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Abstract — In the financial market, volatility plays an important role in financial derivatives pricing, portfolio allocation, and 
financial risk measurement. There are numerous models for forecasting volatility. Among them, conditional autoregressive range 
model with exogenous variables model (CARRX) is a range-based volatility model, which measures volatility using price range 
instead of squared asset returns. To improve the forecasting ability of the traditional parametric CARRX model, this paper 
combined adaptive neuro-fuzzy inference system (ANFIS) with the CARRX model and proposed a nonparametric CARRX model 
under the ANFIS framework. Two types of evaluation methods, loss functions and M-Z regression test, were used to assess the out-
of-sample forecasting performance of the proposed model. The empirical results of HS300 and HSI of China stock market show 
that compared to benchmark models, the proposed model has smaller loss function values and larger R2 values of M-Z regression 
test, indicating that the proposed model in this paper provides a good approach for forecasting range volatility. 

Keywords - Volatility forecasting; ANFIS; CARRX model 

 

I. INTRODUCTION 

Financial markets are characterized by high return and 
high risk. The risk of financial assets is usually measured by 
volatility in modern financial theory. Many financial 
decisions, such as financial derivatives pricing, portfolio 
allocation, financial risk measurement and management, 
depend on precise estimation to asset return volatility. So, 
modelling and forecasting asset returns volatility have 
always been one of the hot issues in financial field. Though 
the related research work has already confirmed that the 
volatility of financial time series is time-varying and 
highly persistent, until 1970s, the constant volatility, such as 
Markowitz model [1] and the BS option pricing model [2], 
has been used in academic research due to the lack 
of relevant research tools. Since the 1980s, various volatility 
models have been developed to describe the varying 
characteristics of volatility. ARCH/GARCH type models 
proposed by Engle [3] and Bellerslev [4] have a strong 
capability of modeling the time-varying conditional 
volatility. In additional, in order to describe the long-term 
memory in volatility, FIGARCH model [5] and LMSV 
model [6] were provided based on GARCH and SV models, 
respectively.  

As the classic volatility models, GARCH-type models 
provided powerful tools for describing the dynamic 
features of volatility [7]. Essentially, these models are return-
based volatility models which measure volatility by using 
squared returns. However, the range, defined as the 

difference between the daily highest and lowest logarithmic 
price, has been shown to be a much more efficient volatility 
proxy [8]. Gallant et al [9] and Alizadeh et al [10] suggested 
Range-based Stochastic Volatility (RSV) model based on the 
logarithmic range data. Brandt and Jones [11] combined 
EGARCH model with the range data to forecast volatility, 
obtaining better out-of-sample forecasting results than the 
return-based volatility models. Chou [12] constructed the 
conditional autoregressive range model with exogenous 
variables (CARRX) model to capture the volatility 
dynamics, showing that the CARRX model had better 
forecasting performance than the GARCH-type models.  

CARRX model is parametric and the parameter 
estimation requires a strict assumption on the data 
distribution. Due to the complexity of financial market, many 
financial time series observations are nonlinear and random 
such that the CARRX model cannot cope with them. 
Artificial neural network (ANN) is a nonparametric 
approach. With the good capability of self-learning and self-
adaption, ANN can approximate complex nonlinear systems 
without any strict theoretical assumption. Utilizing these 
advantages, it was found that the incorporation of ANN with 
GARCH-type models can improve the forecasting 
performance of the GARCH type models [13-17]. Adaptive 
neuro-fuzzy inference system (ANFIS) is a multilayer feed 
forward network [18]. By combining fuzzy inference system 
and ANN, ANFIS not only has the ability of self-learning, 
but also can simulate the reasoning function of the human 
brain. Compared with ANN, ANFIS possesses the advantage 
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of a clearer network structure, a smaller number of the 
hidden layer neurons, and less controlling parameters.  
Almeida et al [19] used ANFIS to forecast exchange rate 
volatility based on GARCH model. The empirical results 
demonstrated that their model was superior to the ANN-
based and SVM-based GARCH model. Wei [20] proposed 
GA-weighted ANFIS model for TAIEX forecasting and 
obtained satisfying results. 

In this paper, ANFIS is combined with CARRX model to 
enhance the forecasting performance of the CARRX model. 
The remainder of this paper is organized as follows. In 
section 2, the theory of CARRX model and ANFIS are 
described, respectively. After that, the modelling process of 
the ANFIS-based CARRX model is presented. In section 3, 
the stock data in China stock markets is analyzed to illustrate 
the out-of-sample forecasting performance of the proposed 
model. Conclusions are given in Section 4. 

II. MATERIAL AND METHODS 

A. CARRX (1, 1) Model  

CARRX model integrates range into the GARCH model 
and measures volatility by using range directly. It has the 
advantages of flexible description of range volatility 
dynamics and ease of estimation. CARRX of order (p, q), or 
CARRX (p, q) model, is widely used in volatility modeling 
and forecasting and the model is described as follows:  
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where Rt, for t=1,2,...,T, is the logarithmic asset prices 

range at time t. And t  , called the conditional range, is the 
conditional mean of the range based on all information till 

time t. The normalized range /t t tR   is assumed to follow 

a Weibull distribution.  , h  and g  in the conditional 
mean equation are the parameters to be estimated, where  
stands for the inherent uncertainty of the range, or the initial 

value of the range, h   stands for the lag-time coefficient of 
the range, or the short-term impact effect to the conditional 

range, g  stands for the lag-time coefficient of the 
conditional range, or the long-term impact effect to the 
conditional range. These parameters are all positive to ensure 
the conditional range positivity. Moreover, the condition 
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should be satisfied to ensure that the process is stationary. 

And ,t lX
, for l=1,2,...,L, is the exogenous variable added 

into the conditional mean equation to enhance its accuracy 
and reliability, including trading volume, the lagged returns, 
and seasonal factors. 

B. Anfis  

ANFIS is an organic combination of the fuzzy inference 
system and neural network. The fuzzy control technology 
has good capability of capturing the structural knowledge of 
human experts, and simulating abstract thinking of human. 
Neural network possess the advantage of the real time 
learning and automatic model recognition. Thus, combining 
the two methods can effectively use the advantages of the 
two methods and compensate for their shortcomings. ANFIS 
produces dynamically If-Then rules using the compound 
learning process. Using a hybrid-learning algorithm, it 
adjusts the appropriate parameters of the membership 
functions to meet the relationship of the input and output 
needed in the system. 

C. ANFIS-Based CARRX Model  

CARRX model were the specific mathematical models 
and the quasi maximum likelihood estimation (QMLE) was 
usually used for parameter estimation with the assumption 
that the data follows an exponential distribution. 
Furthermore, the standard errors of the parameters are 
estimated consistently by using the robust method [21]. 
However, the financial data is characterized by the high 
nonlinearity and randomness and may not be the exponential 
distribution. Thus, the estimators from the QMLE could not 
be the best for a finite sample set, which might produce bad 
effect on the forecasting performance of the CARRX model. 
Theoretically, ANFIS have the capacity of approximating 
any nonlinear function arbitrarily without a priori assumption 
on the data distribution. We combine ANFIS with the 
parametric CARRX (p, q) model and propose a 
nonparametric CARRX (p, q) model based on ANFIS 
(ANFIS-based CARRX (p, q)), expressed as: 
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where 1 1 1,1 1,[ ,..., , ,..., , , , ]T
t t q t t p t t LR R X X      

 and t  
denote the input and output variables of the ANFIS-based 

CARRX (p, q) model, respectively. Function ( )f  denotes a 
nonlinear mapping relationship between the input and output 
variable. In other words, given the input and the output 
variables, ANFIS can identify the nonlinear relationship 
between them through learning the training data. Then, the 
well trained model can be used to forecasting. The procedure 
of the ANFIS-based CARRX (p, q) model for forecasting 
volatility is expressed as follows. 

Step 1: Variables determining. Based on (3), the input 
and out variables of the ANFIS-based CARRX (p, q) model 

are 1 1 1,1 1,[ ,..., , ,..., , , , ]T
t t t q t t p t t LD R R X X       

and t , 
respectively. All the variables should be known beforehand 
since the ANFIS-based CARRX (p, q) model needs to 

conduct observable variables. However, t is not directly 

obtained from the stock price. We can measure t  as a 
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moving average of the five most recent ranges with the 
persistence of the time series.  
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 Step 2: Data preprocessing. The input and output 
variables are normalized on the interval [0,1] to improve the 
training efficiency of the model. The normalized formula is 
given by 
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where 
* * *[ , ]T

t tD   is the normalized value in the range 
[0,1] and   is the input or output variables to be 

preprocessed. And min , max are the minimal and maximal 
values of each variable. The whole dataset were classified 
into two subsets: the training subset for constructing the 
model and the testing subset for verifying the forecasting 
ability of the model. 

Step 3: Model establishment. Select the number of 
membership functions and the type of membership functions 
and establish ANFIS-based CARRX (p, q) model. The 
adjustment of the relationship between the input and output 
variables by ANFIS is described as follows: 

Layer 1: This layer is the input layer and consists of 
adaptive nodes. Every node in this layer computes 
membership grades of the input variables by using 
membership functions. The outputs of this layer can be 
written as: 

 
,

*
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                                                             (6) 
1, 2,...,i n ; 1,2, ,j m  ; 1, 2, , nk m       

where i, j and k represent the number of the input 
variables, membership functions, and total rules, 

respectively. 
*
iD is the input variables of node i, Ai,j is the 

fuzzy set characterized by appropriate membership functions 

,i jA . There are some commonly used membership 
functions, such as bell-shaped, Gaussian, triangular, and 
trapezoidal functions. Parameters in this layer are taken as 
antecedent nonlinear parameters which are tuned by the 
gradient descent method. 

Layer 2: This layer is the rule layer and consists of fixed 
nodes. Each node of this layer multiplies the input signals 
and the outputs of this layer are given by 
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where wk denotes the firing strength (or weight) of each 
rule.  

Layer 3: This layer is the normalization layer and 
consists of fixed nodes. The ith node of this layer computes 
the ratio of the ith rule’s firing strength to the summation of 
all rules’ firing strength by using node function. The outputs 
of this layer are described as:  
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where kw is the normalized firing strength. 
Layer 4: This layer is consequent layer and consists of 

adaptive nodes. The ith node of this layer calculates the 
contribution of the ith rule to the total output. The output of 
the ith rule is expressed as: 
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where ,1 , ,1 , ,1 ,,..., , ,..., ,..., ,..., ,i i q i i p i i L id d e e u u r
 are the 

consequent linear parameters identified by the least-squares 
method. 

Layer 5: This layer is the output layer and consists of a 
fixed node. The single node generates the final output as the 
sum of all the incoming signals. The output of this layer is 
represented as:   
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Step 4: Model forecasting. The established model is 
employed to forecast volatility. Finally, the volatility 
forecasts are transformed into the original volatility 
forecasts. 

III. RESULTS  

A. Data Description  

The data used is daily trading price of HuShen 300 Index 
(HS300) and HangSeng Index (HSI) in China stock market, 
including open price, highest price, lowest price, close price 
and trading volume. There are 732 trading days for HS300 
and 744 trading days for HSI index over the period of July 4, 
2011 to July 10, 2014. The intraday range Rt=ln(Pt,h)-
ln(Pt,l) is calculated using the intraday highest and lowest 
price. The graphs of daily range of HS300 and HSI, which 
are shown in Fig. (1) and Fig. (2), indicate volatility 
clustering in the two range series. Table 1 presents the 
descriptive statistics of range series of HS300 and HSI. 
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Figure (1). Daily range of HS300. 

 

Figure (2). Daily range of HIS. 

It is shown from Table 1 that the range series of HS300 
and HSI have similar statistical characteristics. The positive 
sample means of the range series with nearly zero standard 
deviation are presented in HS300 and HSI. The two range 
series are positively biased (Skewness>0) and have fat-tailed 
distributions (Kurtosis>3). The J-B test for normality 
indicates that all the range series have no normal 
distributions. LB(16) test shows the rejection of the null 
hypothesis of no serial correlation at the 5% and 1% level, 
indicating serial correlation in the two range series. ARCH 
(16) test confirms that there are strongly ARCH effects for 
the two range series. 

TABLE  I DESCRIPTIVE STATISTICS OF TWO RANGE SERIES 

Indices HS300 HSI 

Mean 0.0162 0.0111 

Max 0.0697 0.0662 

Min 0.0045 0.0000 

S. D. 0.0082 0.0062 

Skewness 2.0695 2.1357 

Kurtosis 9.5574 13.6619 

JB test 1833.9857*,** 4172.0015*,** 

LB(16) 197.6316*,** 700.8083*,** 

ARCH(16) 64.4996*,** 109.2417*,** 

Note: JB test is the Jarque-Bera normality test for the 
distribution of the range series. LB(16) is the Ljung-Box test 
for the 16th order serial correlation of the range series. 
ARCH(16) is Engle’s (1982) LM test for ARCH effect of the 
range series. * and ** denote significantly at the 5% and 1% 
level, respectively . 

B. Empirical Process and Results  

The optimal lag order for CARRX model is estimated 
through AIC and SC criteria. Let p and p range from 1 to 3, 
respectively. And then, calculate the AIC and SC indices of 
CARRX model with various combinations of (p, q). As 
shown in Table 2, for the two cases, the optimal lag order is 
p=q=1. In additional, According to [15], the inclusion of the 
lagged return and trading volume is able to enhance the 
forecasting performance of the CARRX model, significantly. 
Thus, we selected the 1-day lagged continuously 
compounded logarithmic return rt-1 and 1-day lagged trading 
volume vt-1 as the exogenous variables in the conditional 
range equation. 

TABLE Ⅱ AIC AND SC CRITERIA FOR PREFERRED CARRX MODELS 

CARRX(p, q) 
HS300 HSI 

AIC SC AIC SC 

CARRX(1,1) -1.2463 -1.2039 -1.6133 -1.5709 

CARRX(1,2) -1.2428 -1.1919 -1.6085 -1.5576 

CARRX(1,3) -1.2319 -1.1725 -1.6052 -1.5458 

CARRX(2,1) -1.1431 -1.0922 -1.6095 -1.5586 

CARRX(2,2) -1.2388 -1.1794 -1.6057 -1.5463 

CARRX(2,3) -1.1478 -1.0799 -1.5726 -1.5047 

CARRX(3,1) -1.1843 -1.1249 -1.6053 -1.5459 

CARRX(3,2) -1.2357 -1.1678 -1.6012 -1.5333 

CARRX(3,3) -1.2311 -1.1547 -1.597 -1.5207 

The normalized dataset is divided into two subsets. For 
HS300, the first 500 samples were used for training the 
model and the remaining 232 ones for testing the forecasting 
performance. For HSI, the first 500 samples were also used 
for training the model and the remaining 244 ones for testing 
the forecasting performance. The initial fuzzy inference 
system of the ANFIS-based CARRX model is generated by 
grid partition. The number of membership functions and the 
type of membership functions should be determined before 
constructing the fuzzy system. Currently, there is no uniform 
method to determine the two variables. By trial and error, we 
selected 2 bell-shaped membership functions for each input 
variable for HS300 and 2 trapezoidal membership functions 
for each input variable for HSI. 

The four linguistic variables such as LOW, EQUAL, 
MEDIUM, and HIGH, are assigned to fuzzy sets of the input 
variables for HS300 and HSI. The established ANFIS-based 
CARRX model was used to forecast range volatility. And 
then, the forecasted range volatility series are transformed 
into the original range volatility series. 
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For comparison, several other forecasting models are also 
used to forecast range volatility based on the same dataset, 
including ANN-based CARRX, LSSVM-based CARRX, 
and CARRX models. ANN-based CARRX model combines 
radial basic function (RBF) network with the linear CARRX 
model. LSSVM-based CARRX model combines least 
squared support vector machines (LSSVM) [22] with the 
linear CARRX model. For the convenience of comparison, 
the input variables of the two models are the same as those of 
the ANFIS-based CARRX model. In LSSVM-based 
CARRX model, RBF kernel is chosen as the kernel function 
and the two parameters in LSSVM are set as 5. CARRX 
model applies the linear CARRX model to forecast volatility 
directly. Out-of-sample forecasting results of the three 
forecasting models are compared with those of the ANFIS-
based CARRX model.  

Six loss functions are calculated to evaluate the out-of-
sample forecasting performance of the five models. They are 
the root mean squared error (RMSE), the mean absolute 
error (MAE), the heteroskedasticity adjusted root mean the 
squared error (HRMSE), the mean absolute error (HMAE), 
the logarithmic loss function (LL), and the Linear-
Exponential loss function (LINEX), which were expressed 
as: 

                      1 2
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where t̂ is the forecasted volatility, Rt is the actual 
volatility measured by daily range, N is the number of out-
of-sample volatility forecasts. They measure the deviation 
between the actual and forecasted values. The smaller the 
values, the closer are the forecasted volatility values to the 
actual volatility values.  

The results of loss functions are listed in Table 3. It is 
clear that ANFIS-, ANN- and LSSVM-based CARRX 
models have smaller values of the six functions than that of 
the linear CARRX model for HS300 and HSI, indicating that 
the selected intelligent forecasting methods, ANFIS, ANN, 
and LSSVM, can enhance the forecasting ability of the 
traditional linear CARRX model. For HS300, the proposed 
ANFIS-based CARRX model produces smaller values of 
RMSE, HRMSE, HMAE, LL, and LINEX than those of the 
ANN-based models except the MAE, where it produces 
equal value of MAE with that of the ANN-based CARRX 
model. For HSI, the proposed ANFIS-based CARRX model 
produces smaller values of RMSE, HRMSE, HMAE, LL, 
and LINEX than those of the ANN- and LSSVM-based 
CARRX models except the MAE, where it produces equal 
value of MAE with ones of the two models. Thus, as a 
whole, the proposed ANFIS-based CARRX model performs 
better than the ANN- and LSSVM-based CARRX models in 
volatility forecasting. Furthermore, compared with the 
LSSVM-base CARRX model, ANN-based CARRX has 
better volatility forecasting performance in term of the values 
of the six loss functions. 

TABLE Ⅲ RESULTS OF LOSS FUNCTIONS OF FIVE FORECASTING MODELS 

Indices  Models RMSE MAE HRMSE HMAE LL LINEX 

HS300 

ANFIS-based GARRX 0.0065 0.0049 0.4993 0.3786 0.1737 8.5753 

ANN-based CARRX 0.0066 0.0049 0.5056 0.3821 0.1747 8.7007 

LSSVM-based CARRX 0.0066 0.0050 0.5198 0.3948 0.1791 8.7162 

CARRX 0.0074 0.0062 0.7546 0.5656 0.2599 10.9741 

HSI 

ANFIS-based GARRX 0.0047 0.0037 0.5214 0.4181 0.2033 4.5303 

ANN-based CARRX 0.0048 0.0037 0.5283 0.4215 0.2050 4.5636 

LSSVM-based CARRX 0.0048 0.0037 0.5331 0.4231 0.2076 4.5904 

CARRX 0.0053 0.0045 0.7691 0.6003 0.2814 5.5553 

The M-Z test, developed by Mincer and Zarnowtiz is also 
used to compare the performance of the forecast models 
further, which run the following regression equation: 

                 
ttt uccR  ̂21
                                      (17) 

where parameters c1 and c2 are the intercept and slope, 
respectively. The R2 statistic from this regression equation 
presents the proportion of variances explained by the 
forecasted volatility values. The forecasting model with 
larger R2 value has better volatility forecasting performance. 

The results of M-Z test are listed in Table 4. It is 
observed from Table 4 that the ANFIS-, ANN- and LSSVM-
based CARRX models generates larger values of R2 than 
that of the linear CARRX model, which shows a better 
volatility forecasting performance in the three hybrid models. 
And the ANFIS-based CARRX model provides larger values 
of R2 compared to the ANN- and LSSVM-based models for 
HS300 and HSI. This means that the ANFIS-based CARRX 
model has superior volatility forecasting performance 



LIYAN GENG et al: APPLICATION OF ANFIS-BASED CARRX MODEL TO STOCK VOLATILITY FORECASTING  

DOI 10.5013/IJSSST.a.17.22.10 10.6 ISSN: 1473-804x online, 1473-8031 print 

relative to the two models. We can also see from R2 in Table 
4 that for HSI, the ANN-based CARRX model performs 
better than the LSSVM-based CARRX model. For HS300, 

the LSSVM-based CARRX model performs better than the 
ANN-based CARRX model, which is different from the 
results in Table 3. 

TABLE Ⅳ RESULTS OF M-Z TEST OF FIVE FORECASTING MODELS 

Indices Models c1 c2 R2 

HS300 

ANFIS-based CARRX 0.0059（3.0811） 0.5857（4.6576） 0.0749 

ANN-based CARRX 0.0062（3.1168） 0.5622（4.4560） 0.0629 

LSSVM-based CARRX 0.0059（2.8780） 0.5717（4.3858） 0.0635 

CARRX -0.0045（-1.1443） 1.0446（4.7776） 0.0585 

HSI 

ANFIS-based CARRX 0.0075（4.7240） 0.2244（1.3956） 0.0096 

ANN-based CARRX 0.0076（4.5075） 0.2178（1.2919） 0.0095 

LSSVM-based CARRX 0.0076（4.7096） 0.2128（1.3092） 0.0094 

CARRX 0.0087（2.9590） 0.0853（0.3519） 0.0006 

Note: The regression equation is estimated by the robust estimation method (Newey-West method). The data in () are the t-
statistics. 

 

Figure (3). HS300 volatility forecasts and actual values. 

 

Figure (4). HSI volatility forecasts and actual values. 

Fig. (3) and Fig. (4) show the forecasting results of the 
four forecasting models. It is clear that the proposed ANFIS-
based CARRX model captures the varying tendency of the 
volatility better compared to the other three forecasting 
models. 
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