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Abstract — Sparse representation model adopts an image patch as a linear combination of a few atoms chosen out from an over-
complete dictionary, and they have shown promising results in various image restoration applications. Gradient feature is 
important structure information in image processing. Their combination is not sensitive to noise, which can improve and enhance 
the accuracy of similarity measure, especially in strong power noise. Non-local means (NLM) algorithm can obtain very good de-
noising results by making full use of the self-similarity and redundancy information. However, the weight function of NLM 
algorithm cannot accurately measure the similarity between image patches in the case of strong noise. Therefore, sparse gradient is 
introduced into NLM algorithm so as to obtain better performance in both objective evaluation and visual effect. Firstly, differing 
from the traditional local gradient algorithm, a global sparse gradient model is introduced to propose an adaptive sparse gradient 
algorithm. Thus, it can be solved by forward-backward divided algorithm. In addition, the weight function of NLM algorithm can 
be improved by adopting sparse gradient mode. Experimental results showed that, compared with some algorithms based on 
gradient information, our proposed algorithm not only enhances the objective evaluation, but also improves the visual effect. 
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I. INTRODUCTION 

Image de-noising has become a key research issue in 
recent years. Not only dose it provides rich theoretical basis, 
but also it’s essential assurance to learn correctly, recognize 
image information and further process image. A better de-
noising algorithm should can remove noise while better 
keeping the original information and having a clear contrast. 
Image de-noising can be divided into two categories: local 
and non-local [1-3]. The local algorithm mainly adopts the 
local neighborhood of image to suppress the noise by smooth 
approximation which promotes the details and textures of the 
reconstructed image becomes fuzzy. In 2005, Buades .etc put 
forward Non-local means(NLM) de-noising algorithm. The 
main idea is to adopt the weighted average of all the pixels in 
the noise image to estimate the reconstructed pixel where the 
weight function is determined by the similarity of the 
corresponding pixels [4-6]. This algorithms makes full use of 
the image self-similarity and the redundancy structure 
information, which has gained a remarkable effect in image 
signal de-noising area. However, NLM algorithm has the 
following deficiencies: 1) the similarity measure is based on 
the similarity of two image patches with the center of pixels, 
so the accuracy of similarity will be affected by the 
interference noise, where it cannot distinguish between 
similarity point and similarity point. That is to show that the 
details and textures of the reconstructed image become 
blurred. This phenomenon is especially obvious under the 
condition of strong power noises. Therefore, how to enhance 
the accuracy of the similarity measure has been highly 
desired so as to improve the de-noising effect of NLM 

algorithm. Fig. 1(b) is a reconstructed image of a weighted 
average in noise image, where the weight is from the image 
without noise. Experimental results showed that the de-
noising effect is much better than the classic NLM algorithm 
if the similarity measure is accurate enough [7-10]. 

In view of the shortage of NLM algorithm ,many 
improvement method has been proposed, which can be 
roughly divided into pixel-based and patch-based. Chatterjee 
and Milanfar has proposed the non-local mean generalization 
model based on kernel regression (7-8), where NLM 
algorithm can be regarded as a kind of zero order regression 
method. That is to say that NLM algorithm implies the 
piecewise constant hypothesis in noise image, so it can be 
generalized to higher order where it assumes that the noise 
image has a piecewise hypothesis function. Thus, the 
algorithm can use higher derivative to improve the weight 
function, and further improve the de-noising effect. 
Literature [11, 12] has considered that the gray value 
information used by NLM algorithm cannot measure 
effectively the similarity between the pixels, which can’t 
describe the   image structure information. Thus, the 
algorithm makes use of structure tensor with gradient 

information. Firstly, the structure tensor
(.)Sw is defined as 

the following equation  
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where ), yx（ is the coordinates of pixels in the image I , 
Nd is a fixed constant, w  is a given 12 d matrix. 

Therefore, define 0S
as follows: 
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 (2) 
Structure tensor contains the direction of image change in 

neighborhood and structure information with the size of the 
image changes, where it reflects complexity of the image in 
neighborhood and has a good robustness. The similarity 

between structure tensor )( pSw  and )(qSw is defined as 
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 (3) 
Therefore, the weight function of NLM algorithm can be 

improved as follows: 
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where ),( qpw is weight Euclidean distance, )( pZ is 

normalization factor, h is attenuation parameter, and  is 

for balancing the ),( qpd  and ))(),(( qSpSd wwS . Due to the 
extensive of the noise and the sensitivity to the noise, the 
traditional algorithm adopting the local gradient information 
is also affected by noise, especially the strong noise, which is 
prompting that the de-noising effect is inevitably affected. 

In order to overcome the above problems, the image 
gradient information is adopted to improve the weight 
function of the nonlocal algorithm. Thus, sparse gradient 
constraint based image de-noising algorithm is proposed. 
Firstly, since traditional gradient operator is sensitive to 
noise, sparse constraint model is introduced in NLM 
algorithm [13, 14]. Differing from the traditional local 
gradient algorithm, a global sparse gradient model is 
introduced to propose an adaptive sparse gradient algorithm. 
Namely, all pixels in the noise image are used to estimate 
each pixel gradient, which adopts the weight function to 
determine the contribution degree of each point for the 
estimated gradient and provides sparse constraint on gradient 
field so as to get more accurate and robust gradient field 
[15]. The paper gives an adaptive sparse gradient field 
model, which can have the smooth area in removing the 
noise interference, and maintain the structure of the texture 
region. Thus, it can be solved by forward-backward divided 
algorithm to enhance the accuracy of similarity measure. 
Sparse gradient model is adopted to obtain image gradient 
information so as to improve the NLM algorithm, so our 
algorithm framework is proposed [16]. Comparing with 
others improved NLM de-noising algorithm based on 
gradient information, the contribution of this paper is listed 
as follows: 1) sparse gradient model can efficiently 
overcome the problem of high sensitivity to noise in 
traditional gradient operator, which can well keep image 
edges and textures structural information in high power noise 
and have a good robustness at the same time; 2) adaptive 

sparse gradient model can further improve the flexibility of 
the model, which selects appropriate parameters for different 
area; 3) Local image de-noising algorithm based on sparse 
gradient constraint is proposed. Experimental results showed 
that, compared with some algorithms based on gradient 
information, our proposed algorithm not only enhance the 
objective evaluation, but also improve the visual effect [17, 
18].  

Figure 1. Effect of weight function to NLM algorithm( 20  ). 

In this paper, the paper structure are arranged as 
following: the sparse gradient model is given in Section 1. 
The non-local de-noising algorithm based on sparse gradient 
constraint is proposed in Section 2. Section 3 givens sparse 
gradient constraint experiments and contrast experiment, and 
the de-noising result is analysed. Finally, our proposed 
algorithm is summarized in Section 4. 

II. SPARSE GRADIENT CONSTRAINT  

Human visual is sensitive for the change of the image 
edge and texture. In addition, most of image information is 
also included in the edge and texture structure, so the 
information has very important significance and function for 
image processing. The traditional gradient operator is local 
operations, which is very sensitive to noise (see Fig. 2). This 
paper proposes a novel sparse gradient constraint model so 
as to obtain accurate and robust gradient information in case 
of noise interference. Given noise image 

2),()()(,: RxxnxuxyRxy  , where 
),( 21 xxx  is the coordinates of pixels in the rectangle 

area X , y is noise image, u is original image, n is a normal 

distribution with mean zero and variance 
2 . 

A. Sparse Gradient Model 
Sparse gradient model includes two parts: Data 

approximation term and regularization term. In image de-
noising model, data approximation item generally adopts the 

mean square error(MSE), namely, 

2

1
)(


N

i ii uy
, where 

N is the total number of pixel. Thus, the objective in the 

paper is the noise image y  can be adopted to estimate the 

gradient u of original image u . The first order Taylor 

expansion of u  is denoted as 
)( ijiij xxuuu 

, 
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which is rewritten as 
)( ijiji xxuuu 

. Replace 

ju
with observed value jy

, then plug into the above mean 
square error, which gets a data item of new model. Due to 
the sensitivity to the noise for gradient, more pixel points 

need to be selected to estimate iu
 so as to get accurate and 

robust gradient structure. The data item of new model adopts 
the weight average of more pixel points to estimate each 
point’s gradient, namely, 
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where 
s
ijw

is weight kernel function , defined as 
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. Parameter s is adopted to control the 

width of the weight function, 5.0s .  
Due to the piecewise smooth feature of natural images, 

we're subjectively deemed that the edge and texture part 
relative to the whole image is sparse. Thus, the new model 
will apply the gradient information with sparse constraint as 

regularization item, which means that the 0l Norm of image 

gradient 
),( xjxi uuu 

should be smaller. However, due 

to the non-convex of 0l norm, it is difficult to solve the 

optimization problem, so 1l norm is used to replace 0l norm. 
The regularization of the new model is defined as  
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where   is the regularization parameter. Combining 
Equation (5) with Equation (6), sparse gradient constraint 

model is adopted to u  
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   (7) 
Since the image brightness value dramatically change in 

the edge and texture regions, the first-order Taylor expansion 
approximation error appears, which causes some details are 
lost in the image; In addition, the balance can not be 
achieved in removing noise and keeping detail if the same 

parameter is for all pixels. It will lose a lot of detail, if   
value is too large. Otherwise, it can not effectively remove 
the noise. In order to solve the above problems, our model 
make the following improvements:1), error term estimation 
is introduced to decrease error in Equation (7) and second-
order Taylor Expandable is adopted to correct data-item. 

T
ijiijijiij xxuHxxxxuuu ))(()(
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         (8) 

where )( iuH is Hessian matrix. Then the observed 

value jy
 and )( iyH  are replaced with ju and )( iuH , 

respectively. The new data item is written as 

iijiji xxuyy  )(
                      (10)         

where i  is the error estimation of the first-order Taylor 

expansion on ix
 in image y . 

T
ijiijii xxuHxx ))(()( 

 where i controls the size 
of correction term. The value is very small in smooth area 
with little gradient change, while the value is very big in 
edge and texture area with large gradient change. On the 

other hand, we hope to get a larger i in smooth area so as to 

effectively remove noise, and a smaller i in edge and 
texture area so as to maintain the edge and texture structure. 

The threshold of parameter  is determined by the variance 
of different area. If the variance is larger, it shows the larger 

change value, so the smaller i  is set to keep detail. 

Otherwise, the bigger i  in smooth area with small variance 
is set to keep detail and remove noise.  

Taking into account the above factors, given a sparse 
adaptive gradient constraint model is proposed as follows 
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(11) 

The size of regularization parameter i  is closely related 

to noise level and the parameter i  is determined by the 

variance on point ix
, so the empirical value is obtain by 

experiments, namely, 
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where iV
is the variance of point ix

, and 0V
is the 

threshold based on the gradient histogram[13].  

B. Forward-backward divided algorithm 

In image processing and machine learning, forward-
backward divided algorithm is adopted to solve optimization 

problem based on 1l norm. In order to solve the Equation 7 
and Equation 11, a signal recovery algorithm based on 
proximal forward-backward splitting is introduced and 
extended so as to get the analytical solution. 
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Firstly, 1 is divided into smooth term and non-smooth 

term, and assume 111 D R . 
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Obviously, 1D and 1R  are lower semi-continuity, and 

1D is differentiable, which meets convergence condition. So 
the iteration is adopted to solve the forward-backward 

divided algorithm. Given the estimation 
)(k

iu
, the next 

iteration equation is denoted as  
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In order to get the optimization result, ))(1 iuD   and 
 

1RA  must be obtained. It is easily get the ))(1 iuD  by 
computation. 
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1RA is a shrink operator. 
Thus, assume 
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Thus, the Equation 7 can be solved by he forward-

backward divided algorithm, which gets 
)(T )()1( k

i
k

i Pu  

. The solution procedure of Equation 11 is 

similar. and assume 222 D R . 
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Iterative formula of model 4 is expressed as follows: 
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III. NLM DE-NOISING ALGORITHM BASED ON SPARSE 

GRADIENT CONSTRAINT  

A. Our proposed algorithm 

Following the notation used in [19], for an noise 

image  Niiyy  )(  and an corresponding original image 
 Niiuu  )( , the estimated value can be got by the weight 

average of all pixels, namely, 




Nj
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, where N is the total 

number of all pixels, the weight function ),( jiw depends on 
the similarity measure between i an j and satisfies 

the
  1),(1,0),(  Ni
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. The weight function is 

defined as 
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where 
)( iNy

is a gray vector denoted by square 

neighborhood with pixel i -centered; parameter h controls 
the decay rate of the exponential function, namely, weight 
decay rate, which determines the filtering degree. The 
similarity between pixels in Classic NLM De-noising 
algorithm is calculated by Euclidean distance of gauss 
weighted gray vector. However, when the noise intensity is 
greater, similarity between pixels defined by gray value is 
bound to be disturbed. On the one hand, the detail and 
texture area in the image will appear blur, especially in 
strong noise; on the other hand, the similarity measure also 
can not reflect the image structure information. In this paper, 
NLM de-noising algorithm based on sparse gradient 
constraint is proposed, where the weight function considers 
not only the similarity between the gray values, while also 
the similarity between the structure of patches. It is observed 
new model is defined as  
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The weight function is defined as 
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ere ( )iu N  is the gradient vector,  is a balance parameter 
for adjusting the two terms. The de-noising process is 
divided into two steps, as shown in Figure 3. The two step is 
the same, where the second step is mainly learning gradient 
structure by using the result of the first step. Then, the 
method in the literature [16] is used to update the noise level, 
and continue with the non-local mean de-noising process. 
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B. Time Complexity Analysis 

Assume that N is the total number of pixels in the image 

and the size of the image patch and is s s  and T T . 
Since the similarity of two similar patches in the NLM 
algorithm is measured by weight Euclidean distance, its 

complexity is 
2( )s . so the complexity of NLM algorithm is 

2( )s TN . The neighborhood window size of structure 

tensor is set to t t  in STNLM algorithm, so the 

complexity is
2(( ) )s t TN  .The complexity of nonlocal 

average model based on kernel regression is 
2 2( )s t N , due 

to the nuclear computational on each point. The 
computational complexity of BM3D algorithm [17] 

is
3 2(( ) )sT n s n s N   , where n is the average number of 

silimarity patch. If the sparse gradient value of the center 
pixel is estimated by its corresponding 

window with size t t , so our algorithm complexity 

is 
2(( ) )s t TN  . The above analysis shows that our 

proposed algorithm and NLM algorithm is similar. 
 

IV. ANALYSIS OF EXPERIMENTAL RESULTS  

A. Robustness Analysis for Sparse Gradient Field Model 

In this section, we will focus on Cameraman so as to 
illustrate the robustness of the adaptive sparse gradient 
model, shown in Fig.2 and Fig.3. 

  

 

Figure 2. Robustness of the adaptive sparse gradient model algorithm to the 
iteration number. 

 

Figure 3. Robustness to the parameter of patch size . 

Firstly, the ratio of 
1 ku  to 

ku  is adopted to inspect 

the stability of the iterations number, where 
1 ku is the 

gradient value of ）（ 1k th iteration and 
ku is the gradient 

field of ）（k th iteration in he adaptive sparse gradient mode.  
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The result in Fig. 4 demonstrates the ration change is 

increasingly small with the increase of the iteration number, 
which is tending to stability. Therefore, the stop condition is 

set as 
4

1k 10r 
  kratioatio

 for the iterative process.  
Then, we will discuss the robustness of the algorithm for 

the window size parameter d , similar to non-local mean 
algorithm. In order to save computing time, the evaluated 
pixel is taken as the center of window and its size is chosen 

as    1212  dd , which is adopted to estimate the gradient 
of center point by making use of neighborhood pixels in the 
window. In addition, the size of neighborhood window is 
related to the noise level. The range of window size is set to 

82  d . Experiment results demonstrate that the gradient 
difference is very small when the window size 

parameter d is changed and the other parameters are fixed. In 

other words, the algorithm is robust to parameter d . Within 
the above range, the optimal experimental parameters are 

selected in experiment. The d  is set to 3 when the noise 

standard deviation. The d  is set to 5 when the noise 

standard deviation 35 ; the result is the best for all 
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experiments when 7.0 . Simultaneously, the step 

parameter   is equal to 0.01 in order to ensure the stability 
of value. 

 

  
(a)NLM                            (b)1st-order NLM 

  
(c) 1st-order NLM                           (d) ST 

  
(e) Our                                   (d)BM3D 

Figure 4. De-noising comparison( 20  ). 

  
(a)                                (b) 

  
(c)                              (d) 

Figure 5. Barbara De-noising comparison ( 20  ). 

 

B.  Comparative Experiments 

 
The JPEG 2000 testing images, Barbara, Peppers, Man, 

Lena (256×256 ), Lena, House, Hill, Cameraman, Boat, are 
used in this experiment. Additive Gaussian  noise  with  
noise  levels 5,10, 20, 25 and 50 are added to the testing 
images, respectively. We compare the de-noising 
performance resulting from the proposed NLM, 
generalization non-local means via kernel regression[7]-[8] 
(1st-order NLM and 2nd-order NLM), Non-local means 
image de-noising using anisotropic structure 
tensor(STNLM)), the state-of-the-art BM3D model and our 
proposed SGNLM. Literature [12] has compared the 
STNLM algorithm and some improved NLM algorithms 
based on gradient information, where it turned out the former 
is a stable optimal algorithm. Therefore, the result of 
STNLM algorithm is uniquely given. 

And to be fair, the size of the similar patch and the search 
window are set to 77  and 2121  in all algorithms, 
respectively. In the color image de-noising experiment, the 
size of the similar patch and the search window are set to 

33  and 2121  when 250  , respectively. The size of 
the similar patch and the search window are set to 55  and 

2121  when 3525  . Other parameters are the same 
and select optimal result. Peak signal to noise ratio(PSNR) 
and Structural similarity (SSIM) are adopted to evaluate 
image quality for de-noising images. The comparison of the 
results are shown in Table 1-2, Fig. 4 and Fig.5. The 
background area in Fig 4(e) (Lena with the standard 
deviation 20) has the optimal result, which is not only 
effectively to remove noise, but also to avoid excessive 
smoothing; in addition, the texture structure in texture area 
(tassel) of 4 (e) is also maintained well. In the Fig. 5 (Babara 
with the standard deviation 20, the results of SGNLM 
algorithm show many advantages over other improved NLM 
algorithm based on pixel level in all of edge and texture. 
These data from Table 1-2 demonstrate that our proposed 
SGNLM is superior to other pixel-based algorithms. With 
the increase of noise intensity, the superiority of our 
algorithm is gradually increased for gray images which is 
shown that our sparse gradation restrain can improve and 
enhance the accuracy of similarity measure, especially in 
strong power noise. Also, SGNLM algorithm can obtain 
better de-noising effect for strong edge images. Although 
SGNLM algorithm with a stronger noise cannot recover 
some small detail texture, it can efficiently find a strong 
edge, e.g. Lena ( 256256 ) and Cameraman. Of course, 
compared with BM3D algorithm, our de-noising effect is 
slightly worse, but BM3D tends to generate many visual 
artifacts. SGNLM algorithm work  much better in this case. 
In particular, the de-noised image by the proposed SGNLM 
has much  less artifacts than other methods, and is visually 
more pleasant. That is to say that our proposed algorithm is 
especially suitable for the images with high-frequency 
characteristics. Experimental results from objective 
evaluation and visual effect show that our algorithm 
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outperforms the other ones, which can do better both the 
edge and texture information preserving. 

 

V. CONCLUSION 

 
Since the traditional gradient operators are sensitive to 

noise, a sparse gradient learning model is adopted to 
effectively remove noise, which can maintain the edge and 
context information in the process of image de-noising. 
Combined our obtained gradient information with pixel-
intensity information, the pixel similar can be computed. 
Thus, a NLM image de-noising algorithm based on sparse 
gradient constraint is proposed. The de-noised image by the 
proposed SGNLM has much less artifacts than other 
methods, and is visually more pleasant. That is to say that 
our proposed algorithm is especially suitable for the images 
with high-frequency characteristics. Experimental results 
showed that, compared with some algorithms based on 
gradient information, our proposed algorithm not only 
enhance the objective evaluation, but also improve the visual 
effect. 

TABLE I PSNR COMPARISON OF VARIOUS ALGORITHMS 

Images σ NLM 
2st-order 

NLM 
BM3D STNLM 

2st-order 
NLM 

Proposed

Barbara 

 5 37.06 38.11 38.33 38.48 36.61 38.81 
10 33.16 34.42 34.97 34.97 33.03 35.50 
20 30.26 30.81 31.74 31.57 29.05 32.25 
25 29.08 29.58 30.72 30.47 27.27 31.15 
50 25.66 25.58 27.23 27.06 23.20 27.18 

F.Print 

5 35.15 36.66 36.59 36.70 35.85 36.91 
10 30.99 32.42 32.43 32.57 31.55 32.60 
20 27.25 28.45 28.87 28.78 28.14 28.87 
25 26.14 27.25 27.70 27.62 26.99 27.76 
50 22.96 23.25 24.53 24.25 22.34 24.51 

Lena 

5 37.94 38.62 38.71 38.69 37.61 38.79 
10 34.36 35.51 35.94 35.83 35.12 35.91 
20 31.61 32.38 33.07 32.90 32.37 33.25 
25 30.36 31.36 32.08 31.87 31.34 32.13 
50 27.32 27.75 29.05 28.87 25.15 29.18 

Monarch 

 5 37.75 37.90 38.23 38.15 37.89 38.87 
10 33.60 33.78 34.14 34.49 34.08 34.93 
20 29.01 30.02 30.38 30.59 29.92 31.12 
25 28.79 28.88 29.26 29.31 28.52 29.81 
50 24.51 25.09 26.16 26.19 25.20 26.07 

 

 

 

 

 

 

 

TABLE II THE SSIM RESULTS FOR DIFFERENT STANDARD IMAGES AND 
SEVERAL DE-NOISING METHODS.  

Images σ NLM
2st-

order 
NLM 

BM3D 
2st-

order 
NLM 

Proposed

Barbara 
 

5 0.944 0.964 0.965 0.951 0.966 
10 0.928 0.934 0.942 0.920 0.941 
20 0.867 0.881 0.923 0.851 0.919 
25 0.825 0.850 0.887 0.804 0.892 
50 0.671 0.713 0.794 0.572 0.805 

 
Fingerprint

5 0.965 0.987 0.987 0.985 0.988 
10 0.948 0.968 0.968 0.964 0.969 
20 0.889 0.922 0.929 0.924 0.933 
25 0.859 0.898 0.911 0.903 0.913 
50 0.712 0.775 0.830 0.778 0.838 

 
Lena 

5 0.914 0.946 0.944 0.928 0.951 
10 0.901 0.910 0.916 0.902 0.916 
20 0.837 0.863 0.877 0.864 0.872 
25 0.790 0.843 0.861 0.840 0.863 
50 0.674 0.761 0.799 0.552 0.801 

 
C. Man 

5 0.895 0.951 0.954 0.937 0.954 
10 0.873 0.900 0.907 0.887 0.908 
20 0.784 0.815 0.833 0.817 0.833 
25 0.724 0.779 0.805 0.789 0.804 
50 0.597 0.663 0.705 0.561 0.707 
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