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Abstract — In order to achieve a unique architectural effect, the design adopts the seamless combinations, a series of arrays, 
rotations and the cutting of truncated octahedrons, cuboctahedrons and truncated tetrahedrons before the space plate structures 
or frame structures are generated. By changing the rotation axis, the rotation angle and the position of the cutting planes of 
polyhedral combined structures, we have obtained the structures and the cutting surface patterns which satisfy practical 
engineering significance. Studies have shown that vertical to coordinate axes, perpendicular to body diagonal, rotating around 
coordinate axes and revolving around the (0,0,0) to (1,1,1) vector axis, the four cutting modes all get space structures and fancy 
cutting surface patterns which can meet the engineering needs, providing characteristic samples for building elevations and roof 
patterns. 
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I. INTRODUCTION 

    In 1900, at the Second International Congress of 
Mathematicians, D. Hilbert put forward the famous 23 
questions which influence the whole 20th century’s 
mathematical development. Of these questions, the 
eighteenth question is to construct space with the same 
polyhedrons while Kelvin, an Irish mathematician, put 
forward a conjecture:  Remove a rectangular pyramid whose 
side length is one-third of the side length of the regular 
octahedron on the six vertices of the regular octahedron, and 
we will get a tetrakaidecahedron, and this was regarded as 
the best answer[1] until 100 years later in 1994, when D. 
Weaire and R. Phelan, two American mathematicians, gave a 
counter-example to the Kelvin conjecture[2]. They adopted a 
combination of tetrakaidecahedrons (this differs from 
Kelvin's tetrakaidecahedron) with  regular dodecahedron, or 
called the Weaire-phelan polyhedron (WP polyhedron),and 
the contact area is approximately 0.3% less than that of the 
Kelvin’s structure and this is the best answer to the Kelvin 
question at present. On the other hand, these reasonable 
space structure forms can also be easily found in nature. For 
example, combustible ice (also known as frozen methane and 
water) is an accumulation of WP polyhedrons. Alloys like 
Cs8Sn46, K8Si46, and Na8Si46 are also consistent with the 
collective structures of the WP polyhedron; the truncated 
octahedron and the crystalline compound Mg32 (Zn, Al) 40 
share the same structure [3]; the sodalite is seamlessly 
structured by truncated octahedron, while the beehives and 
the garnet contain rhombic dodecahedron structures [4]. 
Undoubtedly, any structure’s survival must have experienced 
a long-term natural selection, so it is of great significance to 
apply these structures to human architectural science. 

Beijing’s famous Water Cube, or China’s National 
Swimming Center, has taken the advantage of the WP 
polyhedron technology. The actual geometry is creating an 
array of optimized Weaire Phelan foam which is much 
bigger than the building proper, rotating the array about an 
axis, and then trimming the foam that falls either outside the 
building envelope or within the occupied spaces. The 
resulting structure forms the roof and walls of the building. 
By optimizing the formation to form a quasi WP polyhedron, 
a famous building, its first kind in China, came into being 
after an effective cutting of a pile of polyhedrons. Zhejiang 
University’s Scholar Xiang Xi’an et al. has studied in great 
detail space frame structures formed by two filling solids of 
the truncated octahedron and rhombic dodecahedron [5]. If 
the packings of the truncated octahedron and rhombic 
dodecahedron are rotated around the (0 , 0 , 0) to (1 , 1, 1) 
vector axis with an angle of 60°and then cut through the 
appropriate planes, new polyhedral space frames which have 
repetitive structures and meet construction requirements can 
be obtained to show a random and complex pattern on 
surfaces. As the research on space structures formed by the 
strong symmetry of polyhedron combinations is scarce both 
at home and abroad, this present paper, based on the research 
of Platonic solids and Archimedean solids, is intended to 
make a systematic analysis of the geometry of the space 
structure formed by the combination of three kinds of regular 
polyhedrons (coming from Platonic solids and Archimedean 
solids). Meanwhile, we get many kinds of space structures, 
which are applicable to the practical needs of many kinds of 
engineering that require novel patterns on their cutting 
surfaces(for example, like the patterns of broken glass). As a 
result, the study helps to enrich the research of the space 
structures of polyhedrons.  
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II. SPACE FILLING BETWEEN PLATONIC SOLIDS AND 

ARCHIMEDEAN SOLIDS 

     Platonic solids and Archimedean solids are regular 
polyhedrons, for they are highly symmetrical and the 
polyhedral angles at each vertex are exactly the same. Their 
dihedral angles can be calculated as shown in the following 
tables. 

TABLE I.  THE DIHEDRAL ANGLE OF  PLATONIC SOLIDS 

TABLE II.  THE  DIHEDRAL ANGLE OF  ARCHIMEDEAN SOLIDS 

Nomenclature The Cosine of Dihedral Angle and Its Value 

Truncated 
tetrahedron 

3

1
cos 66  , 0

66 53.70  

3

1
cos 36  , 0

36 47.109  

Cuboctahedron 
3

3
cos 34  , 0

34 26.125  

Truncated 
octahedron 

3

3
cos 46  , 0

46 26.125  

3

1
cos 66  , 0

66 47.109  

Truncated cube 

0cos 88  , 0
88 90  

3

3
cos 38  , 0

38 26.125  

Rhombicubocta
hedron 3

2
cos 34  , 0

34 74.144 ; 0
44 135  

 

Truncated 
cuboctahedron 

3

3
cos 68  , 0

68 26.125  

2

2
cos 48  , 0

48 135  

3

2
cos 46  , 0

46 74.144  

(Angle mn  represents a dihedral angle of a regular polygon of m sides and a regular polygon of n 

sides) 
      According to the dihedral angles on the tables above, we 
can see that there exist 11 kinds of seamless space filling 
combination models between Platonic solids and 
Archimedean solids. These combinations are as follows: (1) 
the combination of regular tetrahedron and regular 
octahedron; (2) the combination of regular tetrahedron and 
truncated tetrahedron; (3)the combination of cuboctahedron 

and regular octahedron; (4)the combination of truncated cube 
and regular octahedron; (5)the combination of truncated 
tetrahedron, cuboctahedron and truncated octahedron; (6)the 
combination of rhombicuboctahedron, cube and 
cuboctahedron; (7) the combination of 
rhombicuboctahedron, cube and regular tetrahedron; (8) the 
combination of rhombicuboctahedron, truncated cube, cube 
and regular octagonal prism; (9) the combination of 
truncated cuboctahedron, truncated cube and truncated 
tetrahedron; (10)the combination of truncated 
cuboctahedron, cube and truncated octahedron; (11) the 
combination of Truncated cuboctahedron and regular 
octagonal prism. 

III. SPACE STRUCTURES BASED ON THE COMBINATION 

OF TRUNCATED TETRAHEDRON, CUBOCTAHEDRON AND 

TRUNCATED OCTAHEDRON 

The space structures of polyhedrons, studied in this 
paper, include the plate structures and the frame structures. 
When cutting polyhedrons in a frame structure, we can get 
the surface chords made up of the intersecting lines of 
cutting surface and abdominal rods made up of the original 
edges keeping in  interior of polyhedrons [6]. 

The space structures of polyhedrons are complex and 
complicated. In order to establish a reasonable structure 
which can provide a theoretical basis and a feasible method 
to meet the architectural engineering effect, and enrich all 
kinds of new space structures of polyhedrons, this paper 
mainly studies the following aspects: 
(1) Make the basic units and combinatorial analysis of space 
structures of polyhedrons, the distribution and array of 
combinations of basic elements in space structures; 
(2) Explore various cutting surfaces of space structures of 
polyhedrons, in order to look for the cutting surface patterns 
(roofing or metope), which meets architectural requirements; 
(3) Explore the relationships between concrete building 
measurements and the size of the Geometry of a structure, 
and the minimum distance between an internal node and the 
cutting surface, etc.  

A.  Basic Unit Analysis and Analysis of Space Polyhedrons 
Combination  

On the four vertices of a regular tetrahedron, remove a 
regular tetrahedron whose edge length is one-third edge 
length of the regular tetrahedron, and we will get a truncated 
tetrahedron. There are four regular triangular planes and four 
regular hexagon planes, and the distance between two 

parallel planes is 
3

62
times of the edge length. 

The cuboctahedron is got by cutting a regular triangular 
pyramid whose length is a half of the cube at the eight 
vertexes of the cube, and the positive view, top view and side 
view are the same. The square plane is in parallel to its 
corresponding square plane, while the distance between the 

two parallel planes is 2 times of the edge length; the 

Nomenclature The Cosine of Dihedral Angle and Its Value 

Regular 
tetrahedron 3

1
cos  , i.e., 053.70  

Regular 
hexahedron 

090  

Regular 
octahedron 3

1
cos  , i.e., 047.109  

Regular 
dodecahedron 5

5
cos  , i.e., 057.116  

Regular 
icosahedrons 3

5
cos  , i.e., 019.138  
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(a)Truncated          (b) Cuboctahedron       (c)Truncated 

Tetrahedron                                               Octahedron 

triangle plane is in parallel to its corresponding triangle 
plane, and the distance between two parallel planes is 

3

62
times of the edge length. Besides, each of the four sets 

of parallel planes is perpendicular to the corresponding 
diagonal of the cube.    

A truncated octahedron is got by cutting a rectangular 

pyramid whose length is 3
1 of a regular octahedron at the six 

vertexes of the regular octahedron. For research purposes, 
the way of achieving a truncated octahedron is changed into 
cutting the cube, which is the same as cutting a 

cuboctahedron. Just change the cutting in 2
1  of the edge 

length into 4
3 of the edge length, and we can achieve a 

truncated octahedron. Its three Orthographic Views are the 
same, which is the result of cutting in many points of the 
cuboctahedron and a lot of geometric features are similar to 
the cuboctahedron. The square plane is in parallel to its 
corresponding square plane, and the distance between the 

two parallel planes is 22 times of the edge length; the 
regular hexagon is in parallel to its corresponding regular 
hexagon, but the distance between the two parallel planes is 

6 times of the edge length, just as each of the four sets of 
parallel planes is perpendicular to the corresponding 
diagonal of the cube (See Fig. 1). 
 

Figure 1.  Basic cell. 

Suppose the edge length is a , and we can get the 
following results:  the volume of the truncated tetrahedron 

is 3

12

223
a , its surface area is 237 a ; the volume of a 

cuboctahedron is 3

3

25
a , and its surface area 

is 2)632( a ; the volume of a truncated octahedron 

is 328 a , and the surface area is 2)6312( a . The volume 

ratio of a truncated tetrahedron, a cuboctahedron and a 
truncated octahedron is 23:20:96, while the surface area ratio 

is 7 :( 2+ 32 ) :( 12+ 32 ). As shown in Figure 1, the 

height of a truncated octahedron is a22 , which is twice the 
height of the cuboctahedron.  

From Table 2, we can see that the two dihedral angles of 

the truncated tetrahedron are 0
36 47.109 (

3

1
cos 36  ), 

0
66 53.70 (

3

1
cos 66  ); the dihedral angle of the 

cuboctahedron is 0
34 26.125 (

3

3
cos 34  ); the dihedral 

angles of the truncated octahedron are 0
46 26.125  

(
3

3
cos 46  ), 0

66 47.109 (
3

1
cos 66  ). By 

trigonometric formula, we can see the relationships between 

these dihedral angles: 000 18047.10953.70  , and 
000 36047.10926.1252  . As long as the square surfaces 

of the cuboctahedron and the truncated octahedron can join 
closely, the regular hexagon surfaces of the truncated 
octahedron and the truncated tetrahedron can join closely, so 
can the regular triangle of the truncated tetrahedron and the 
cuboctahedron. Then, the relationships between the dihedral 

angles satisfy 0
364634 360  and 0

6666 180 , and 

three kinds of polyhedron combinations can grow 
concomitantly and can fill space seamlessly.  

We can also see from another perspective,   connect the 
cuboctahedron in the direction of the six square faces by the 
truncated octahedron. In this framework, only the truncated 
tetrahedron’s cavity is left unstudied during the research of 
structures, so we only need to focus on the exploration of the 
cube cutting out of the cuboctahedron and truncated 
octahedron.    

B. Ways of Space Polyhedrons Combination and Basic 
Units of Polyhedrons Combination  

Suppose there are 8×27 truncated tetrahedrons, 4×27 
cuboctahedrons and 4×27 truncated octahedrons, then the 
432 polyhedrons can make up a solidly stacked cubic block 
of type 3×3×3, a compact filling space just like a cube.  

Suppose a truncated octahedron is attached to a 
cuboctahedron (or a cuboctahedron is attached to a 
truncated octahedron) as a unit, then we can construct an 
array of 3×3×3(see Fig. 2(a) and Fig. 2(b)). Suppose the six-
six-edge(common edge of two regular hexagons) of two 
truncated tetrahedron overlap each other as one unit of 
cooperation, then we can construct an array of 3×3×3(Fig. 
2(c)). Suppose the former six-six-edge unit rotates 90 
degrees around the Z axis, we can construct an array of 
3×3×3(Fig. 2(d). Refer to Figure 2(e) and combine (a), (b), 
(c), and (d) twice in Figure 2, and then a 3×3×3 solid cubic 
block containing 432 polyhedrons is formed(Fig. 2(f)). 
When the basic unit of arrays of 3×3×3 is set to be 
combined, we can get a basic unit combination of 8 
truncated tetrahedrons, 4 cuboctahedrons and 4 truncated 
octahedrons (Fig. 2(g)). The basic unit combination, just 
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(a)3×3×3 array of                  (b)3×3×3 array of  
truncated Octahedron             cuboctahedrons and 
and cuboctahedrons               truncated Octahedron 

             
(c)3×3×3 array of                       (d) 3×3×3 array of two 

two connected                         truncated tetrahedrons 
truncated tetrahedrons                 after a rotation of 90° 

              
(e)vertical view of      

a cubic block’s                 (f)compact accumulation  
basal fist layer   

                   
front view of  

a basic unit combination                   a side view  

            
       vertical view              (g)basic unit combination    

inscribed in a cube, forms a compact accumulation body 
along three mutually orthogonal directions of the X, Y, and 
Z axis, filling three dimensional space firmly.     

Figure 2.  Formation of polyhedrons composition and basic cell 
composition. 

IV.  CUTTING A POLYHEDRAL DENSE PACKING BLOCK 

In the construction practice of the “Water Cube”, Yu 
Weijiang et al. studied the cutting problems of Weaire-
Phelan polyhedron's packing in great detail [7]. The position 
of the cutting surface must pass through the vertex of the 
polyhedron; otherwise, the types of the surface chord rod 
and abdominal rod would increase substantially. What’s 
more, the minimum distance from the internal node to the 
cutting surface will be shortened and this is not conducive to 
meeting the structural requirements of the structure. In 
addition, The adjacent cutting surfaces with the greatest 
distance is the most significant in the practical engineering 
for the minimum distance of the cutting surface from the 
internal node reaches the maximum value.  

A. The Analysis of Cutting Modes for Polyhedral Compact 
Accumulation Bodies  

In the polyhedral compact accumulation cube (Fig.2(f)), 
there is a high symmetry in three kinds of polyhedrons, and 
the three orthographic views of the cuboctahedron are 
consistent with those of the truncated octahedron. The top 
view of the truncated tetrahedron is consistent with its left 
view and is also congruent with its front view, and their 
corresponding planes are in parallel to each other. 

When the compact accumulation cube doesn’t rotate and 
the cutting surface is perpendicular to the X, Y or Z axis, the 
cutting surface patterns are consistent with each other in the 
same cutting position. Therefore, one only needs to consider 
the cutting in the direction of just one axis. 

In the cuboctahedron and the truncated octahedron, four 
sets of parallel planes are all vertical to their corresponding 
body diagonals. When the cutting plane is vertical to the 
body diagonal of the compact accumulation cube, the 
cutting surface patterns are the same in the same cutting 
position. Therefore, one only needs to whether the cutting 
surface is vertical to any one direction of the four body 
diagonals. 

When the compact accumulation cube rotates around the 
X, Y or Z axis respectively and the rotation angle is the 
same, the cutting surface pattern is also consistent. 
Therefore, when cutting the surface, one only needs to 
consider the condition of rotating around just one coordinate 
axis.  

When the cube rotates 120 degrees around the (0, 0, 0) 
to (1, 1, 1) vector axis, it will just overlap the original 
figure. However, if we cut in the same position 
perpendicular to X, Y or Z axis respectively after the 
polyhedral compact accumulation cube rotates 60 degrees 
around the (0,0,0) to (1,1,1) vector axis, the cutting surface 
patterns are consistent.  

In Figure 3, the eight vertex coordinates of the original 
cube are O(0,0,0), P(a,a,a), A(a,0,0), B(a,a,0), C(0,a,0), 
D(a,0,a), E(0,0,a), and F(0,a,a), and when they rotate 60 

degrees around OP vector axis counterclockwise, we can, 
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(a) Cutting surface of                 (b) cutting surface of 

3,6,9                                       the other position 

according to the space coordinate rotation formula, get six 
new vertex coordinates except point O and point P:   

A1 )
3

1
,

3

2
,

3

2
( aaa  ,B1 )

3

1
,

3

4
,

3

1
( aaa ,C1 )

3

2
,

3

2
,

3

1
( aaa ,D1

)
3

1
,

3

1
,

3

4
( aaa ,E1 )

3

2
,

3

1
,

3

2
( aaa  ,and F1 )

3

4
,

3

1
,

3

1
( aaa . We 

can easily come to the conclusion that points M, N, S, T, U, 
and V are all the intersection point as well as midpoint of 
the two cubic edges. Therefore, making the cross-section 
parallel to plane XY, plane XZ and plane YZ after rotating 

cube OABC-EDPF 60 degrees around OP vector axis 
counterclockwise equals a plane in parallel with plane PNV, 
plane PTU and plane PMS made in the original cube.   
 

Figure 3.  Cube rotating around the (0,0,0) to (1,1,1) axis with an angle of 
60°. 

B. The cutting surface and its pattern dimensions of the 
polyhedral accumulation solid 

In order to describe the position and the size of the 
cutting surface precisely, the following is a study of the 
three regular polyhedrons whose edges are all supposed to 
be a in length.   

1) The cutting perpendicular to the coordinate axes 
without rotation 
     If the packing packed cubic block does not rotate, let’s 
take the cutting surface perpendicular to Z axis (in parallel 
with the XY plane) as an example. In a height range of a 
basic unit, there are only 9 cutting surfaces through the 
vertices of the polyhedrons (See Fig. 4). We can calculate 
that all cutting surfaces are equally spaced: they are 

all a
2

2
. Besides, the minimum distance between all the 

cutting surfaces and the internal nodes are also equal: they 

are also a
2

2
. The surface patterns, produced by the cutting 

surface positions 3, 6 and 9, contain two different polygons 
shown in the shaded part of the graph (Fig. 5(a)): One is a 

square whose side length is a2 , and the other is a 

symmetric octagon whose side lengths are a2  and a  
respectively. The rest of the surface patterns produced by 
the other cutting surface positions contain three different 

polygons shown in the shaded part of the figure( Fig. 5(b)): 
one is a square whose side length is a , another is a square 
whose side length is a2  and the last one is a rectangle whose 
side lengths are a  and a2  respectively. 
 
 
 
 
 
 
 
 
 

Figure 4.  Cutting planes of polyhedron's packing without rotation.  

Figure 5.  Cutting surface patterns of polyhedron's packing without 
rotation. 

2) The cutting vertical to the diagonal from (0,0,0) to 
(1,1,1)    

When the cutting plane is perpendicular to the diagonal 
of the closely packed cubic block, let’s take the cutting 
vertical to the diagonal from (0, 0, 0) to (1, 1, 1) as an 
example. There are only 9 cutting planes through the 
vertices of the polyhedrons in the range of a basic unit 
combination (Fig. 6). All cutting surfaces are equally 

spaced: they are all a
3

6
. So are the minimum distance 

between the cutting surface and the internal nodes: they are 

all a
3

6
. The surface pattern, produced by the 1, 4 and 7 

cutting plane, contains only a regular hexagon whose length 
is a (Fig. 7(a)). While the surface patterns produced by the 
2, 5 and 8 cutting plane can be seen in Fig. 7(b), the patterns 
contain 3 different kinds of polygons (see the shaded area of 
the figure): one is a regular triangle whose length is a, one is 
a regular triangle whose length is 2a, and the other is a 
hexagon whose lengths are a and 2a respectively. Rotate the 
produced patterns of the 2, 5, 8 cutting plane 180 degree, 
and we can get the same patterns of the 3, 6, 9 cutting plane, 
as they are essentially the same. 
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 1
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(a)cutting surface of              (b) cutting surface of  

 1,4,7,10,13                           the other position 

 

Figure 6.  Cutting planes of polyhedron's packing perpendicular to the 
diagonal of (0,0,0) → (1,1,1) .   

 

Figure 7.  Cutting surface patterns of polyhedron's packing perpendicular 
to the diagonal of (0,0,0) → (1,1,1) . 

3) The cutting around coordinate axes of rotation 
Suppose the densely packed cubic block rotates 45 

degrees around the X axis, and Figure 8 is the cutting 
surface which starts from the vertex of the polyhedron in the 
Z direction and runs parallel with the XY plane after its 
rotation of the YZ plane view. In a height range of a basic 
unit, there are only 13 cutting surfaces through the vertices 
of the polyhedrons. All cutting surfaces are equally spaced: 

they are all a
2

1
. Besides, all the minimum distances 

between the cutting surfaces and the internal nodes are the 

same, and they are also a
2

1
.The surface patterns, produced 

by the cutting surface positions 1,4,7,10and13, contain four 
different polygons shown in the shaded part of the graph 
(Fig. 9(a)): Two are isosceles pentagons, which are 

symmetrical to each other. Their two long waists are a3 , 

and their two short waists are a
2

3
 while the base is a ; 

another is a symmetrical hexagon, of which one side is 

a
2

3
 and another side is a ; the other is also a symmetrical 

hexagon, of which one side is a3  and another side is a . 
The surface patterns, produced by the other cutting surface 
positions, contain four different polygons shown in the 
shaded part of the graph (Fig. 9(b)): One is a rectangle of 

which one side is a  and another side is a2 ; another is a 

similar rectangle of which one side is a2  and another side 
is a2 ; the third one is an isosceles triangle of which the 

waist is a3  and the base is a2 ; the last one is a 

symmetrical hexagon of which one side is a3  and another 
side 
is a .  

Figure 8.  Cutting planes of polyhedron's packing  rotating through 
45°around the X- axis. 

 
 

       
 

 
 
 
 
 
 
 
 

Figure 9.  Cutting surface patterns of polyhedron's packing  rotating 
through 45°around the X- axis.  

Suppose the packing stacked cubic block rotates   

degrees (
2

1
tan  ) around the X axis, and Figure 10 is the 

cutting surface which goes through the polyhedron vertices 
in the Z axis direction and runs parallel with the XY plane. 
Besides, Fig. 10 is also the YZ plane view after rotating   
degrees around the X axis. All cutting surfaces are equally 

spaced: they are all a
10

10
, while all the minimum distances 

between the cutting surface and the internal nodes are the 

same: they are also a
10

10
. We can get five shapes of 

section polygons by this kind of cutting of the truncated 
octahedron(see Fig.11(a)): No. 1 is an isosceles triangle of 

which base is a2  and the waist is a3 ; No. 2 is an 

isosceles pentagon of which the two long waists are a3 , 

the two short waists are a
2

7
 and the base is a

2

2
; No. 3 

is an isosceles pentagon of which the two long waists are 

                    
(a) Cutting surface of             (b) Cutting surface of 

1,4,7                                     the other position 
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9
8 76 54 32

1

 

1

 

2

 

3

 

4

 

5

 
(a) section polygons of the truncated octahedron 

321

 
(b) section polygons of the cuboctahedron 

             
(a) cutting surface of                    (b) cutting surface of 

 2,5,8                                           the other position 

a
3

72
, the two short waists are a3  and the base is a2 ; 

No. 4 is an isosceles septangle of which the two waists are 

a
3

72
, a

3

10
 and a

2

7
 respectively while its base is 

a
2

2
; No. 5 is a symmetrical hexagon of which the two 

opposite long sides are a
3

10
 and the other four sides are 

all a
3

72
. There are three forms of section polygons for 

the cuboctahedron (see Fig. 11(b)): No. 1 is an isosceles 
trapezoid of which the topline and the baseline 

are a
2

2
and a2  respectively, and the two waists are 

a
2

3
; No. 2 is an isosceles pentagon of which the two 

parallel long waists are a
3

10
, the two short waists 

are a
3

7
 and the base is a2 ; No. 3 is a symmetrical 

octagon of which the two opposite long sides are a
3

10
, 

the two opposite short sides are a
2

2
 and the other four 

sides are all a
6

7
.  

The surface patterns, produced by the cutting surface 
positions 2, 5 and 8, contain eight different polygons shown 
in the shaded part of the graph (see Fig. 12(a)). Of them, 
there are three section polygons of the truncated octahedron: 
two section polygons are No. 2 and the other is No. 5. 
Another section polygon is No. 3 of cuboctahedron. The 
other four identical ones are section polygons of the 

truncated tetrahedron whose four lengths are a3 , a
6

7
, 

a
3

72
 and a

2

7
 respectively. The surface patterns, 

produced by the other cutting surface positions, contain 9 
different polygons shown in the shaded part of the graph 
(Fig. 12(b)). Of them, three section polygons are No. 1, No. 
3 and No. 4 of the truncated octahedron; two section 
polygons are No. 1 and No. 2 of cuboctahedron; the other 
four section polygons are two kinds of the truncated 
tetrahedron which are in pairwise symmetry in pattern: one 

pattern is a triangle whose lengths are a3 , a
2

3
 and 

a
2

7
 respectively; the other is a quadrangle whose lengths 

are a3 , a
3

72
, a

3

72
 and a

3

7
 respectively. In Figure 

12(b), the cutting surface pattern is similar to the patterns of 
broken glass.  

Figure 10.  Cutting planes of polyhedron's packing rotating    

through (
2

1
tan  ) around the X- axis. 

Figure 11.   Section polygons of the truncated octahedron and 

cuboctahedron rotating through (
2

1
tan  ) around the X- axis. 

Figure 12.  Cutting surface patterns of polyhedron's packing rotating 

through (
2

1
tan  ) around the X- axis. 

After the dense accumulation cubic block rotates 30 and 
60 degrees around the X axis, the cutting surface patterns 
are the same, but the distances between the adjacent cutting 
surfaces are very short. Taking the 2×2×2 cubic block with 
a basic unit combination as a component for example, the 
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(a) cutting surfaces of             (b) cutting surfaces of  

the truncated octahedron               the cuboctahedron 

54321

6

 
(a) section polygons of truncated octahedron

ratio of the maximum distance between the adjacent cutting 
surfaces and the rod length is about 1/15. With the 
enlargement of the cubic block, the distance will become 
smaller and smaller. Therefore, it does not have the actual 
engineering significance. 

4) The cutting that rotates around the vector axis from 
(0, 0, 0) to (1, 1, 1)  

Suppose the packing stacked cubic block rotates 60 
degrees around the (0,0,0) to (1,1,1) vector axis, making the 
cutting surface parallel with the YZ plane through the 
vertexes of the polyhedrons in the X axis direction is 
equivalent to making the cutting surface parallel with PMS 
plane in the oral cube(see Fig. 3). We can conclude that all 
cutting surfaces are equally spaced by this cutting method: 

they are all a
9

2
, and the minimum distance between all 

the cutting surfaces and the internal nodes are also a
9

2
. 

Cutting the truncated octahedron in this way, there are 11 
kinds of cutting positions but there are only six patterns of 
section polygons while there are 7 kinds of cutting positions 
cutting the cuboctahedron with only four patterns of section 
polygons (see Fig. 13). The six patterns of section polygons 
of the truncated octahedron are as follows (Fig. 14 (a)): 
No.1 is an isosceles trapezoid of which the topline and the 

baseline are a2 and a
3

4
, and the waists are a

3

10
; No.2 is 

an isosceles hexagon of which the topline and the baseline 

are a and a
3

5
, the two long waists are a

3

13
 and the two 

short waists are a
3

10
; No.3 is an isosceles hexagon of 

which the topline and the baseline are a and a2 , the two 

long waists are a
12

135
and the two short waists are a

3

10
; 

No.4 is an isosceles hexagon of which the topline and the 

baseline are a  and a
3

5
respectively, the two long waists are 

a
2

13
and the two short waists are a

3

13
; No.5 is an 

isosceles hexagon of which the topline and the baseline are 

a  and a
3

4
 respectively, the two long waists are a

2

13
 and 

the two short waists are a
12

135
; No.6 is a symmetric 

isosceles hexagon of which the topline and the baseline are 

both a  and the four waists are all a
2

13
. The four shapes 

of the section polygons of the cuboctahedron are as 

follows(see Fig. 14 (b)):No.1 is an isosceles trapezoid of 

which the topline and the baseline are a and a
3

1
 

respectively, and the waists are all a
3

10
; No.2 is an 

isosceles hexagon of which the topline and the baseline are 

a and a
3

2
 respectively, the two long waists are both a

3

10
 

and the two short waists are both a
12

13
; No.3 is an 

isosceles hexagon of which the topline and the baseline are 

both a , the two long waists are both a
3

10
 and the two 

short waists are both a
6

13
; No.4 is a symmetric isosceles 

hexagon of which the topline and the baseline are both a  

and the four waists are all a
4

13
.  

Figure 13.  Schematic of cutting planes of polyhedron rotating through 
60°around the (0,0,0) to (1,1,1) vector axis.  

Figure 14.  Section polygons of the truncated octahedron and 
cuboctahedron rotating through 60°around the (0,0,0) to (1,1,1) vector axis. 

Due to the high degree of repeatability of the polyhedron 
accumulation block, we only need to consider the cutting in 
the height range of a truncated octahedron.  

The surface patterns, produced by the cutting surface 
positions 3, 6 and 9 shown in Fig. 15(a), include ten 
different kinds of polygons (shown in the shaded part of the 
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graph): Three section polygons are the No. 3 of the 
truncated octahedron, the reflection symmetry of No.3 and 
the No. 6 of the truncated octahedron; three others are the 
No.1 of the cuboctahedron, the reflection symmetry of the 
No.1 and the No.4 of the cuboctahedron. the rest four are 
two kinds of pairwise symmetrical section polygons of the 
truncated tetrahedron: one is an isosceles triangle of which 

the base is a2  and the two waists are a
2

13
; the other is an 

isosceles hexagon of which the topline and the baseline are 

a
3

1
and a respectively, the two long waists are a

12

135
and 

the two short waists are a
4

13
.   

The surface patterns, produced by the other cutting 
surface positions of the truncated octahedron shown in 
Figure 15(b), include eleven different polygons (shown in 
the shaded part of the graph): Four section polygons are 
No.1, No.2, No.4 and No.5 of the truncated octahedron; two 
section polygons are No.2 and No.3 of the cuboctahedron; 
five section polygons are section polygons of the truncated 
tetrahedron, including two isosceles triangles, an isosceles 
trapezoid, and two isosceles pentagons. For the two 
isosceles triangles, one is an isosceles triangle of which the 

waists are a
3

13
and the base is a

3

4
, whereas the other is 

one of which the waists are a
12

135
 and the base is a

3

5
; as 

for the isosceles trapezoid, its topline and baseline are 

a
3

2
and a2  respectively, and its waists are a

3

13
; with one 

of the two isosceles pentagons, its two long waists are 

a
2

13
, its two short waists are a

6

13
 and its base is a

3

4
; 

with the other one, its two long waists are a
2

13
, its two 

short waists are a
12

13
 and its base is a

3

5
. 

 
After the densely packed polyhedral cube has rotated 30 

degrees around the (1,1,1) to (0,0,0) vector axis, the distance 
between the adjacent cutting surfaces becomes very small 
and when it has rotated 45 degrees around it becomes even 
smaller. Therefore, the polyhedron space structures 
produced by these two kinds of rotation angles do not have 
practical engineering significance.  

 

(a) cutting surface of 
3, 6, 9 

(a) cutting surface of 
The other position 

Figure 15.  Cutting surface patterns of polyhedron's packing rotating 
through 60°around the(0,0,0) to (1,1,1) vector axis. 

V. A BRIEF SUMMARY  

The combination of the regular truncated tetrahedron, 
the regular cuboctahedron and the regular truncated 
octahedron can form a regular closely packed cubic block. 
The four ways of cutting, cutting the densely packed block 
perpendicular to the coordinate axes, cutting it 
perpendicular to the solid diagonal, cutting it around the 
coordinate axes of rotation, and cutting it around the vector 
axis of rotation from (0, 0, 0) to (1, 1, 1), whose structure 
dimensions (the cutting surfaces spacing) can meet the 
needs of the actual project, and the patterns of the cutting 
surface show a high degree of repeatability and variety. For 
example, the Figure 12(b) resembles the patterns of broken 
glass. This study provides some samples for the building 
elevations and the patterns of roof. Unfortunately, with the 
phenomenon, researchers have so far failed to come up with 
an idea like Beijing’s famous “Water Cube”, which 
produces a surface pattern of random and disorderly visual 
effect.  

Besides the space organization filling model of the 
truncated tetrahedron, the cuboctahedron and the truncated 
octahedron, for 10 others seamless space combination filling 
models of Platonic solids and Archimedean solids, whose 
patterns of the cutting surface can be so exquisite, whether 
there exist any cutting surface patterns of random but 
disorderly visual effect like Beijing’s famous “Water Cube” 
bubbles calls for further exploration.  

In addition, besides the research on the packing solid’s 
cutting surface patterns, the panel structures and the frame 
structures can be built into right square pyramids and 
cylinders in a variety of sizes (by means of cutting) due to 
the high symmetry of the closely packed solids discussed in 
this paper. This structural function remains to be further 
studied. 

This paper only has studied the geometric constitution 
of the space combination structures composed of the 
truncated tetrahedron, the cuboctahedron and the truncated 
octahedron. It is necessary to make a systematic study and 
analysis further on the stress performance of the static and 
dynamic behavior of panel structures and frame structures in 
order to meet the needs of the real engineering project.    
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