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Abstract  — The effect of the intermediate principal stress on the bearing capacity of a strip footing in soft rock foundation is 
analyzed in this paper. First, a numerical simulation about the conventional tri-axial test for diatomaceous soft rock and mudstone 
were processed via a finite difference code FLAC. A two dimensional axisymmetric element and a strain hardening/softening 
constitutive model based on the Unified Strength Theory (UST) were used to simulate the tri-axial test. The bearing capacity of 
strip footings in soft rock foundation was evaluated using the strain hardening/softening constitutive model. The strain-softening 
behavior of soft rock foundation for factor Nγ evaluations are more obvious than that of the Nc evaluations. The influence of the 
intermediate principal stress effect on residual values of Nγ is deeper than that of the Nc. 
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I. INTRODUCTION 

A rock material can be classified as soft rock if the 
uniaxial compressive strength (USC) below 20 MPa, e.g., 
mudstone, sandstone and siltstone [1]. The deformation 
process of soft rock often has a remarkable strain-softening 
characteristic with a peak and residual strength [2-4]. The 
evaluation of the bearing capacity for footings is an 
important problem in geotechnical engineering. In recently 
years, the bearing capacity of footings in clay or sand is often 
researched by many investigators using numerical methods 
with linearly elastic-perfectly plastic constitutive model [5-7]. 
However, the bearing capacity of footings in strain-softening 
materials (e.g., soft rock) is seldom studied. Many complex 
stress test (e.g., true-triaxial tests, plane strain tests or torsion 
shear tests) have verified that the intermediate principal 
stress has certain influences on the mechanical behavior of 
geomaterials [8,9]. Several strength criteria were proposed 
for geomaterials, which take the effect of the intermediate 
principal stress and nonlinear yield surface into account, 
such as the criterion of Zienkiewicz-Pande [10], Lade-
Duncan [11] and Matsuoka-Nakai [12]. A twin-shear stress 
element and multi-shear stresses element, proposed by Yu 
[13]. The multi-shear element is a rhombic dodecahedral 
multiple slip element differing from that of the principal-
stress cubic element used in common continuum mechanics. 
There are three sets of principal shear stresses (τ13, τ12 and 
τ23) and normal stresses (σ13, σ12 and σ23) acting on the 
same sections. The maximum principal shear stress τ13 
equals the sum of the other two, i.e., τ13=τ12+τ23; thus, 
there are only two independent components among the three 

principal shear stresses. The unified strength theory (UST), 
which takes the influence of the intermediate principal shear 
stress (or intermediate principal stress) into account, was 
proposed by Yu [13]. The expressions of the UST can be 
written in terms of principal stresses as follows: 



































312
213

3121
32

2

sin1

2

sin1
 when ,

2

1
'

2

sin1

2

sin1
 when ,

2

)1(











N

c

b

b

N
f

N

c

Nb

b
f  (1) 

where b is a coefficient reflecting the effect of the 
intermediate principal shear stress (τ12 or τ23) or the 
intermediate principal stress on the strength of materials, c 
and φ are the cohesion and friction angle, and 

   1 / 1N sin sin     , the order of the three principal 

stresses follows 1 2 3    . For the non-associated flow 
rule [18], the plastic potential function g can be written as 
follows: 
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where ψ is the dilation angle for geomaterials, and 
Nψ=(1+sinψ)/(1-sinψ). If ψ<φ, then the plastic flow rule is 
non-associated, while for the associated flow rule, ψ=φ. 

Comparisons between the yield surfaces of the UST and 
test data for granite [14], marble [15], sand [12], and 
compacted loess [16] on the deviatoric plane are plotted in 
Figure 1, where θb is the stress angle for the junction of two 
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yield surfaces and depends only on the friction angle of the 
material. The intermediate principal stress has a substantial 
influence on the strengths of different metallic materials or 
geomaterials under complex stress states, and the potential 
strengths of different materials can be predicted by the UST 
with various values of the parameter b. The yield surfaces of 
the UST cover the entire region of convex theory from the 
lower bound (UST b=0.0) to the upper bound (UST b=1.0). 
The Mohr-Coulomb strength criterion is the special case of 
the UST when the coefficient b equals to zero. In this paper, 
the bearing capacity of a rough strip footing in soft rock 
foundation was evaluated using a finite difference code 
FLAC and strain hardening/softening constitutive model 
based on the UST. FLAC (fast Lagrangian analysis of 
continua) is a two-dimensional finite difference code, and an 
explicit Lagrangian computation scheme is used in this code. 
The behavior of structures built of soil, rock or other 
materials that may undergo plastic flow when their yield 
limits are reached can be simulated easily by FLAC [17]. 
The strain hardening/softening constitutive model based on 
the UST is written in C++ as a user-written constitutive 
model, and compiled as a DLL file (dynamic link library) 
that can be loaded into the FLAC code [18]. The elastic 
relations between the elastic principal strain increments and 
principal stress increments in FLAC/FLAC3D are as follows: 

   1,  and 1,3e
i i nS i n n                    (3) 

where Si is a linear function of the elastic principal strain 
increments . The plastic principal strain increments can be 
written as follows: 

p
i ig                                      (4) 

where λ is a non-negative multiplier if plastic loading 
occurs. The expression of the elastoplastic constitutive model 
for FLAC/FLAC3D can be formulated as follows: 
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where  i nS g     is the plastic principal strain 

component in the matrix of the constitutive model, g is the 
plastic potential function, I

i  are the stress components 
obtained from the incremental elastic law, and N

i  are the 
new stress components obtained from the plastic flow rule. 
The expression of the plastic multiplier λ can be written as 
follows: 
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After substitution of the Eq. (4) and Eq. (6) into Eq. (5), 
the linearly elastic-perfectly plastic model based on the UST 
can be obtained. In the strain hardening/softening stage, the 
shear hardening parameter eps is used to characterize the 
plastic shear strain [19], and defined as follows: 

     
1 2
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where 1
ps , 

2
ps  and 

3
ps  are the three plastic principal 

strains of the shear strength envelope, and 

 1 2 3 3ps ps ps ps
m      . It is observed from Eq. (7) that the 

hardening parameter eps equals the square root of the second 

invariant of the strain. For the plastic hardening/softening 
stage, the yield function f can be written as follows: 

,  ( ),  ( ) 0ps ps
nf c e e                                (8) 

The hump curve function for the friction angle φ is used 
to simulate the strain-softening behavior of soft rock in this 
study [19]. The hump curve function is shown as follows: 
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where the slope of the hump curve is controlled by the 
parameter H, and the peak and residual value of the hump 
curve are controlled by the parameters P and R. A 
consolidated-undrained (CU) triaxial shear test on the 
saturated diatomaceous soft rock and mudstone were 
conducted by Liao [2,3] and Li [4], respectively. The 
variation of friction angle φ for hump curve function is 
shown in Figure 2. The strength parameter φ has a peak and 
residual values with the value of ε1 increased (shown in 
Figure 2). Based on the variation in strength parameter φ 
yielded by triaxial test of soft rock, the values of the 
parameters H, P and R in Eq. (9) can be determined. 

 

Figure 1. Limit loci of the unified strength theory: (a) deviatoric plane, (b) 
principal stress space. 
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Figure 2. Variation of friction angle φ for hump curve function 

II. TRIAXIAL TEST SIMULATION 

A two dimensional axisymmetric element was used to 
simulate the test sample of soft rock, and the consolidated-
undrained triaxial was simulated using FLAC code. The 
confining pressure σ3 was applied by the stress boundary 
condition on all sides of the test sample element to generate 
the consolidated stress. For triaxial test situation (simple 
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stress state), the three principal stresses follow 
1 2 3    , a vertical velocity load (1×10-6 m/step) was 

applied to the top of the test sample element to simulate the 
maximum principal stress σ1, and the confining pressure σ3 
was applied on the side of the test sample element. The 
bottom of the test sample element was fixed in vertical 
direction. The values of the material property parameters for 
numerical analysis are presented in Table I. Because the test 
sample of soft rock had little volume dilation after the 
consolidated-undrained triaxial test, the dilation angle ψ was 
set to zero (non-associated flow rule) throughout the whole 
calculation process of triaxial test simulation. Figure 3 shows 
the relationship of stress (σ1-σ3) versus axial strain (ε1) for 
diatomaceous soft rock and mudstone measured by 
consolidated undrained triaxial test or simulated by FLAC 
using the hump curve function (Eq. (9)). The comparison 
between the model prediction and measured results shows 
that the stress-strain relationship of soft rock under the 
triaxial test state ( 1 2 3    ) can be simulated by 
elastoplastic model with hump curve function. And then, the 
bearing capacity of a rough strip footing in diatomaceous 
soft rock will be evaluated by FLAC using the strain 
hardening/softening constitutive model following the UST. 
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Figure 3. Test or simulated results for soft rock measured by CU triaxial 
test or computed by FLAC: (a) diatomaceous soft rock, (b) mudstone 

 

Table I PARAMETERS AND VALUES FOR NUMERICAL ANALYSIS 

Name 

Linearly elastic-perfectly plastic Strain-softening 

density ρ 
(kg/m3) 

elastic 
modulus E 

(MPa) 

Poisson’
s ratio ν 

Cohe-
sion c 
(kPa) 

P H R 

Diatomac-
eous 

soft rock 
2183 500 0.25 40 0.021 0.04 0.0045

mudstone 2032 500 0.25 1.2 0.039 0.09 0.0079

 

III. PROBLEM PRESENTATION 

Vesić [20] suggested the bearing capacity equation for a 
weightless and semi-infinite space under a vertical strip load 
using the characteristic method. 
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where Nc is a bearing capacity factors of cohesion c, γ is 
the soil unit weight, B is the footing width, factor Nγ is the 
bearing capacity factor of soil self-weight. Terzaghi [21] also 
proposed the formulas of the bearing capacity factors Nc and 
Nγ for rigid rough and strip footing. In the current study, the 
foundation was considered to be a strain-softening and 
homogeneous material, and discretized into several finite 
difference element meshes.  

In this paper, the bearing capacity of a rough strip footing 
in diatomaceous soft rock was evaluated by FLAC code 
using the strain hardening/softening constitutive model 
following the UST with non-associated flow rule (dilation 
angle ψ=0.0). Because the problem domain is symmetric, 
only a half of the problem domain was considered, and the 
footing width B was held constant at 10 m. Because the left 
vertical boundary was the symmetry plane, the horizontal 
displacement was fixed, and the vertical displacement was 
free. The right vertical boundary was only constrained in the 
horizontal direction. The displacement of bottom boundary 
was fixed in both the vertical and horizontal directions. The 
boundary condition and mesh for numerical analysis is 
shown in Figure 4. The analyses were performed by applying 
a vertical velocity (1×10-6 m/step) to simulate the load from 
the rigid footing base. The contact stress P beneath the 
footing was calculated as the sum of the vertical nodal forces 
on the base of footing divided by the half-width of the 
footing [5]. The horizontal velocity at the surface nodes 
beneath the footing was set to zero to simulate the rough 
interface between the footing and soft rock. Previous studies 
observed that the value of the Poisson’s ratio and elastic 
modulus have no influence on the value of the ultimate 
bearing capacity [5,7]. 
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Figure 3. Finite difference meshes (symmetrical model) with the 
boundary condition for analysis. 
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Figure 5. Relationship between bearing capacity factors and vertical 
displacement: (a) Nc, (b) Nγ. 

IV. RESULTS AND DISCUSSION 

The two bearing capacity factors (Nc and Nγ) can be 
obtained individually using the numerical method [5,7], and 
it can be expressed by the following equation: 
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Two parameters ξc and ξγ are given to estimate the 
influence of the intermediate principal stress. 
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where ξc and ξγ are the efficiency factors of the 
intermediate principal stress effect for bearing capacity 
factors Nc and Nγ, respectively. Figure 5 shows the 
relationship of Nc=P/c and Nγ=2P/γw versus vertical 
displacement s/w for footing in diatomaceous soft rock. 
Figure 6 shows the relationship of efficiency factors ξc and 
ξγ versus the values of the parameter b. The results from 
Figure 5 indicated that the strain-softening characteristic for 
Nγ is more remarkably than that of the Nc. The bearing 
capacity factors Nc and Nγ increased with the increasing 
values of the parameter b, and the efficiency factor ξγ for 
peak values of Nγ is higher than the efficiency factor ξc with 
the values of the parameter b increased. The influence of the 
intermediate principal stress effect on peak values of Nγ and 
Nc are equivalent, but the influence of the intermediate 
principal stress effect on residual values of Nγ are deeper 
than that of the Nc. Figure 6 shows the contours of the 
maximum shear strain rate for rough strip footing when the 
peak or residual bearing capacity of soft rock foundations 
have been reached. The results obtained from FLAC using 
the UST indicate that a clear difference exists between the 
failure mechanisms of the foundation when the influence of 
the intermediate principal stress is taken into account and 
when it is not. The size of the shear zone increases as the 
value of the parameter b increases, and more soft rock 
beneath the footing contributes to the bearing capacity of the 
foundation. The size of the shear zone in the peak bearing 
capacity of soft rock foundations is larger than that of the 
residual bearing capacity, and the size of the shear zone for 
Nc evaluation is larger than that of the Nγ. 
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Figure 6. Efficiency factors of intermediate principal stress effect for 
bearing capacity of footing 

V. CONCLUSION 

This paper presents the influence of the intermediate 
principal stress effect on the bearing capacity of a rough strip 
footing for vertical displacement loading on a strain-soften 
material (soft rock) foundation. Based on the results of this 
study, the conclusions can be drawn as follows: 
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The strain-softening behavior of soft rock foundation for 
factor Nγ evaluations are more obvious than that of the Nc 
evaluations. 

The influence of the intermediate principal stress effect 
on peak values of Nγ and Nc are equivalent, but the 
influence of the intermediate principal stress effect on 
residual values of Nγ are deeper than that of the Nc. 

The size of the shear zone increases as the value of the 
parameter b increase. The shear zone of the foundation under 
peak bearing capacity is larger than that of the residual 
bearing capacity. 
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