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Abstract — High computational complexity is a serious problem in Dempster-Shafer evidence theory. To overcome this problem, 
various approximation methods have been put forward to reduce the number of focal elements. A new approximation method is 
put forward taking advantage of the complete set relations. Four relationships (including inclusion, being contained, intersection, 
and incompatibility) between retainable focal elements and remaining focal elements are considered to perform the dispensation. 
Experiments conducted on classic procedures demonstrate that our proposed method performs better than other methods in error 
evaluation under different conditions. 
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I. INTRODUCTION 

Dempster-Shafer evidence theory plays an important role 
in the field of information fusion [1], which is obviously 
influential in the representation and combination of 
uncertainty [2-5]. 

However, if a large number of variables are involved, 
techniques based on Dempster-Shafer evidence theory 
become intractable. In fact, real-time problem of the 
algorithm processing has been an important research topic in 
the field of information fusion. Potential of many methods 
within this theory framework is often thwarted by the 
significant computational cost in the respects of storage and 
processing. Evidence updating and decision-making bring 
expensive computational burden both on construction of 
belief functions and combination of evidences [6]. 

To overcome the above problem, various computational 
optimization methods have been proposed which include fast 
computational methods and approximation methods. In the 
1980s, researchers had constructed the corresponding fast 
algorithms mainly for evidence of special organization 
structure. Since the early 1990s, the approximate calculation 
methods about how to reduce the number of focal elements 
were focused. Due to fast computational method aiming at 
the special organization structure of evidence, this kind of 
methods are limited. Hence, this paper focuses on the study 
of approximate methods, namely how to reduce the number 
of focal elements, which have generality and practicability. 
However, the existing approximate methods have defects, in 
which the BBA dispensation of remaining focal elements is 
not comprehensive and meticulous enough. 

In order to resolve the limitations of existing approximate 
methods, this paper puts forward a new method. Based on 
comprehensive and meticulous principle, our method 
considers four relationships (including inclusion, being 
contained, intersection, and incompatibility) between 
retainable focal elements and remaining focal elements to 
perform the dispensation. The complete relationship between 
sets is designed through the four modalities, which can 
reserve more definite information to the greatest extent. 

The rest of the paper is divided into five parts. Section 2 
reviews the D-S evidence theory. Complexity problem and 
the existing approximation methods are presented in Section 
3. Approximation method based on complete set relations of 
this paper is introduced in Section 4. In Section 5, the 
experiments and analysis are arranged, where we compare 
the proposed method with other methods according to the 
classic steps. Finally, the conclusion is presented in Section 
6. 
 

II. BASIC CONCEPTS OF D-S EVIDENCE THEORY 

 
D-S evidence theory is regarded as a useful framework of 

representing and handling uncertain knowledge. In this 
section, we introduce basic notions of D-S evidence theory. 

A.  Main Function 

In D-S evidence theory, the total set of mutually 
exclusive and exhaustive propositions of interest is referred 
to as the frame of discernment },,,{ 21 p  . All the 

elements of  belong to the power set of , denoted as 2 . 
The subsets of   containing only one element are called 
singletons. 

Definition 1: For a given problem, the impact of a piece 
of evidence with different subsets in the frame of 
discernment   is represented by a basic belief assignment 
(BBA), defined as a function  1,02: m  such that: 




 
A

Am 1)(                        (1) 

If not ambiguous, m  may be abbreviated to m . 
x , the value of )(xm  is called the basic belief mass 

(BBM). A proposition that possesses non-zero mass is a 
focal element of BBAm . 

The mass )(m  represents the degree of ignorance of 

agent Ag , and the value )(m is the conflictive degree. A 
certain BBA expresses the total certainty. The set of focal 
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elements is the core  , and the triple  )(,,  m is the 
corresponding body of evidence (BoE). 

Definition 2: Let BBA m  be defined on a frame of 
discernment  , the belief function and the plausibility 
function are defined respectively as follows: 
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The belief function Bel  represents the total support that 
can move into A  without any ambiguity. The plausibility 
function Pl  represents the extent to which one finds A  
plausible. 

B.  Dempster’s Combination Rule (DCR) 

The combination of multiple BBAs can be realized 

through the conjunction rule. Given two BBAs 1m  and 2m , 

their conjunctive combination, denoted 21m , is defined for 

all A  as 
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The normalized factor is: 
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C.  Pignistic Transformation 

In the transferable belief model (TBM) [20], when a 
decision has to be made, we build a probability function 
BetP  on . The pignistic BetP  is defined as follows: 
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III. COMPLEXITY PROBLEM AND APPROXIMATION 

METHODS 

In this section, we analyze complexity problem first, and 
then provide a review of the existing methods which lower 
the computational complexity by reducing the number of 
focal elements. 

A. omplexity Problem 

The  basic  carrier  of  information  in  the  D-S evidence 
theory  is  a  mass  function  or  BBA. It assigns a numerical 
value to each subset in a given frame of discernment  and 
satisfies the properties of (1). Dealing with BBAs brings 
about both representational and computational complexity 
problems which are discussed in [21], where the combination 
of various pieces of evidence using the Dempster's rule is 
shown to be #P-complete. Let p , and a mass function 

m  has p2  focal elements, all of which has to be represented 

explicitly in order to obtain the complete information in m . 
Furthermore, the combination of two BBAs requires the 
computation of 12 p  intersections. 

B. The Existing Approximation Methods 

Since the early 1990s, the approximate calculation 
methods about how to reduce the number of focal elements 
were focused. Voorbraak [9] put forward a Bayesian 
approximate method, using element assignment instead of set 
assignment, and can make the number of focal elements 

  ( the size of discernment frame).  Dubois and Prade 

[10] proposed a consonant approximation method with the 
focal elements being embedded and the number of focal 
elements  .  Tessem’s approximation method [11] is 

based on ( xlk ,, ), which focused on retaining only the 
highest valued focal elements and retaining number is 
controlled by the number of focal elements lk, , or 
remaining value of BBA x . The ( xlk ,, ) method is 
improved in [12], not only considering the value of focal 
elements, but also considering the cardinality of focal 
element. The dispensation method of remaining BBA is 
given in [13].  Summarization method [14] leaves the highest 
valued 1k  focal elements intact and makes the remaining 
focal elements to their set union. The approximation method 
in [15] proposes a truncated Dempster-Shafer algorithm. 
This algorithm reduces the number of focal elements via 
truncated rule, and keeps the characteristic character of 
"uncertainty" and "don't know" of D-S evidence theory. 
Other approximation methods are presented in [16-19]. 

However, the existing approximate methods have defects. 
The BBA dispensation of remaining focal elements is not 
comprehensive and meticulous enough. For example, 
Bayesian approximate method [9] converts all BBAs to 
masses of singletons, and actually has lost the advantage of 
expressing "uncertainty" and "don't know" in D-S evidence 
theory. Consonant approximation method [10] constructs a 
new BBA of embedded structure, which has certain 
rationality, but the original highest valued k  focal elements 
are drowning, and the way is dull and lacks flexibility. The 
( xlk ,, ) method [11] keeps large value, truncates smaller 
value, and then normalizes the retainable focal elements, 
without considering the relations between retainable and 
remaining focal elements. D1 approximate method [13] 
distributes BBAs according to the relations between 
retainable and remaining focal elements, but the method only 
considers the relation of inclusion and intersection, the 
thought is not comprehensive enough. Summarization 
method [14] retains the highest valued 1k  focal elements 
and makes the remaining focal elements to their set union 
which is not detailed enough obviously. Truncated DS 
algorithm [15] implements dispensation in accordance with 
the principle of truncated rule without considering the 
connections between retainable and remaining focal elements. 
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IV. APPROXIMATION METHOD BASED ON 

COMPLETE SET RELATIONS (BCSR ) 

 
In this section, we propose an approximation method 

based on complete set relations (BCSR ), for approximating 
the core for the purpose of computational reduction within 
evidence theory frame. Here, we use the BCSR  method to 
estimate a given BoE  with a new BoE   such that: 

(a) Computing   is more efficient than computing  ;  

(b) Decisions about    are close to those about  . 
Aiming at (a), the computational benefits are achieved by 

reducing the number of focal elements via an objective 
function. This objective function is chosen to obtain an 
‘optimal’ core according to the application. In a general 
setup, it can be chosen to limit the number of focal elements 
(e.g., pick the focal elements with the highest BBA).  

Regarding (b), )(BetP  generated from the pignistic 
transformation is often used in evidence theory for decision-
making. Thus, the new BoE  is generated and the pignistic 
transformation )(BetP  given is approximately equal to the 
pignistic transformation )(PBet . 

A.  Problem Description 

Let  )(,,  m  be the BoE approximated by the 
BoE  )(,,  m . The core  is determined by an 

objective function  22:   with  )( s.t.
 

  . The new BBA  1,02:)( m  is derived s.t. 
)()(  BetPPBet , where )(BetP  and )(PBet are the 

pignistic transformations of )(m  and )(m , respectively. 

B.  Method Description 

Once   is generated, we use the BCSR  for 

approximating )(m   
s.t. )()(  BetPPBet . 
This paper adopts different strategy according to different 

relations between focal element sets, and the idea of BCSR  is 
represented as follows: 

The nature of approximate method is to distribute the 
BBAs of remaining focal elements to retainable focal 
elements. After reducing a few of focal elements, 
information of retainable focal elements is as much as 
possible close to the original evidence, and maintains 
consistent in evidence characterization, evidence 
combination, fusion decision to the largest extent. In the 
process, the relation between the retainable focal elements 
and remaining focal elements must be considered. Analysis 
can be seen from introduction, and all the approximate 
methods do not consider the relations, or consider the 
relations not comprehensive. 

Aiming at the defect, our algorithm considers four 
relations between the retainable focal elements and the 
remaining focal elements. Let the retainable focal elements 

1,,1,  kiTi  , and the remaining focal elements 

ljRi ,,1,  , then obviously 1,  klk . The 

relations between the retainable focal elements and the 
remaining focal elements are shown as Fig. 1.  

The principle according to different relations is: 
distributing the BBA of the remaining focal elements on the 
“closest” retainable focal elements as far as possible, 
otherwise waiting for the second dispensation. Without loss 
of generality, we discuss a specific remaining focal 
element

iR . 

For the remaining focal element
iR , we search in 

1,,1,  kiTi  , to nail down the relations between each 

retainable focal element and remaining focal element 
iR  

(including inclusion, being contained, intersection, or 
incompatibility). 

i) Being contained relation (Fig. 1a) 
For the remaining focal element

iR , if there are several 

retainable focal elements containing
iR , we take the 

retainable focal elements with minimum cardinality, and then 
dispense the BBAs of 

iR  uniformly on the corresponding 
retainable focal elements. 

ii) Containing relation (Fig. 1b) 
If there is no relation of being contained, and there are 

several retainable focal elements being contained by
iR , we 

take the retainable focal elements with maximum cardinality, 
and then dispense the BBAs of 

iR  uniformly on the 
corresponding retainable focal elements. 

iii) Intersection relation (Fig. 1c) 
If there is no relation of being contained or containing, 

and there are several retainable focal elements intersection 
with

iR . In these retainable focal elements with cardinality 

higher than
iR , we take the retainable focal elements with 

minimum cardinality, and then dispense the BBAs of 
iR  on 

the corresponding retainable focal elements according to the 
intersection proportion.  The residual BBA is dispensed for 
the second distribution. 

iv) Incompatibility relation (Fig. 1d) 
If no relation of being contained, containing, or 

intersection exists, it shows that there is no direct relation 
between 

iR  
and all the retainable focal elements, we put all 

BBA of 
iR  

on complete set . 
In order to reserve more definite information, we design 

the strategy of second distribution. This paper executes 
pignistic transformation on the focal elements and residual 
BBAs, and then distributed pignistic probabilities on the 
retainable focal elements for the second time. 
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             (a) Being contained relation             (b) Containing  relation              (c)  Intersection relation           (d) Incompatibility relation  

Fig. (1). The relations between the retainable focal elements and the remaining focal elements 

 

V. EXPERIMENTS AND DISCUSSION 

 
In this section, we perform a series of experiments to 

analyze the behavior of the BCSR  as well as to compare its 
performance to other methods. The behavior and 
comparative results of exiting methods provide valuable 
information on how to choose an appropriate method in a 
given application. Then the experimental methodology and 
the results are explained. 

A. Methodology 

Consistent with methods in [13] and [16], we adopt the 
following methodology to construct the BoEs: 

Let 32   and use an exponential dispensation to 

generate 8 random BoEs  iii m,,  8,,1 i , s.t. 

each focal set has 8 elements, i.e., 8i
, 8,,1i . 

1) Using the Dempster’s combination rule, fuse the 
BoEs as: 












 .7,,2,]1[

;1,
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(7) 

Let ]7[   
2) Implement the approximations: 









 .7,,2),]1[(

;1]),1[(
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1 jforjY

jforY
j
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(8) 

where ])[( Y  denotes the approximation of ][  
using the method Y. Let ].7[Y   

3) Repeat the above procedure for all pproximation 
methods PptDSMBA ,1,,  andBCSR . 

4) Repeat the whole procedure for 1000 times. 

B.  Parameters And Performance Criteria 

For justice, we choose the same parameters and use the 
same set of BoEs for all approximation methods used in 

[16]. The whole procedure needs a fair comparison. 

We confirm the various parameters as follows. The Ppt  
method [15] with ,8{ MaxNum  ,1.0MaxBe  

,1.0MinBe }01.0lg noMin  is denoted by 8Ppt . The 
SM , 1D , and BCSR  methods with a maximum of 8 focal 
elements are denoted by 8SM , 81 D , and 8BCSR , 
respectively. The parameter selection needs a fairer 
comparison by selecting the same number of focal elements 
for all the methods. 

We use the error measures which are used in [11], [13] 
for comparison purposes. 

1) Quantitative Measures: 

)()(max1 


PBetBetPError 
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(11) 

2) Qualitative Measure:  
Let 0  be the best choices among all the 

alternatives generated via )(PBet , i.e.,
 

)(maxarg0 


PBet 


. Then, the measure 4Error  is given 

by 
 

      )}()(|{4 0  PBetBetPError        
(12) 

The measure 4Error  is very important for evaluating an 
approximation method with respect to decision-making. 

04 Error  represents the situation when the approximated 
BoE yields the same decision as that of the original BoE.  

C.  Results and Analysis 

In this section, we compare the error performance of 
BCSR  to the other approximation methods which are 
discussed in Section 3.2. 
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TABLE 1.  CARDINALITY OF THE CORE OF THE DCR-FUSED BOE ][k   

Fusion Step 1 2 3 4 5 6 7 

Average 64 434.5 1029.2 1036.8 787.3 578 438.3 
Minimum 62 347 495 420 324 263 201 
Maximum 64 497 1856 2073 1898 1323 954 

 

TABLE 2.   CARDINALITY OF THE CORE AFTER SEVEN COMBINATIONS BASED ON DIFFERENT APPROXIMATION METHOD 

 

 

 
 
Cardinality of the Core can be seen in Table 1 and 

Table 2. Table 1 brings forth the average, minimum, and 
maximum cardinality of the core generated at each step 
when the 8 BoEs are fused using the DCR to generate the 
original BoE ][k  in (7). The approximations in (8) 
generate 8 focal elements at each step. Table 2 shows 
cardinality of the core after seven combinations based on 
different approximation method. We can find that, the core 
cardinality of all the approximate methods is far less than the 
original DCR method, which incarnate the indispensability 
of approximation method. The core cardinality of BCSR  
approximation is relatively small in all methods, and it 
shows the relatively low computational complexity of the 

DCR process on the application. The feasibility of our 
method is testified by two tables. 

Variation of 1Error , 2Error , 3Error  and 4Error  is in 
Fig. 2 and Fig. 3. Two Figures show the variation of 

1Error , 2Error , 3Error  and 4Error  of the i-th DCR-
fused combination in (8). Error in BA  method tends to 
decrease over the others. On one hand, BA method retains 32 
focal elements. On the other hand, the use of BA  
approximation is very limited because it destroys the 
uncertainty by only estimating masses for singletons. We 
can see from Fig. 2 and Fig. 3, 8BCSR  is superior to other 
methods, which proves that our method is effective. 
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Fig. (2).  1Error  and 2Error  of  7,,1],[ iiY , the thi    DCR-fused BoE. 

Method BA  8SM 81D 8Ppt 8BCSR  
Average 31.0 57.2 25.4 34.4 20.4 

Minimum 26            40 6 15 6 
Maximum 32            64 59 62 49 
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Fig. (3).   3Error  and 4Error  of 7,,1],[ iiY , the thi   DCR-fused BoE. 

 

VI. CONCLUSIONS 

 
In D-S evidence theory, computational complexity of 

DCR takes on the exponential growth with the cardinality of 
discernment frame. The approximate calculation methods 
are used to reduce the number of focal elements, which have 
generality and practicability. There is a limitation in the 
existing approximate methods.  

In view of the limitation in the approximate methods, 
this paper presents a new method based on complete set 
relations. Based on comprehensive principle, it considers 
four relationships between the retainable focal elements and 
the remaining focal elements to perform the dispensation, 
which can reserve definite information to the greatest extent. 
The experimental results show that, comparing with other 
methods, our method has advantages of several aspects 
including qualitative evaluation, quantitative evaluation, and 
the cardinality control of core. 

Future work will focus on how to use the approximate 
method to improve accuracy of judgment based on BBAs. 
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