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Abstract — Multi Objective Optimization (MOO) problem involves simultaneous minimization or maximization of many objective
functions. Various MOO algorithms have been introduced to solve the MOO problem. Traditional gradient-based techniques are
one of the methods used to solve MOO problems. However, in the traditional gradient-based technique only one solution is
generated. Thus, an alternative approach such as Particle Swarm Optimization (PSO), which able to produce a number of possible
solutions are highly desirable. In PSO, particles search the optimum solution under the influence of a better solution known as
leader. This leader facilitates cooperation between all particles. However, this strategy to select the leader has to be changed when
it is used for MOO problems. This paper presents an overview of the multi-objective PSO algorithms, which emphasize on the
leader selection. In addition, the description of PSO and multi-objective optimization problems are also provided.
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Global best experienced position: The gBest is the
position, which has the best fitness ever experienced by all
particles in a swarm.
With reference to the standard PSO, as shown in
Algorithm 1, these particles explore the defined search space
to search for solutions, which best satisfy the objective
function of the optimised problem. Thus, each particle
collaborates with the others during the search process by
comparing its current position with the pBest and gBest. By
considering each iteration as a unit step time (t), each i-th
particles update their velocity at n-th dimension with the
simplified velocity equation as defined in Eq. 1.

I. INTRODUCTION
James Kennedy and Russell C. Eberhart, who are social
psychologist and an electrical engineer, respectively,
contributed to the introduction of PSO algorithm, which is a
population-based stochastic optimization algorithm inspired
by the computer simulation based on choreography of bird
flocking [1]. In PSO algorithm, the definition for the
represented terms are given below:
Particle: A particle represents birds, which encodes
possible solutions to an optimization problem based on its
position. In PSO algorithm, a group of particles is known as
a swarm of particles, S.
Position of particle: The position of particle represents a
decision variable with N-numbers of parameter value for an
optimization problem with N-dimensional search space.
Velocity of particle: The velocity of particle represents a
vector with equal number of dimension as the position of
particle.
Fitness of particle: The fitness of particle represents
evaluation of an objective function.
Personal best experienced position: The pBest is the
position, which has the best fitness ever experienced by a
particle.
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(1)
where C1 and C2 are the cognitive and social constant
respectively. These constants control the tendency for
particle to land violently (set at large value) or swirl slowly
(set at small value) towards the pBest or gBest. Meanwhile,
R1 and R2 are random variables between 0.0 and 1.0. These
random variables (stochastic) introduce the craziness into
PSO algorithm to prevent the particle from quickly settling
on unanimous and unchanging direction. If particles settle
too quickly, they are unable to find the best solution
especially when there are many local best solutions. If
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These constraints can be defined by inequality and
equality constraint functions as shown in Eq. (4) and Eq. (5),
respectively.

particles settle too slowly the global best solution was not
passed through by any particles.

(4)

Fig. 1 llustration of search space and objective space.

(5)
where p and q are the numbers of inequality and equality
constraints respectively. A problem could have more than
one constraint functions that have to be satisfied. Besides,
there are various kinds of constraint functions which are
problem dependent.

Once the velocity of each particle is updated, each particle
is now able to move to new position using Eq. 2.
(2)
Throughout iterations, these particles will experience
various positions, which represent different possible
solutions for the problem. Therefore, the gBest at the final
iterations will be the best solution for the problem.

C. Objective Function
Definition 3. The objective function evaluates or
estimates certain criteria in a problem with respect to the
solutions. This objective function can be used to estimate the
quality of the solutions.
A single objective function is denoted as f ∈ R. However,
in MOO problem, there exist M-numbers of objective
function, which is denoted as fj ∈ R for j = 1,2,...,M. Hence,
Eq. (6) defines the vector of objective functions with respect
to a solution, x.

II. MULTI-OBJECTIVE OPTIMIZATION PROBLEMS
MOO problems involve simultaneous minimisation or
maximisation of multiple objective functions, which are
usually conflicting with each other. In general, this work
considers only the minimisation problems. Here, some
background knowledge related to MOO problems,
performance measures used to evaluate the quality of the
solutions, and the MOO test problems, are introduced.

(6)
Fig. 1 illustrates the relationship between a solution and
its mapped vector of objective functions. The search space
contains all possible solutions and their mapped vector of
objective functions are in the objective space.

A. Decision Variable
Definition 1. The decision variable is a vector of Nnumber of parameter values, which represents a solution for
an optimization problem with N-dimensional search space.
The parameter values can be either in discrete value, Z, for
problem with discrete space or continuous value, R, for
problem with continuous search space. These parameter
values are denoted as xi ∈ Z or xi ∈ R for i = 1,2,...,N. Thus,
the decision variable which represents a solution in an
optimization problem is denoted in Eq. 3.

D. Pareto Dominance and Optimality
The conflicting objective functions in a MOO problem
can lead to multiple incomparable solutions. For example,
one solution is good for one objective but bad for other
objectives compared to another solution. Thus, this section
defines these incomparable solutions, which are equally
important as they provide more option for decision making.
Definition 4. Consider
= {u1,u2,...,uM} and
=
{v1,v2,...,vM} as two vectors where dominates (denoted
by
) if and only if uj ≤ vj for every j = {1,2,...,M} and uj
< vj for at least once.
Hence, there exist three possible relations between
solutions under the Pareto dominance.
strictly dominates ( ≺ ) if and only if uj < vj for

every j ={1,2,...,M}

(3)
B. Constraint Function
Definition 2. Constraint function is the function with
respect to the solution such that it can draw a region which
contains only the feasible solutions, F.
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weakly dominates
every j ={1,2,...,M}

(

) if and only if uj ≤ vj for



is incomparable to

(

) if and only if

Figure 2 illustrates the three dominance relations with two
objective functions.
Definition 5. A solution, ∈ F is considered as a Pareto
optimal solution when there is no other solution
F such

and
for every j = {1,2,...,M}. This
incomparable relation also known as non-dominated as
the two vectors do not dominate each other.

.
that
This Pareto optimal solution is illustrated as
and
in
Fig. 2, where they dominate the rest of the solutions. It is
possible that two or more Pareto optimal solutions to be
incomparable. Thus, these incomparable solutions resulted in
and .
multiple non-dominated solutions such as
Definition 6. The group of non-dominated solutions in the
search space is known as the Pareto optimal set, P.
The Pareto optimal set is illustrated as the set E in Fig. 1.
However, there is a possibility that there are multiple Pareto
optimal set scattered inside the feasible solution set C.
E. Pareto Front
Definition 7. A set which consists all vector of objective
functions that correspond to the P is known as the Pareto
front, PF
.
The Pareto front for a two objectives problem is illustrated
in Fig. 1 and Fig. 2 by assuming that there are multiple nondominated solutions distributed on the bold line. The main
interest of MOO problems is to find the Pareto front as it
shows the best feasible solution which can be used for
decision making.
The Pareto front of a MOO problem is largely depended
on the different features comprehended in the problem.
These different features determine the shape and how the
non-dominated solutions are mapped to the Pareto front. The
combination of different features can increase the difficulty
for an MOO algorithm to obtain the Pareto front that is
similar to the actual solutions for the MOO problem. Several
commonly found features in MOO problems are discussed in
this work.
Some MOO problems have Pareto front with different
shapes. This is illustrated in Fig. 3(a). The most common is
the convex shape, where the objective fitness form a surface
or boundary curves toward the origin. In contrast, the Pareto
front also can have concave shape when the surface or
boundary of the objective fitness curves outward from the
origin. The Pareto front with linear shape occurs when the
objective fitness form a flat line in the objective space.
In addition to the above, some MOO problems have
Pareto front with mixed shapes. This refers to the Pareto
front, which is a combination of different shapes mentioned
earlier. An example of a simple Pareto front which
comprehends the concave and linear shape. Usually, the
objective fitness exist close to each other and form a
continuous line or surface in the objective space. However,
there is an instance where these objective fitness are broken
into several continuous lines or surfaces. Such situation
represents the Pareto front with discontinued shape.

Fig. 2 Pareto Dominance relation for problem with two objective functions.

(a)

(b)
Fig. 3 Pareto front with different shapes for (a) two objectives problem and
(b) three objectives problem.
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desirable. Conversely, an algorithm is unable to find all the
feasible solutions if it has converged to one of the local
optima. This MOO problem with multi local optima
solutions is known as multi-modal problem.
It is possible to have different solutions in the search
space which mapped to the same objective fitness in
objective space. This situation is referred to as Pareto manyto-one feature and could increase the difficulty of a problem.
Thus, it is hard for an algorithm to decide which solution to
be maintained as all these solutions are equal in objective
fitness.

In a few occasions, the MOO problem could also have
Pareto front with degenerated shape when the dimension of
the front is lower than the number of objective functions. For
example, in a MOO problem with two objective functions,
its Pareto front is only a point in objective space as shown in
Fig. 3(a). Similarly, the front for a three objectives problem
is just a line in the objective space as illustrated in Fig. 3(b).

III. PERFORMANCE MEASURE FOR MULTI-OBJECTIVE
OPTIMIZATION ALGORITHMS
Different features of MOO problem can affect the
performance of MOO algorithm. Hence, performance
measure is needed to determine how good an algorithm is.
Performance measure can either be in the form of qualitative
(i.e. graphically) or quantitative (i.e. mathematically).
However, sometimes qualitatively evaluation could face
incomparable situation. Thus, quantitative comparison is
preferable because the quality of the solutions obtained by
the algorithm is evaluated into a scalar value.
There exist various quantitative performance measures.
However, in this work, several considerations are commonly
emphasized in order to differentiate the performance of
different algorithms [2-3]:
 Distance between the Pareto front obtained from the
algorithm and the true Pareto front of a problem should
be minimized, if the true Pareto front is known.
 The Pareto front obtained should be well distributed,
where uniform distribution is favourable in most cases.
 Maximize the extent of the obtained Pareto front such
that it could cover each objective as wide as possible.
Thus, several quantitative performance measures have
been used to compare the performance of different
algorithms by considering the convergence, diversity and the
numbers of the non-dominated solutions. The convergence
means the distance between two Pareto fronts, which is
illustrated as the “Distance” in Fig. 4. Meanwhile, in the
same figure, the diversity represents the distribution of the
non-dominated solutions, which is expressed as the
“Position”.

Fig. 4 Distance and position in Pareto fronts.

Fig. 5 Generational distance.

Some variations of distribution can be expected between
an evenly distributed sample of non-dominated solutions in
the search space and their evenly distributed set of objective
fitness in the objective space. However, the Pareto front of
some MOO problems may bias when the variation is
significant. Thus, algorithm that operates with the guidance
of the non-dominated solutions can be easily tricked by those
biased solutions in the search space as they mapped
differently in the objective space.
A MOO problem with one local optima solution is known
as uni-modal problem. This type of problem is relatively
simple because convergence at this solution is highly
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A. Number of Solution (NS)
The NS calculates the total number of non-dominated
solutions obtained by the algorithm at the end of the iteration.
Thus, the best algorithm gives the largest NS value by this
measure. Its mathematical representation is defined as Eq.
(7).
(7)
B. Generational Distance (GD)
The GD [4] is a popular measure for convergence
performance [5-7]. This measure represents the average
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measure calculates the uniformity of the non-dominated
solutions by using Eq. 10.

distance between the true Pareto front and the one obtained
by the algorithm, as illustrated in Fig. 5. Consider a true
Pareto front with p-number of non-dominated solutions, Eq.
(8) computes the GD, with a smaller value corresponding to
a better performance.

(10)
where df is the Euclidian distances between the first boundary
solution of the non-dominated solutions obtained by the
algorithm and the first boundary solution of true Pareto front,
similarly for dl with the last boundary solution. The first and
last boundary solutions are the first and last solutions of a set
of non-dominated solutions, which has been sorted ascending
at the first objective function. The di is the Euclidean distance
between one solution and the next solution. The df, dl, and di
are illustrated in Fig. 6. Meanwhile, d¯ is the mean of di for i
= 1,2,...,n−1 by assuming there are n numbers of nondominated solutions obtained by the algorithm. Thus, SP
actually measures the average distance between consecutive
solutions for all non-dominated solutions obtained by the
algorithm as well as two boundary solutions in the true
Pareto front. Hence, the Pareto front with small SP value
indicates that the non-dominated solutions have better
distribution on the Pareto front.

(8)
where n is the number of non-dominated solutions obtained
by the algorithm when solving a problem with M objective
functions. The di represents the minimum distance of a nondominated solution from the true Pareto front, as illustrated
in Fig. 5 and it is calculated using Eq. (9).

C. Hypervolume (HV)
The HV was proposed by Zitzler and Thiele [9]. This
measure is used to evaluate the area (in a two-objective
problem) or the volume between a reference point, RHV and
the Pareto front with respect to the non-dominated solutions
obtained by the algorithm. This is shown in Fig. 7 where the
shaded area is the total area for HV. In order to have good
convergence and diversity performance, the obtained nondominated solutions should result in more distance from the
reference point and equally distributed between the boundary
solutions and the true Pareto front. In other words, it is
desirable that the Pareto front obtained by the algorithm
produces a large HV value.
In mathematical representation, the HV can be calculated
using Eq. (11).

Fig. 6 Spread measurement.

(11)
where RHV is the vector constructed from the worst objective
value of the true Pareto front and vi is the hypercube
constructed between RHV and the diagonal corner of the i-th
solutions by assuming that there are n numbers of nondominated solutions obtained.

Fig. 7 Hypervolume measure with area covered by non-dominated solutions
and reference point.

IV. TEST PROBLEM
Since different features in MOO problems are responsible
for decreasing the likelihood of obtaining both convergence
and diversity [2], standard test functions with well-defined
true Pareto fronts are important to test optimization
algorithms. Thus, researchers have introduced different
MOO problems with different problem features.
Among various test problems, two sets of standard test
problems, ZDT [3] and WFG [10], have been selected to test

(9)
C. Spread (SP)
The SP [5] is commonly used to measure the diversity or
the distribution of non-dominated solutions [8, 6]. This
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is set to zero, which results in gBest being the best among all
pBest. Subsequently, the algorithm iterates by first updating
the velocity, position and pBest for all particles followed by
updating the gBest and evaluating the termination criterion.
Note that the algorithm iterates until the termination criterion
is met. This termination criterion can either be the maximum
number of iteration or if the fitness of the gBest is better than
a desired fitness value.
Initially, the PSO algorithm is devoted for single objective
optimisation only. However, researchers have extended the
PSO algorithm to various Multi-objective Particle Swarm
Optimization algorithms for solving MOO problems. Multiobjective Particle Swarm Optimization algorithms can be
categorised into six different approaches as shown in Fig. 22.
The categorisation is based on the approach used to collect
and select the solution that guide particles flight, known as
leader particle. Then, algorithms under Pareto-based
approach are further categorised based on the additional
selection mechanism used in these algorithms.

the MOO algorithms throughout this work. The ZDT test
problem is commonly used for this purpose. Meanwhile, the
WFG test problem covers wide variety and difficult
problems with different features. Besides, both sets of test
problem have well-defined true Pareto fronts, which are
required when evaluating different performance measures.
The true Pareto fronts for ZDT and WFG test problems is
obtained from the standard database generated by jMetal
(http://jmetal.sourceforge.net/problems.html).
A. ZDT Test Problem
The ZDT test problem [3] consists of six variation of
problems. However, the ZDT5, which is designed for binary
evaluation, has been excluded as this study focuses on the
continuous search space problem. The remaining ZDT
problems have two objective functions and structured
similarly as below:

(12)
The detail formulations of each test problem can be found in
[3].
The ZDT1 test problem examines algorithm’s ability in
handling MOO problem with convex shape Pareto front.
This problem is relatively simple and its true Pareto front is
plotted in Fig. 8. On the other hand, the ZDT2 examines
concave shape Pareto front and its true Pareto front is plotted
as in Fig. 9. However, the ZDT3 is much more complex as it
is discontinued in both Pareto Optimal set and their Pareto
front. In addition, the ZDT3 is mixed with convex shapes
Pareto front, as in Fig. 10. Interestingly, in Fig. 11, the
Pareto front of ZDT4 looks similar to the ZDT1, where both
are in convex shapes. However, there are multi local optima
solutions or multi-modality in ZDT4. Examples of the two
local optima Pareto fronts are shown in Fig. 11. Finally, the
ZDT6 test problem has two difficulties due to the nonuniformity of the search space. First, the non-dominated
solutions are biased when f1(x1) is nearer to one as shown in
Fig. 12. Second, the feasible solutions are denser when it is
far away from the true Pareto front and less dense when it is
near to the front.

Fig. 8 True Pareto Front for ZDT1.

B. WFG Test Problem
Other than ZDT test problems, WFG test problem [10]
were also usually used to validate the performance of the
algorithm. The plot of Pareto front for each WFG test
problem with two objective functions are shown in Fig. 1321.

Fig. 9 True Pareto Front for ZDT2.

V. OVERVIEW OF MULTI-OBJECTIVE PARTICLE SWARM
OPTIMIZATION ALGORITHMS
The process of the PSO algorithm has been summarised in
Algorithm 1. The initial position become the pBest when the
position of particles is randomized and velocity of particles
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Fig. 13 True Pareto Front for WFG1.

Fig. 10 True Pareto Front for ZDT3.

Meanwhile, the gBest is the best among all pBest of all
particles at the specific objective function. However, to solve
MOO problems with PSO, an archive is usually used to keep
track on the non-dominated solutions found during
computation based on the concept of Pareto Dominance. At
the end of computation, the solutions in archive represent the
possible best solution for the MOO problem.

It is important to mention that in conventional PSO,
movement of particles in search space towards optimum
solution are influenced by its previous condition, its Personal
best-found solution (pBest) and the best-found solution
among all particles (gBest). The pBest of a particle is the
solution that is best at a specific objective function among all
solutions.

Fig. 14 True Pareto Front for WFG2.
Fig. 11 True Pareto Front for ZDT4.

Fig. 15 True Pareto Front for WFG3.
Fig. 12 True Pareto Front for ZDT6.
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Three different algorithms which aggregate the objective
functions to a weighted combination could be found in the
work of Parsopoulos and Vrahatis [12]. The first algorithm
using fixed weights in computation, known as Conventional
Weighted Aggregation (CWA) was unable to solve problem
with Pareto front of concave geometry [13]. Therefore, the
second algorithm used weights that changed abruptly, known
as Bang-Bang Weighted Aggregation (BWA). In addition,
the weights are gradually changed from time to time in the
third algorithm, known as Dynamic Weighted Aggregation
(DWA) allow optimum solutions to be found along the
Pareto fronts. All three algorithms recorded the nondominated solutions in an external archive during
computations, where these non-dominated solutions are
selected based on the concept of Pareto dominance.
Similarly, in [14], the CWA approach is used as its major
mechanism. However, the author divided the swarm into
several sub-populations, where each sub-population has its
own set of weighted sum and its own leader for guidance.
During computation, the gradient of the objective fitness is
used to identify the non-dominated solutions.

Fig. 16 True Pareto Front for WFG4.

A. Aggregation Approach
In this approach, multiple objective functions from the
MOO problems are composed (or “aggregated”) into a single
objective function. During computation, the solution with
best objective fitness is selected as the leader to guide the
search for optimum solution.

Fig. 17 True Pareto Front for WFG5.
Fig. 19 True Pareto Front for WFG7.

Fig. 18 True Pareto Front for WFG6.
Fig. 20 True Pareto Front for WFG8.
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Fig. 21 True Pareto Front for WFG9.

Aggregation approach is relatively simple as there is only
one objective function to compute. However, this approach
suffers some drawbacks, where all objective functions are
compromised when aggregated into single objective function,
especially when there is no proper weights is acknowledged.

Fig. 22 Categories of various MOPSO algorithms.

The algorithm reported in [15] is considered as
Lexicographical ordering because the first objective fitness
are fixed (most important) while being optimised by the
second objective function (least important), but the authors
did not clarify how to fix the first objective fitness. The
authors claimed the first objective fitness is fixed so the
solutions will “dropped” down onto the Pareto front.
Therefore, external archive has not been used. However, this
algorithm has been improved with external archive for this
purpose [16], yet they did not clarify the method for fixing
the first objective fitness. Later, this approach is useful only
with small number of objective functions because of the
sensitivity in the order of importance on all objective
functions.
Dynamic Lexicographical ordering was used in [17-18].
In contrast to traditional Lexicographic ordering, the priority
of the objective functions is dynamically modified during the
computation.

DOI 10.5013/IJSSST.a.15.04.02

B. Sub-population Approach
Each objective function in MOO problem is optimised by
a sub-population under a SOO algorithm. The leader for each
sub-population is the solution with the best objective fitness
at the respective objective function. Besides, these subpopulations collaborate by exchanging information in term
of solution optimised for individual objective function and
aimed to obtain the trade-off solutions which satisfy all
objective functions.
Using sub-population approaches, Vector Evaluated
Particle Swarm Optimization (VEPSO) algorithm has been
introduced [19]. VEPSO is inspired by the Vector Evaluated
Genetic Algorithm (VEGA) [20-21]. In VEPSO algorithm,
each sub-population optimises a single objective function
with the guidance from the best-found solution of another
sub-population. The guidance from another sub-population
encourages the algorithm to obtain the solutions considering

14

ISSN: 1473-804x online, 1473-8031 print

LIM KIAN SHENG et al: MULTI-OBJECTIVE PARTICLE SWARM OPTIMIZATION ALGORITHMS . .

hypercubes. The particles leader is chosen randomly among
the non-dominated solutions from a hypercube. Pulido and
Coello [7] have further improved this algorithm using
clustering technique, where population is divided into several
sub-population for better distribution of decision space.
Besides, the selection pressure of leader is periodically
varied by migrating leaders of one sub-population to another
during the search process.
Mostaghim and Teich [32] proposed a Sigma MOPSO
algorithm, which assigned all particles and non-dominated
solutions (in global archive) with a sigma value. When
updating the velocity of the particles, the leader for each
particle was selected based on one of the closest nondominated solutions in term of sigma values. This algorithm
used clustering method [9] to manage the number of
solutions in an archive. However, the authors found that the
computation of this algorithm is more efficient when its
archive is managed by the dominance technique [33].
Besides, the authors also improved the Sigma MOPSO into a
two stages algorithm using sub-populations [34]. In this two
steps algorithm, the non-dominated solutions obtained from
the Sigma MOPSO are used as the leaders for the second
stage. In the second stage, each leader is used to fine-tune the
Pareto front by each sub-population.
Bartz-Beielstein et al. [35] introduced elitism with the use
of archive into MOPSO algorithm called DOPS . Each
particle is assigned with a selection fitness and deletion
fitness, which are evaluated by different selection functions
(related to the number of successive selection or the fitness
of the solution) and deletion function (related to the diversity
of the Pareto front) respectively. Therefore, the pBest and
leader could be selected from an archive of non-dominated
solutions based on roulette wheel selection. Meanwhile,
solutions would be removed based on the deletion fitness
when the archive exceeds its limited size.
On the other hand, Li [36] proposed the Non-dominated
Sort Particle Swarm Optimization (NSPSO) by incorporating
the main mechanism in Non-dominated Sort Genetic
Algorithm-II [5] into MOPSO. During computation, a new
population of particles is formed by selecting the nondominated solutions (by means of non-dominating sort) from
the combination of all pBest and newly generated solutions.
This new population will be used to generate a new solution.
During this process, each particle is guided by a leader from
an external archive, which is randomly selected by means of
niche count or crowding distance value (for NSPSO with
niche count or NSPSO with crowding distance respectively).
Furthermore, Reyes-Sierra and Coello Coello [37] also
developed a MOPSO algorithm based on Pareto dominance,
denoted as Multi Objective Particle Swarm Optimization
(OMOPSO). Two non-dominated solutions are randomly
selected from archive and are subjected to binary tournament
based on their crowding distance value to determine the
leader to guide a particle. The winner of the tournament is
assigned as the leader. The authors also used the crowding
distance value to filter the non-dominated solutions in

the trade-off between all objective functions and lead to the
Pareto front.
In [22], a PSO algorithm is extended to the Multi-Species
Particle Swarm Optimization (MS-PSO) algorithm for
autonomous agent response learning. In MS-PSO, each
species is a sub-population that optimises a specific objective
function. Thus, the number of species is equal to the number
of objective function. Besides, a communication channel is
established between all species by sharing their best-found
solution to serve as the guidance in optimising the objective
functions. This communication is the sum of difference
between a particle of one species to the best-found solutions
of all species.
C. Pareto-based Approach
Pareto Dominance is the main mechanism employed in
this approach to collect all non-dominated solutions in an
archive. Then, the leader for guiding the search is selected
from the non-dominated solutions of their respective swarm.
Therefore, Pareto Dominance directly influences the selected
leader. However, a number of different selection strategies
are available among those equally good non-dominated
solutions.
In [23], PSO is modified with the concept of Pareto
dominance for solving MOO problems. Unlike the
conventional PSO, the pBest of a particle is randomly
selected from a list of non-dominated solutions found by that
particle only. Meanwhile, the gBest is a solution that
dominates all solutions in the list of all particles. However,
there is no information on how to select the gBest when there
is more than one solutions that dominate the rest of the
solutions.
Various mechanisms have been used in [24]. First, the
authors used Pareto ranking and multi-sieve strategy to
generate a set of leaders, which contains only the nondominated solutions [25]. Then, those particles that are not in
the set of leaders are subjected to select a leader. This leader
selection is based on roulette wheel selection, where the nondominated solution with larger crowding radius (fewer
solutions around it) has higher probability to be selected to
maintain spread along Pareto front by exploring new areas.
Lastly, simple generational operator [26] is used to obtain
information from the leader, which yield a unique position
for particle at neither its original position nor its leader
position and prevent premature convergence.
Fieldsend and Singh [27] and Fieldsend et al. [28] utilized
the dominate trees data structure [29] to select a leader for
each particle from global archive. Each particle chooses one
of the nearest members (in objective space) from the tree of
the composite point, which is located based on the
dominance relation.
Coello Coello and Salazar-Lechuga [30] and Coello
Coello et al. [31] had proposed a famous MOPSO, where the
pBest is the latest solution that is not dominated by the
previous pBest. Besides, all non-dominated solutions are
stored in a global archive and are divided into several
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The algorithm proposed by Zhao and Cao [44] is very
similar to [41], where hypercubes are used for leader
selection and deletion of excess solutions in archive.
However, this algorithm has two archives, where one stores
the non-dominated solutions found during computation and
another stores the best pBest.
A MOPSO algorithm with multiple swarms is introduced
by Janson and Merkle [45]. This algorithm is called
ClustMPSO, where K-mean algorithm is used to cluster the
particles into several sub-populations. Each sub-population
has its own archive, which records all non-dominated
solutions encountered by this sub-population. A randomly
selected solution from the archive of a swarm is used to
guide all particles in that swarm. This selected solution will
only be re-selected after a few iterations or if it is no longer a
non-dominated solution. The combination of archive from all
sub-populations yields a global archive, which only kept
those solutions that are truly non-dominated.
Durillo et al. [8] analyzed OMOPSO with various
MOPSO algorithms and proposed a modified OMOPSO
called SMPSO by including a velocity constraint mechanism.
Similarly, SMPSO also updates particles velocity using only
one leader based on a suitable crowding distance. However,
the velocities are clamped to a certain limit according to the
search space dimension.
Abido published a new approach, which used two set of
non-dominated solutions, global for whole swarm and local
for each particle [46]. The pBest and the leader of each
particle are selected based on the distance between the
particle and the members in its respective non-dominated
solution set. The non-dominated solution with the shortest
distance in objective space from the particle will be selected
as a leader.
Recently, Pham et al. [47] introduced the use of multiguider (also known as leader) for new MOPSO algorithm.
However, there are only two leaders used in this new
approach. For a swarm of particles, their first leader is
randomly selected from the top percentage of the nondominated solutions, which were sorted by crowding
distance. The second leader is the closest non-dominated
solution from the first leader in the objective space.
Pang et al. [48] proposed a new MOPSO, which relies on
entropy-based density assessment strategy and adaptive
chaotic mutation operator, namely MOQPSO-AE. The
information contributed by each non-dominated solutions is
quantified using the concept of entropy information gain [49].
Hence, each non-dominated solution is assigned with an
entropy probability evaluate using Parzen window density
estimator. The entropy probability is higher when solutions
are uniformly distributed along Pareto front. Thus, nondominated solution with higher entropy probability is more
likely to be selected as leader using roulette wheel selection
strategy. Besides, this entropy probability is used for
adaptive mutation strategy, where a percent of solutions in
population with lowest entropy probability are mutated.
Chaos is natural non-linear phenomena, which is

archive when the archive is full. Meanwhile, particles
undergo position mutation and non-dominated solutions are
maintained by dominance in order to yield better
performance.
Meanwhile, Alvarez-Benitez et al. [38] proposed three
different selection techniques, which are called ROUNDS,
RANDOM, and PROB. ROUNDS technique focuses on
promoting diversity. The non-dominated solutions that
dominate the least number of particles become the leader for
those particles and this selection is applied until all particles
have their own leader. RANDOM technique promotes
convergence. The leader of a particle is randomly selected
from a set of non-dominated solutions that has dominated
that particle. Lastly, PROB is a weighted probabilistic, which
form a compromise of both ROUNDS and RANDOM in
order to obtain Pareto front with a balance of convergence
and diversity.
A MOO algorithm introduced by Ho et al. [39] considers
an archive for each particle to keep track the non-dominated
solutions found and for selecting its pBest. Another global
archive is used to keep track the non-dominated solutions
found by all particles. The strength fitness [9] is used for
selecting pBest and leader for particles. The strength fitness
for each non-dominated solution is evaluated based on the
number of particles dominated by that solution. Besides,
each non-dominated solution has an age fitness, which
increases during computation. It is used in parallel with the
strength fitness during the selection process. Both the
strength and age fitness promote diversity for the distribution
of non-dominated solutions along the Pareto front.
Villalobos-Arias et al. [40] used a new mechanism for
leader selection, which is called stripes. The non-dominated
solutions are used to divide the objective space into several
stripes. Each non-dominated solution becomes the centre of
gravity for that stripe. Then, each particle selects a nondominated solution correspond to the stripe as its leader.
Another MOO algorithm, which emphasizes the
distribution of solutions along the Pareto front was
introduced by Salazar-Lechuga and Rowe [41]. This
algorithm stores all non-dominated solutions in an external
archive. Each non-dominated solution is assigned with a
fitness value. This fitness value is evaluated by the niche
count function [42], which indicates the density around a
solution. Solution with less dense neighbour has higher
tendency to be selected as leader. Besides, this niche count
fitness also very important for managing the number of
solutions in the archive, where solution with the most dense
neighbouring will be removed if the limit of archive is
exceeded.
Raquel and Naval Jr [43] also proposed a MOO algorithm
which uses crowding distance value. Similar to other
algorithms, the crowding distance value is used for selecting
a leader and for deleting a solution when the archive limit
has exceeded. Besides, mutation mechanism [31] is also
included in this algorithm for preventing premature
convergence.
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from trapping in a certain region and have premature
convergence.
Meanwhile, Grobler and Engelbrecht [56] introduced the
Vector Evaluated Differential Evolution Particle Swarm
Optimisation (VEDEPSO), which combined the VEPSO and
Vector Evaluated Differential Evolution (VEDE) [57]. For
two objective problems, one population will optimise an
objective using the velocity update in VEPSO algorithm and
another population for another objective using updating
process from VEDE. Additionally, best solutions from each
population is exchanged with another population such that
optimal solutions for these two objectives can be found.

characterised by ergodicity, randomicity and sensitivity to
initial conditions. Hence, chaos iteration logistic function,
which has more search probability at boundary of search
space than Gaussian distribution is used for mutating the
position of solutions with low entropy probability.
Another recent work by Shokrian and High [50] also
introduce another algorithm, which use multi-leaders for
guiding particles. Particle movement is guided by a fixed
number of leaders but the amplitude of their influence
depends on their distance to that particle and a Social
Influence Factor (SIF). Smaller SIF reduces the influence of
leaders to only those closest to a particle and larger SIF
influences leader that are far from a particle. Additionally,
archive is used to store all non-dominated solutions found,
where these solutions are assigned with aggregated fitness
value. Non-dominated solutions are sorted based on this
fitness value such that those solutions at the top are selected
into the archive while those at the bottom are deleted when
archive size is exceeded. Adaptive grid by [30, 51] was used
to separate non-dominated solutions into hypercubes.
Meanwhile, aggregated fitness of a solution is weighted
summation of the deletion function (type 1 and 2 from [35])
and the normalised frequency of a solution is being selected
as leader. However, the SIF and number of leaders is a
tuning parameter so either expert knowledge or a fine tune is
required to obtain good results.
Fan et al. [52] introduced new Pareto-based MOPSO
algorithm called Empirical Movement and Diversified
Search Multi Objective Particle Swarm Optimisation
(EMDS-MOPSO). This algorithm combines two leader
selection methods as diversified search strategy. If there is no
individual in archive is dominated by other solution in a
population, an individual, which is farthest from a centroid
of archive, is selected as leader for the next generation. In
another case, a random leader is selected based on sigma
calculation of [32]. Additionally, authors also introduced a
novel picking rule for maintaining only diverse solutions in
archive. Initially, two most distanced solutions, in terms of
their objective fitness are selected. Then, another unselected
solution, which is most distanced from those selected
solution is also selected and this process is repeated until the
archive is full. Polynomial mutation [53] was also included
to increase diversity performance.

E. Other Approach
Those algorithms, which do not fit to any of mentioned
approaches fall under this approach. Li proposed an
algorithm called maximinPSO [58], which uses the scalar
fitness value derived from maximin strategy [59] to obtain
the non-dominated solutions. The leader for each particle is
randomly selected from the non-dominated solutions based
on the maximin fitness.
VI. CONCLUSIONS
In this paper, MOO problem are clearly described, which
includes the explanation for decision variables as the feasible
solution, objective fitness as the values for objective
functions and the constraint functions. In addition, various
features which are commonly found in MOO problem are
briefly explained for better understanding of the shapes, bias,
modality, and separable in Pareto front. Several performance
measures are also discussed. Then, two different sets of
standard benchmark test problems, namely ZDT and WFG
are explained
Importantly, various MOPSO algorithms have been
reviewed. These algorithms are categorized into six different
approach-based leader selections to guide the search process.
Noticeably, most of the algorithms are based on Pareto-based
approach. Furthermore, all reviewed algorithms are similar
in a way that they only use one solution as the leader to
guide the particles.
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D. Hybrid Approach
Researches have proposed combination of different
approaches. For example, a concept of selecting leader using
Differential Evolution (DE) [54] in MOPSO algorithm was
proposed by Wickramasinghe and Li [55]. Most processes in
this algorithm are similar to MOPSO algorithm except for
leader selection. During leader selection process, three
particles are randomly selected to generate the offspring
(leader) using DE. According to the authors, these three
particles could come from different regions so that the
generated leader could be positioned away from their local
optimal solution. Therefore, this leader can prevent particles
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