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Abstract — Multiprocessor scheduling is known to be an NP-hard optimization problem, and no worst-case job arrival sequences 
have been identified for global scheduling real-time systems. In this paper, we present a novel idea to solve the problem of worst-
case scenarios in global scheduling, and firstly introduce a hypothetical parallel executing system where any job except the studied 
one can be executed in parallel on all processors at any instant in time, we prove that such a hypothetical system leads to a worst-
case scenario of any studied job’s schedulability, therefore, the proposed results can be used for solving schedulability problems of 
multiprocessor global scheduling. 
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I. INTRODUCTION 

In a real-time system, any given job must receive 
sufficient processor time to complete its execution in a given 
length of time interval. However, this is not always true 
when some more urgent jobs or those with higher priorities 
occupy too much time in this interval to prevent the given 
job receiving its required execution time. In such cases, we 
say that this job and the system are un-schedulable. 
Schedulability analysis of real-time systems is carried out to 
guarantee that all jobs in a system are schedulable. 

Multiprocessor global scheduling where the jobs are 
allowed to migrate from one processor to another is a much 
more difficult problem than uniprocessor scheduling, as 
Baruah [1] remarks that “no finite collection of worst-case 
job arrival sequences has been identified for global 
scheduling of sporadic real-time task systems”. This 
conclusion is true for both fixed job priority and fixed task 
priority scheduling [2]. As there is no existing worst-case 
execution pattern for global scheduling, the pessimism of 
global EDF scheduling analysis strongly impacts the 
schedulability of small or medium-sized platforms [3], and 
this problem remains one of the key open questions in the 
field today [4].  

It is well-known that “the simple fact that a task can use 
only one processor even when several processors are free at 
the same time adds a surprising amount of difficulty to the 
scheduling of multiple processors” [5]. However, one fact 
that is neglected by the existing literature is that although any 
job can be executed on only one processor at any instant in 

time, for any given studied job kj , all the other jobs are 
executed parallel on all processors is a worst-case situation 

for the kj ’s schedulability. In this paper, we firstly introduce 
a hypothetical parallel executing system where any job 
except the studied one can be executed in parallel on all 

processors at any time, we prove that such a system provides 
a worst-case scenario and could be used for analyzing the 
studied job’s schedulability.  

For any given studied job kj , the amount of execution 
time required by the higher priority jobs or more urgent jobs 

is defined to be the total task load on kj  in a time interval, it 
represents the amount of execution time that must be 

completed before job kj  in this interval. In a given length of 
time interval, we assume that the total task load is a fixed 
value, or that an upper bound of the maximal total task load 
has been calculated by the existing approaches (e.g. [1, 6-
10]), and we consider the worst-case pattern leading to the 
minimum amount of execution time of the studied job. 
Therefore, the following two situations will be considered in 
this paper: 

1) How the total tasks’ load is allocated among the 
processors; and  

2) How these jobs are executed on each processor after 
the task load has been allocated. 

II. SYSTEM MODEL 

A real-time system model is comprised of a set of 

independent real-time tasks 1 2{ , ,..., }n   , and each task 

consists of an infinite or finite stream of jobs which must be 
completed before their absolute deadlines. Each job of the 
same task require the same worst-case execution time to 

complete its execution on any processor. Hence any task i  

(where 1, 2,...,i n ) is characterized by a worst-case 

execution iC , which must be completed before its relative 

deadline iD , and its jobs’ minimum inter-arrival time iT . 
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We denote kj  to be any given job of a task k . If a job 

kj  arriving at time at , then it must be completed before its 

absolute deadline at a kd t D  , otherwise kj  and the 

system is unschedulable. 
Each job in the system has a priority, the higher priority 

jobs of kj  are defined to be the jobs that are more urgent 

than kj  (in the case of a fixed job priority scheme such as 

EDF) or to be the jobs with priorities higher than kj  (in the 

case of a fixed task priority scheme).  
This paper considers the scheduling problems in a 

symmetric multiprocessor system, and let m be the number 
of processors with unitary capacity in a system. At any time, 
if there is any processor that is idle, a ready job with the 
highest priority is chosen to be executed immediately. If 
there is no processor idle, a higher priority job could preempt 
a lowest priority job’s execution at any time. Any job is 
allowed to migrate from one processor to another, when a 
job is returned back to execution, as it is not necessary to 
execute on the same processor. 

III. DEFINITIONS AND TERMINOLOGIES 

This section defines the terminologies that are needed in 
this paper. The following terminologies are presented for all 
processors in a system. 

Definition 1 The total task load (on kj ) in a given length 

of time interval is the amount of execution time requested by 

the higher priority jobs of kj  on all processors in this 

interval, the higher priority jobs of kj  including the jobs 

arriving in this interval, and any unfinished jobs arriving 
before this interval.  

   The total task load on kj  represents the amount of 

execution time that must be completed before job kj .  

In a global multiprocessor scheduling system, kj  can 

always be executed as soon as possible when there are no 
ready jobs with higher priorities being executed or waiting to 
be executed on any processor. Therefore, the following 
definition is presented.  

Definition 2 An all busy period on level kj  denoted to be 

kbusy jP   that is a consecutive time interval in which there are 

always ready jobs with priorities higher than job kj  being 

executed or waiting to be executed on every processor. 

   It is obvious that job kj  cannot be executed in an all 

busy period on level kj , and kj  always gets executed 

immediately outside any all busy period on level 

kj .Definition 3 The total length of the all busy periods on 

level kj  in a time interval [ , ]t d  is denoted as 

[ , ]
k

tot
busy jL t d , which represents the length summation of 

the time intervals in which kj  cannot get executed in 

[ , ]t d . 

   The following terminologies are defined for a given 
processor. 

Definition 4 The task load on kj  in a given length of 

time interval is the amount of execution time requested by 
the higher priority jobs of kj  on a given processor in this 

interval. The higher priority jobs of kj  include the jobs 

arriving in this interval and any unfinished jobs arriving 
before this interval.  

 
Definition 5 On a given processor, a busy interval on 

level kj  is a consecutive interval in which all the jobs being 

executed have higher priorities than job kj . 

   By Definition 5, if a time interval is busy on level kj  

for every processor, then this interval is a 
kbusy jP  . 

IV. A WORST-CASE TASK’S LOADS ALLOCATION AND 

EXECUTION PATTERN 

In the remainder of this section, we assume that we can 
arbitrarily change the tasks’ execution and allocation pattern. 
The following theorem gives a worst-case execution pattern 
of the tasks leading to the longest total length of all the busy 

periods on level kj  when the total task load on kj  in an 

interval is a fixed value. 
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Fig. 1. An illustrative example of the tasks' execution pattern satisfying 
Theorem 1 

Theorem 1 In any given length of time interval [ , ]t d , 

when the total task load is on a fixed value, the value of 

[ , ]
k

tot
busy jL t d  gets the maximum when the following 

conditions are satisfied (as illustrated in Fig. 1): 

the total task load on kj  is equally allocated to all 

processors; and 

if there is a busy interval on level kj  on any processor, 

then there must be busy intervals on level kj  starting and 

ending at the same time on all other processors. 
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Proof. In this proof, for convenience, we denote the task 

load to be the task load on kj  in a time interval, and denote 

a busy interval to be a busy interval on level kj . Firstly we 

suppose Theorem 1’s execution pattern is satisfied, as 
illustrated in Fig. 2, and the following situations are 
considered to prove the theorem: 

Scene 1: If we “move” any task load from processor 2 to 
processor 1, as shown in Fig. 3, then condition (1) of 
Theorem 1 is unsatisfied. Although the task load on 
processor 1 is increased, the task load on processor 2 is 

decreased, hence [ , ]
k

tot
busy jL t d  can only be decreased. 

Scene 2: We keep the task load on each processor 
unchanged, so each processor retains the same length 
summation of the busy intervals. If the busy intervals on the 
processors do NOT start or end at the same time, i.e. 
condition (2) of Theorem 1 is unsatisfied, as illustrated in 

Fig. 4, then the all busy period on level kj  is decreased from 

[ , ]t t   (in Fig. 2) to 1 2[ , ]t t   (in Fig. 4), hence 

[ , ]
k

tot
busy jL t d  can only be decreased. 

Now we assume Theorem 1’s execution pattern is 
unsatisfied, as illustrated in  

Fig. 5. Suppose we can equally redistribute any task load 
on a processor outside the busy period 1 2[ , ]t t   to all 

processors, and let the redistribution requests start and end at 
the same time on all processors, as illustrated in Fig. 6, then 

[ , ]
k

tot
busy jL t d  can only be increased. If we repeatedly 

apply such action to every busy interval outside any existing 

busy dP   on each processor, we will finally get a tasks’ 

execution pattern that satisfies Theorem 1, and 

[ , ]
k

tot
busy jL t d ’s value reaches the maximum. 

The processors on each illustrative figure can be changed 
to any number, therefore we can use the same process to 
prove the conclusion. This completes the proof. 
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Fig. 2. Illustrative example of Theorem 1’s proof when the tasks’ execution 
pattern of Theorem 1 is satisfied when there are 4 processors. 
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Fig. 3. Illustration of Scene 1 in Theorem 1’s proof. 
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Fig. 4. Illustration of Scene 2 in Theorem 1’s proof. 
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Fig. 5. Illustration of Theorem 1’s proof when conditions of Theorem 

1 are unsatisfied. 
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Fig. 6. Illustration of Theorem 1’s proof through equal redistribution of 

some higher priority jobs’ execution time from Processor 1 to all 
processors. 

Corollary 1 Denotes [ , ]
k

tot
busy jMaxL t d  to be the 

maximum possible value of [ , ]
k

tot
busy jL t d  (see Definition 

3), and denote [ , ]ktot jLoad t d


 to be the total task load 

on kj  in[ , ]t d , when [ , ]ktot jLoad t d


 is a fixed value, 

then we have 
1

[ , ] [ , ]k

k

tot jtot
busy j

m
MaxL t d Load t d 


  , 

Proof. This result is obtained directly from Theorem 1’s 
conclusion. 

In order to meet the worst-case pattern of Theorem 1, we 
introduce a virtual parallel system as follows. 

Definition 6 A hypothetical parallel executing system is 
defined to be a system in which any job could be executed in 
parallel on all processors at any instance in time. 

 
   Definition 6 describes a parallel system that does not 

exist in the real world. However, the properties of such 
virtual systems can be used to analyze the schedulability of 
real systems. It is clear that Definition 6’s hypothetical 
parallel executing system satisfies Theorem 1’s execution 
pattern.  

Corollary 2 In a given time interval 
[ , ]t d , when the 

total task load on kj  is a fixed value, the length summation 

of the busy intervals on level kj  takes the maximum value 

when each job not including kj  in this interval is executed 
in parallel on all the processors in a hypothetical parallel 
executing system. 

Proof. This conclusion is obtained directly from Theorem 
1’s conclusion. 

V. CONCLUSION 

It is well known that there is no worst-case job arrival 
pattern for the global scheduling of sporadic real-time task 
systems. In this paper, we have formally proven a simple 
worst-case pattern of the jobs’ arrival and execution. Based 
on Theorem 1’s conclusion, we have proved that the 
hypothetical parallel executing system introduced by 
Definition 6 is a worst-case scenario for any given job’s 
schedulability when the total task load in an interval is a 
fixed value, and this value can be bounded by many existing 
approaches. The conclusions presented in this paper provides 
an important theoretical foundation, and it can be utilized to 
construct new schedulability analyses for global scheduling 
real-time task systems. 

ACKNOWLEDGMENT 

This work is supported by the National Natural Science 
Foundation of China under grant 61202042, and Scientific 
Research Foundation for the Returned Overseas Chinese 
Scholars, State Education Ministry of China. 

REFERENCES 
[1]  S.K. Baruah, "Techniques for Multiprocessor Global Schedulability 

Analysis," Proceedings 28th IEEE Real-Time Systems Symposium, 
pp. 119-128, 2007. 

[2]  C.L. Liu, "Scheduling Algorithms for Multiprocessors in a Hard 
Real-Time Environment," JPL Space Programs Summary.vol. 
36,No.60,pp: 28-31, 1969. 

[3]  R.I. Davis and A. Burns, "A Survey of Hard Real-Time Scheduling 
for Multiprocessor Systems," ACM Computing Surveys. 
vol.43,No.04,pp: 35, 2011. 

[4] T.P. Baker and S.K. Sanjoy, "Schedulabiliy Analysis of 
Multiprocessor Sporadic Task Systems," in In Handbook of Real-
Time and Embedded Systems. 2007, Chapman & Hall/CRC. 

[5] A. Bastoni, B.B. Brandenburg, and J.H. Anderson, "An Empirical 
Comparison of Global, Partitioned, and Clustered Multiprocessor 
EDF Scheduling," Proceedings 31st IEEE Real-Time Systems 
Symposium, pp. 14-24, 2010. 

[6] M. Bertogna and M. Cirinei, "Response-Time Analysis for Globally 
Schduled Symmetric Multiprocessor Platforms," Proceedings 28th 
IEEE Real-Time Systems Symposium, pp. 149-158, 2007. 

[7] T.P. Baker, "An Analysis of EDF Scheduling on a Multiprocessor," 
Real-time Systems. vol.32,No. 02 ,pp: 49-71, 2006. 

[8] T.P. Baker, "Multiprocessor EDF and Deadline Monotonic 
Schedulability Analysis," Proceedings 24th IEEE Real-Time Systems 
Symposium, pp. 120-129, 2003. 

[9] J. Anderson and A. Srinivasan, "Pfair Scheduling: Beyond Periodic 
Task Systems.," Proceedings of the 7th International Workshop on 
Real-Time Computing Systems and Applications, pp. 297-306, 2000. 

[10] N. Guan, M. Stigge, W. Yi, and G. Yu, "New Reponse Time Bounds 
for Fixed Priority Multiprocessor Scheduling," Proceedings 30th 
IEEE Real-Time Systems Symposium, pp. 387-397, 2009. 

 

 

 


