model
more realistic.

Cardinality constraint defines the maximum number of
assets that can be included in portfolio. Its goal is simplifica-
tion of portfolio management and reduction of transactional
costs. Bounding constraints specify lower and upper bounds
of the proportion of each asset in the portfolio. In some
literature, bounding constraints are called buy-in threshold
constraint.

Formulation of the MV with cardinality and bounding
constraints is:

min λ[

N∑
i=1

N∑
j=1

ωiωjσi,j ] + (1− λ)[−
N∑
i=1

ωiµi] (8)

Subject to
N∑
i=1

ωi = 1 (9)

N∑
i=1

zi = K (10)

εizi ≤ wi ≤ δizi, i = 1, 2, 3, ...N (11)

zi ∈ {0, 1}, i = 1, 2, 3, ...N, (12)
where λ is risk aversion parameter in the range [0, 1], ωi
and ωj are weight variables of assets i and j respectively,
σi,j is their covariance, and µi is mean return of the i-th
asset.

Decision variable zi controls whether the asset i will
be included in portfolio. If its value is one, i-th asset will
be part of the chosen portfolio, and the proportion of the
capital that is invested in it wi lies in the range [εi, δi],
where 0 ≤ εi ≤ δi. Otherwise, if the value of zi equals
zero, i-th security will be excluded from the portfolio. K is
the desired number of assets in portfolio.

From the formulation of this model, it can be concluded
that it belongs to the group of mixed quadratic and integer
programming problem. It utilizes both, real and integer
variables with equality and inequality constraints. When the
basic portfolio model is extended to include the cardinality
and bounding constraints, the resultant efficient frontier
might be discontinuous [18], [19].

III. BASIC FIREFLY ALGORITHM

Flashing and social behavior of fireflies was main source
of inspiration for the devision of firefly algorithm (FA). This
relatively new metaheuristics was first proposed by Yang
in 2008 [20]. Fireflies use short and rhythmic light flashes
generated by a process of bioluminescence to facilitate
communication and to scare away the predators. Formulation
of the objective function, that is subject to optimization, is
based on differences in light intensity [21], [22]. Each firefly
is changing its position in an iterate fashion.

Since the metaheuristics are approximations of real sys-
tems three idealized rules are applied to facilitate algo-
rithm’s implementation [23]: all fireflies in population are
considered to be unisex; attractiveness of a firefly is direct
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proportional to its brightness and the less brighter firefly
will move towards the brighter one; fireflies’ brightness is
defined by the value of objective function.

Also, a light intensity factor is included in the formu-
lation of attractiveness. The variations of light intensity
and attractiveness are monotonically decreasing functions
because as the light intensity and the attractiveness decrease,
the distance from the source increases, and vice-versa. This
is defined as [22]:

I(r) =
I0

1 + γr2
, (13)

where I(r) is the light intensity, r is the distance from
the source, and I0 is the light intensity at the source.
Besides that, the air also absorbs part of the light, and as
a consequence, a light becomes weaker. Air absorption is
modeled by the light absorption coefficient γ.

Attractiveness β of a firefly is direct proportional to its
light intensity (brightness). This dependency can be shown
in the following expression:

β(r) = β0e
−γr2 (14)

where β0 is the attractiveness at r = 0.
Since the calculation of exponential function demands

more computational power than a simple polynomial calcu-
lation, the above expression can be replaced with:

β(r) =
β0

1 + γr2
(15)

Each firefly in the population moves towards a brighter
agent. The movement of a firefly i towards position of a
brighter (more attractive) agent j is calculated using [24]:

xi(t+1) = xi(t)+ β0r
−γr2i,j (xj − xi)+α(κ− 0.5), (16)

where β0 is attractiveness at r = 0, α is randomization
parameter, κ is random number drawn from uniform or
Gaussian distribution, and ri,j is distance between fireflies i
and j. In each algorithm’s cycle, the positions of each pair
of fireflies are being updated [23], [25].

Cartesian distance is used when determining the distance
between agents i and j:

ri,j = ||xi − xj || =

√√√√ D∑
k=1

(xi,k − xj,k), (17)

where D is the number of problem parameters.
By conducted empirical tests, it was found that the β0 =

0 and α ∈ [0, 1] are optimal parameter values. Convergence
speed of the algorithm mostly depends on the γ parameter,
and in most implementations, γ values vary between 0.01
and 100.

Pseudo-code of the FA metaheuristics is shown below.

Generate random population of fireflies xi,
where i = 1, 2, 3, ..., SN
f(x) defines light intensity Ii at point xi
Determine light absorption coefficient γ
Define number of iterations IN
while (t < IN ) do

for (i = 1 to SN ) do

for (j = 1 to i) do
if (Ij < Ii) then

Move firefly j towards firefly i in
d dimension
Attractiveness varies with distance r
via exp[−γr]

Evaluate new solution, replace worst with
better solution, and update light intensity

end if
end for

end for
end while
Rank all fireflies by its fitness, and find the current best
In the presented pseudo-code SN is the number of

agents in population, and t is the current iteration.

IV. UPGRADED FIREFLY ALGORITHM

We applied two modification to the original firefly al-
gorithm. Firstly, we adjusted FA for solving constrained
portfolio problem. Secondly, we enhanced FA’s exploitation
process during late iterations of algorithm’s run. We named
our approach upgraded FA (uFA).

Initial population of candidate solutions is created using
following expression:

xi,j = lbj + rand(0, 1) ∗ (ubj − lbj), (18)

where xi,j is the j-the parameter of th ith solution
(portfolio) in the population, rand(0, 1) is a random real
number between 0 and 1, and ubj and lbj are upper and
lower bounds of the jth parameter (security) respectively.

Also, in the initialization phase, decision variables zi,j
for each security in the portfolio are also generated:

zi,j =

{
1, if φ < 0.5

0, if φ ≥ 0.5
(19)

where φ is random real number between 0 and 1.
For handling constraints, we used two methods. Inspired

with the similar approach proposed in [26], we used the
arrangement algorithm that guarantees the feasibility of
solutions. Arrangement algorithm was employed to satisfy
constraint defined in Eq. (9) in model formulation.

Fundamental versions of algorithms and metaheuristics
for constrained numerical optimization problems do not
apply methods for dealing with constraints. For this rea-
son, constraint handling techniques are usually applied in
those algorithms to improve and redirect the search process
towards the feasible region of the search space. Moreover,
equity constraints shrink search space. To tackle this issue,
equality constraints are replaced with the inequality con-
straints [27].

|h(x)| − υ ≤ 0, (20)

where υ > 0 is some small violation tolerance.
Thus, in the upgraded FA implementation, besides the

adoption of the arrangement algorithm, we employed 20)
and violation limit υ for handling constraints. According
to conducted empirical studies, the promising approach is
to start with a relatively large υ value, and to gradually
decrease it through the algorithm’s iterations [28].
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To improve the exploitation process, but without causing
the premature convergence, we introduced another parameter
to the basic FA approach - upgraded exploitation around the
best (UEB). After the UEB iterations in the run, the worst
solution in the population is replaced with probability pr
with a mutant solution. Mutant is generated by applying
single-point crossover operator on the best solution found
in population, and a random one.

Also, we should note that the parameter α for FA search
process is being gradually decreased from its initial value
according to:

α(t) = (1− (1− ((10−4/9)1/IN ))) ∗ α(t− 1), (21)
where t is the current iteration, and IN is the maximum

number of iterations.
Taking all modifications into account, pseudo-code of

the upgraded FA is shown below.
Generate initial population of fireflies xi and zi

(i = 1, 2, 3, ..., SN ) by using (18) and (19)
Apply arrangement algorithm
Light intensity Ii at point xi is defined by f(x)
Define light absorption coefficient γ
Define number of iterations IN
Set initial values for α
Set t value to 0
while (t < IN ) do

for (i = 1 to SN ) do
for (j = 1 to i) do

if (Ii < Ij) then
Move firefly i towards firefly j in
d dimension using Eq. (16)

Attractiveness varies with distance r
via exp[−γr]

Evaluate new solution, replace worst with
better solution using Deb’s method
[29], [30], and update light intensity

end if
end for

end for
if(t > UEB)

Rank all fireflies in the population
Generate mutant
Replace worst solution with the mutant

end if
Recalculate values for α using (21)

end while
Apply arrangement algorithm
Rank all fireflies and find the current best

V. TESTING EXPERIMENTS

A. Benchmark Data
To evaluate the performance of our proposed al-

gorithm, we obtained test data from the OR-Library
[31]. This is public available data source and can
be accessed online via http://people.brunel.ac.uk/ mas-
tjjb/jeb/orlib/portinfo.html. These datasets contain the esti-
mated returns and the covariance matrix of three different
stock markets: the Hong Kong Hang Seng with 31 assets,
the German DAX 100 with 85 assets and the British FTSE
100 with 89 assets. All data refers to the weekly security
prices from March 1992 to September 1997. Securities with
missing values were dropped.

B. Parameter Adjustments

As mentioned in Section II, we used MV portfolio model
with cardinality and bounding constraints formulated in Eqs.
(8)-(12).

For the purpose of comparative analysis, we employed
the same global parameters values (number of solutions in
population, iterations and generation number) and problem
specific parameters like in [19] and [15].

We used 51 different values for the risk aversion
parameter λ to construct the efficient frontier: λi =
0.00, 0.02, ..., 1.00. Thus, we performed 51 algorithm’s run
in each test.

We set the population size SN to 40. In each run, we
used 1000 ∗N function evaluations excluding initialization,
like in [19] and [15]. N is the number of potential assets
in portfolio. Since number of function evaluations depends
on the number of iterations IN and SN , IN is calculated
using:

IN =
1000 ∗N
SN

= 25 ∗N (22)

According to the Eq. (22), IN for HangSeng, DAX
and FTSE100 benchmark data for all experiments were set
to 775, 2125 and 2225 respectively.

For unconstrained portfolio optimization problem, which
is a special case of the constrained one, we set K = N ,
εi = 0, for i = 1, 2, ..., N and δi = 1, for i = 1, 2, ..., N .

For constrained portfolio problem, K is set to 10, εi =
0.001, for i = 1, 2, ..., N and δi = 1, for i = 1, 2, ..., N .

Parameters that are specific to the FA metaheuristics
were set as: initial value of randomization parameter α to
0.5, attractiveness at r = 0β0 to 0.2, and light absorption
coefficient γ to 1.0.

Parameters that are specific to our upgraded FA ap-
proach: upgrade exploitation around the best UEB, and
probability of replacement pr are set to 2

3IN and 0.5
respectively.

We used the following dynamic settings for the υ:

υ(t+ 1) =
υ(t)

dec
, (23)

where t is the current generation, and dec is a value slightly
larger than 1. For handling equality constraints, we set initial
value for υ to 1.0, dec to 1.001 and the threshold for υ to
0.0001 like in [28].

C. Performance Indicators

To test the robustness of upgraded FA, we applied the
same approach as in [19]. We calculated the percentage
deviation of each portfolio by measuring the distance of
the generated heuristics efficient portfolio from the optimal
efficient frontier. As mentioned above, we used 50 different
λ values. We defined a solution set V which holds best
solutions found for each λ. Each portfolio in the V set is
used to assess percentage deviation of the heuristics efficient
frontier from the optimal efficient frontier in the case of
unconstrained portfolio problem.

For the constrained portfolio problem, when the car-
dinality constraint is applied, we used somewhat different
approach, again from [19]. We established another solution
set H . If we denote the current best portfolio for all runs
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as best(λ), then we add newly found portfolio to H only if
it is better than best(λ). Portfolios which are dominated by
other portfolios in the H are removed from the H . Thus,
percentage deviation for the case of constrained portfolio
problem is calculated using sets V and H .

D. Testing Results

All tests were performed on Intel CoreTM i7-4770K
processor @4GHz with 16GB of RAM memory, Windows
7 x64 Ultimate 64 operating system and Visual Studio 2012
with .NET 4.5 Framework.

In the first set of experiments, we evaluated uFA for un-
constrained portfolio problem. First, we wanted to estimate
how the uFA enhanced the original FA approach. Results
are shown in Table I. MPE denotes mean percentage error,
while MedPE abbreviates median percentage error.

TABLE I. FA VS UFA FOR UNCONSTRAINED PORTFOLIO

Instance FA uFA
Index N Perf. ind. V V

Hang Seng 31 MPE(%) 0.2302 0.0193
MedPE (%) 2.7835 0.0162

DAX 100 85 MPE(%) 2.7835 0.0115
MedPE (%) 2.1035 0.0103

FTSE 100 89 MPE(%) 2.9056 0.0089
MedPE (%) 2.6791 0.0010

From Table I, it is clear that the uFA obtains much
better results than the original FA for all tested indicators.
uFA employs stronger exploitation process in the late cy-
cles, and this strategy proves to be efficient when tackling
unconstrained portfolio problem.

We also performed comparative analysis between uFA
and genetic algorithm (GA), tabu search (TS) and simulated
annealing (SA) tested by Chan et al. in [19]. Results are
shown in Table II.

TABLE II. UFA VS GA, TS AND SA FOR UNCONSTRAINED
PORTFOLIO

Instance GA TS SA uFA
Index N Perf. ind. V V V V

Hang Seng 31 MPE(%) 0.0202 0.8973 0.1129 0.0193
MedPE (%) 0.0165 1.0718 0.0160 0.0162

DAX 100 85 MPE(%) 0.0136 3.5645 0.0394 0.0115
MedPE (%) 0.0123 2.7816 0.0033 0.0103

FTSE 100 89 MPE(%) 0.0063 3.2731 0.2012 0.0089
MedPE (%) 0.0029 3.0238 0.0426 0.0010

From the comparative analysis, it can be concluded
that TS is the worst algorithm for unconstrained portfolio.
Best algorithm is uFA. In DAX100 test, our metaheuristic
obtains best results for both performance indicators, while
in HangSeng and FTSE100 tests uFA outperforms others
in MPE and MedPE indicators, respectively.

In the second set of experiments we evaluated uFA
for constrained portfolio. Parameter setup was shown in
Subsection V-B. We compared uFA with original FA which
we implemented for testing purposes, as well as with GA
presented in [19], and DE and PBIL shown in [15]. Results
are summarized in Table III.

Only set H is used for comparisons. Results from Table
III prove that the uFA is a promising approach for tackling

TABLE III. UFA VS GA, DE, PBIL AND FA FOR CONSTRAINED
PORTFOLIO

Instance GA DE PBIL FA uFA
Index N Perf. ind. H H H H H

HangSeng 31 MPE 0.9457 1.1932 1.3737 1.2335 0.8754
MedPE 1.1819 1.2807 1.5267 1.6092 1.1235

DAX100 85 MPE 1.9515 2.9670 2.9245 2.2397 2.0378
MedPE 2.1262 2.5293 2.6648 2.3621 2.1043

FTSE100 89 MPE 0.8784 1.6203 2.0282 1.1259 0.8652
MedPE 0.5938 0.9832 1.2599 1.1003 0.5031

constrained portfolio problem. On average, uFA is the best
among presented metaheuristics for standard benchmark
data. Arrangement algorithm and constraint handling tech-
nique successfully directs the exploitation process towards
the feasible region of the search space, while upgraded
exploitation mechanism in the late cycles enhances the
search process by performing fine-tuning around the current
best.

VI. CONCLUSION

In this paper we presented upgraded firefly algorithm for
portfolio optimization problem. We enhanced original FA
approach by introducing more intensive exploitation mech-
anism in the late iterations of algorithm’s run. To enable this
enhancements, two new parameters were introduced.

We compared our proposed uFA with the original FA
on both, unconstrained and constrained portfolio problems.
Also, we made a comparative analysis with five other state-
of-the art optimization algorithms. We used standard in
literature public data set for three stock market indices with
31, 85 and 89 securities as benchmarks.

From the experimental results it can be seen that the
uFA can tackle well both portfolio problems. It performed
better than all other approaches. In both portfolio tests, our
proposed uFA completely outperformed the original FA for
all performance indicators and was better than all other
tested algorithms in most cases.

As a final conclusion, we can state that the firefly
algorithm has a great potential for improvements and that
uFA can be successfully applied to portfolio optimization
problem.
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