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Abstract – This paper first discusses the method of attribute reduction to determine the discernibility matrix and the discernibility 
function, which lead to some questions being asked. To find the answers, a new discernibility function is introduced based on 
information systems and a logical formula defined in the information system. Because each formula produces a granule, the new 
discernibility function also corresponds to a granule viewed as the semantics. Formulas and granules make it possible to connect 
the discernibility function with granular computing, which is a current topic of data processing in information science. It sets the 
stage for research on the new discernibility function using a granular computing method. Accordingly, a conclusion is reached 
which shows the granule produced by the new discernibility function is equal to the union of all discernibility relations generated 
by the attributes. Some theorems are proved based on the conclusion, which are answers to the questions. 
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I. INTRODUCTION 
 
We know that a structure consisting of four parts U, A, 

V and f, denoted by S=(U, A, V, f ), is called an 
information system, where U, A and V are finite sets, and f 
: U×A→V is a function from U×A to V. Specifically, U is 
a set of objects, called the universal set; A is referred to as 
the attribute set, when a A, a is called an attribute; V is 
the range of the function f, each element of V is called a 
value; f is referred to as the information function such that 
for <x, a> U×A, there is a unique value v V, satisfying f 

(x, a)=v. The expression f (x, a)=v is often expressed by 
a(x)=v, where a A, x U and v(= f(x, a)) V. This 
indicates that each attribute a( A) is actually a function 
from U to V. Thus when A={a1, a2,…, an}, the function f : 
U × A→V records the same information as the n functions 
a1: U →V, a2: U →V,…, and an: U →V. In this case, the 
information system S=(U, A, V, f ) is often abbreviated to 
S=(U, A). 

Let S=(U, A) be an information system, for an 
attribute a A, if a can be replaced by some other 
attributes of A, then a is superfluous, and can be removed 
from S=(U, A). After all superfluous attributes are 
removed, the remainder that are equivalent to all the 
attributes are called a reduction of A. Informally, a 
reduction is to remove superfluous attributes from the 
information system S=(U, A), such that S=(U, A) changes 
into S’=(U, A’) and A’ is a proper subset of A, i.e. A’ A 
and A’≠A. In this case, S’=(U, A’) is equivalent to S=(U, 
A), and is simpler than S=(U, A). This therefore achieves 
the goal of simplifying the information system S=(U, A). 
Actually, researchers have established some methods for 
attribute reductions about an information system S=(U, 
A). One of those is the discernibility matrix and the 

discernibility function method[1] used to get all 
reductions of A. Sometimes, it is also used to simplify 
other structures. This has promoted the progress of the 
research on attribute reductions. The developments in 
[2][3][4][5][6][7] are the achievements which have close 
links with the discernibility matrix and function. 

Although the method of the discernibility matrix and 
function is effective for getting all reductions, we still 
have some questions which will offer a topic for further 
research on the discernibility function. In order to answer 
the questions, we will outline the process of how to 
construct the discernibility matrix and the discernibility 
function. This will help us to introduce a new 
discernibility function, so that we can use it to discuss 
reduction problems. 

In this paper our study will focus on the new 
discernibility function. Because this function is a logical 
formula and corresponds to a granule, it is possible for us 
to discuss reductions by a granular computing way. 
Granular computing, a method of data processing, is a 
research topic in information science. Many scholars are 
concentrating their attention on it. Different conclusions 
in [8][9][10][11][12][13][14][15][16] have been arrived at, 
and have promoted the development of the research. 
Especially, the discussion in [12][13][17] links granular 
computing with logical formulas. This will provide the 
basis for us, so that we can connect granular computing 
with the research on the new discernibility function. 

Therefore, our study will involve a new discernibility 
function that will be a logical formula and correspond to a 
granule. The granule will be defined as the semantics of 
the new discernibility function. Also we will create a way 
of granular computing to study the new discernibility 
function. The purpose of these is to answer the questions 
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to be suggested in this paper. With this end in view, we 
will give a definition of granule according to our own 
understanding, and simply explain what is granular 
computing in section 3. For detailed discussions on 
granular computing, we refer the reader to ref. [12]. 

 
 

II. FUNDAMENTALS 
 
A. Relations corresponding to attribute 

Let S=(U, A, V, f ) be an information system, where 
A={a1, a1,…, an}. Since the information function f : U × 

A→V records the same information as the n functions a1 : 
U →V, a2 : U →V,…, and an : U →V, we always denote 
S=(U, A, V, f ) by S=(U, A). For an attribute a∈A, a is 
not only taken as a function, but also connected with a 
relation on U.  

Definition 1 Let S= (U, A) be an information system. 
For each attribute a A, a binary relation Ra on U is 
defined as follows:  

<xi , xj> Ra if and only if a(xi)=a(xj) for xi , xj U. 
Ra(⊆U×U) is called the attribute relation with 

respect to a.         □ 
It is not difficult to know that Ra is an equivalence 

relation on U. Generally, Rb1∩Rb2∩…∩ Rbm, the 
intersection of finite attribute relations, is also an 
equivalence relation on U, where b1, b2,…, bm A and m ≥ 

1. 
Now consider a subset A1⊆A, where A is the attribute 

set of S=(U, A). For a A1, we have the attribute relation 
Ra with respect to a. Let RA1=∩a ∈ A1

Ra, i.e. RA1 is 

intersection of the attribute relations, each of which 
corresponds to an attribute a A1. Then RA1 is an 
equivalence relation on U. For instance, if A1={b, c, d}, 
then RA1=∩a∈A1

Ra=Rb∩Rc∩Rd. When A1=A, we get the 
equivalence relation RA that corresponds to the attribute 
set A. 

Definition 2 Let S= (U, A) be an information system, 
and let A1 be a proper subset of A, i.e. A1⊆A and A1≠A. If 
RA1=RA and for any B⊆A1, when B≠A1, RB  is not equal to 
RA, i.e. RB ≠RA, then A1 is called a reduction of A.       □ 

If A1 is a reduction of A, then RA1=RA, i.e. A1 plays the 
same role as A, and any proper subset B of A1 does not 
have the property. Thus, if the attributes in A–A1 are 
removed, then the information system S=(U, A) is 
equivalent to S1=(U, A1) which is simpler than S=(U, A). 
Also, definition 2 shows that the attribute set A may have 
different reductions.  

Lemma 1   Let S=(U, A) be an information system. 
Then: 

(1)  If A1 is a reduction of A, and A1={aj1,…, ajs}, then 

for each ajr A1(r=1,…,s), Raj1
∩…∩Rajr-1 

∩Rajr+1
∩…∩Rajs⊆Rajr does not hold. 

(2)  If A1 is a reduction of A, then for each a A –A1, 

RA1⊆Ra . 
(3)  Suppose B⊆A. If B1⊆B and B1≠B, such that 

RB1=RB, then for a B–B1, RB -{a}⊆Ra . 
Proof (1) Because A1 is a reduction of A, we have 

RA1=RA . Suppose that Raj1
∩…∩Rajr-1

∩ Rajr+1
∩…∩Rajs 

⊆Rajr holds for an integer r(1≤r≤s), then Raj1∩…∩Rajr-

1
∩Rajr+1

∩…∩Rajs=Raj1 ∩…∩Rajs=Raj1
=RA . Since {aj1,…, 

ajr-1, ajr+1,…, ajs} is a proper subset of A1, this means that 
A1 is not a reduction of A. Thus Raj1∩…∩Rajr-1

∩ Rajr+1
∩… 

∩Rajs⊆Rajr does not hold. 
(2) Because A1⊆A1∪ {a}⊆A, where a A–A1, it is 

true that RA⊆(RA1∩Ra)⊆RA1. Since A1 is a reduction of A, 
we have RA1=RA. Thus RA1∩Ra= RA1. This means RA1⊆Ra. 

(3) Since B1⊆B and a B–B1, we have B1⊆B–
{a}⊆B. Hence RB⊆RB-{a}⊆RB1. By RB1= RB, we get RB -

{a} = RB. From RB =RB-{a} ∩Ra, we know RB-{a}=RB-{a}∩Ra. 
Thus RB-{a}⊆Ra.           □ 

Let S= (U, A) be an information system, and let Ra be 
the attribute relation with respect to a( A). Definition 1 
indicates that <xi, xj> Ra if and only if a(xi)=a(xj) for xi, 
xj U. Thus, <xi, xj>Ra or <xi, xj> U ×U–Ra if and only 
if a(xi)≠a(xj). When a(xi)=a(xj), we cannot see the 
difference between xi and xj by use of the attribute a. 
When a(xi)≠a(xj), the attribute a can distinguish xi from xj. 

Definition 3  For the attribute relation Ra, where a A 
and A is the attribute set of S=(U, A), if <xi, xj> Ra for xi, 
xj U, then the attribute a is said to have no effect on 
distinguishing between xi and xj, i.e. a cannot distinguish 
between xi and xj. On the other hand, if <xi, xj>Ra or <xi, 
xj> U×U–Ra, then the attribute a is said to have the 
property that a can distinguish xi from xj. Let Ra’= U ×U–
Ra. Then Ra’ is called the discernibility relation with 
respect to a.             □ 

Thus, attribute a can distinguish xi from xj, if and only 
if <xi, xj> Ra’, and if and only if a(xi)≠ a(xj). The 
attribute a cannot distinguish between xi and xj, if and 
only if <xi, xj> Ra, and if and only if a(xi)=a(xj). 

The symbol “ ’ ” in Ra’ is the operation of set 
complement. In fact, if Y1 and Y2 are sets, then De 
Morgan's Laws [18] are the properties about the 
complement operation:  

(Y1∪ Y2) ’ = Y1’∩Y2’,  (Y1∩Y2) ’ = Y1’∪ Y2’. 
Generally, if Y1, Y2,…, Yn are sets, then (Y1∪ Y2∪… 

∪ Yn) ’=Y1’∩Y2’∩…∩Yn’, and (Y1∩Y2 ∩…∩Yn) ’=Y1’∪ Y2’	
∪…∪ Yn’. Besides Y1⊆Y2 if and only if Y2’⊆Y1’, or 
Y1⊆Y2 does not hold if and only if Y2’⊆Y1’ does not hold, 
and (Y1’)’= Y1.  These will be used in our discussion. 

B. The discernibility matrix and the discernibility function 

The discernibility matrix and the discernibility 
function corresponding to an information system S=(U, 
A) are introduced in [1] with the aim of getting all 
reductions of A. To understand the discernibility function, 
and make further researches on the reductions by use of a 
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granular computing way, we will construct a new 
discernibility function. This needs to review the 
discernibility function defined in [1]. First we illustrate 
what is a disjunctive normal form and a conjunctive 
normal form: 

Consider an information system S=(U, A), where 
U={x1,…, xn} and A={a1,…, ar}. For ai1,…, aik∈A, the 
expression ai1∧…∧aik is called a conjunctive clause, 

and ai1∨…∨aik is called a disjunctive clause. If φ1,…, φt 
are conjunctive clauses, then φ1∨…∨φt is called a 
disjunctive normal form. Also, if ψ1,…, ψs are disjunctive 
clauses, then ψ1∧…∧ψs is called a conjunctive normal 
form. The discernibility function constructed in [1] is 
relevant to them. For the sake of argument, each φi is 
called an item of φ1∨…∨φt (i=1,…, t), and each ψi is 
also called an item of ψ1∧…∧ψs (i=1,…, s). 

For the information system S=(U, A), where 
U={x1,…, xn} and A={a1,…, ar}, consider elements xi, xj

∈ U, let Ci j={a | a ∈ A, and a(xi)≠a(xj)}(i=1,…, n; 
j=1,…, n). It is clear that Ci j  is a subset of A, such that for 
each a∈Ci j , a can distinguish xi from xj. We refer to Ci j  
as the discernibility subset of xi and xj. According to this 
way, for xs, xt∈U, the discernibility subset of xs and xt 
should be written as Cs t , such that Cs t ={a | a∈A, and 
a(xs)≠  a(xt)}. Because a(xi)≠a(xj) is equivalent to 
a(xj)≠a(xi), and there is no any attribute a such that 
a(xi)≠a(xi), we have Ci j= Cj i (i=1,…, n and j=1,…, n) and 
Ci i= (i=1,…, n). 

By the discernibility subsets, an n×n-matrix M(S ) is 
introduced in [1], defined in the following way: 

M(S )=(Ci j  )n× n(i=1,…, n; j=1,…, n). M(S ) is called 
the discernibility matrix [1]. 

The i, jth element of M(S) is Ci j  that is the 
discernibility subset of xi and xj. If Ci j≠, then for a∈
Ci j , a can distinguish xi from xj. Hence, the discernibility 
matrix M(S ) contains the information that for xi, xj∈U, 
whether there is an attribute a belonging to the i, jth 
element of M(S ), satisfying a(xi)≠a(xj ). M(S ) uniquely 
corresponds to the information system S = (U, A ). 

Since Ci j =Cj i(i=1,…, n; j=1,…, n), the discernibility 
matrix M(S) is symmetric. Also, because Ci i = (i=1,…, 
n), the main diagonal of the matrix M(S) are all the empty 
set. So it is enough for us only to consider such 
discernibility subsets Ci j (i=1,…, n–1; j=2,…, n; and i< j) 
which are located above the main diagonal of the matrix 
M(S). 

Now, consider a discernibility subset Ci j  which is the 
i, jth element of M(S). If Ci j ≠, let Pi j =∨a∈Ci j

a(1≤i＜

j≤n). Obviously, Pi j  is a disjunctive clause. For example, 
if Ci j ={a1, a3, a7}, then Pi j =∨a∈Ci j

a=a1∨a3∨a7. On the 

other hand, if Ci j =, let Pi j=1, satisfying 1∧φ=φ. Based 
on these Pi j(i=1,…, n–1; j=2,…, n; and i< j), the 
discernibility function is defined in [1], denoted by Δ(S ) 
in this paper, and has the following form: 

Δ(S)=P12∧P13∧…∧P1n∧P23∧P24∧…∧P2n∧… 
∧P(n-2) (n-1)∧P(n-2) n∧P(n-1) n [1].                      (1) 

The discernibility function Δ(S) is a conjunctive 
normal form. If the item Pi j =1(1≤i＜j≤n ), we can remove 
Pi j  from Δ(S) because 1∧φ=φ. For the sake of 
representation, we assume that for each Pi j , Pi j ≠1 which 
means Ci j ≠ (i=1,…, n–1; j=2,…, n; and i< j). 

From expression (1), we know that the discernibility 
function Δ(S) is linked with the discernibility matrix 
M(S), and uniquely corresponds to the information system 
S=(U, A).  

 

C. Reductions based on the discernibility function 

Now consider the discernibility function Δ(S) that 
corresponds to the information system S =(U, A) and is a 
conjunctive normal form. By transforming Δ(S) into a 
disjunctive normal form, all reductions of A can be 
obtained [1]. The transformation from a conjunctive 
normal form into a disjunctive normal form is based on 
logical laws which is listed as follows [18]: 

Commutative laws:  φ∧ψ = ψ∧φ;   φ∨ψ = ψ∨φ. 
Associative laws:      (φ∧ψ)∧γ = φ∧(ψ∧γ);    

(φ∨ψ)∨γ = φ∨(ψ∨γ). 
Distributive laws:     φ∧(ψ∨γ)= (φ∧ψ)∨(φ∧γ); 

   φ∨(ψ∧γ)= (φ∨ψ)∧(φ∨γ). 
Absorption laws:     φ∧(φ∨ψ)= φ;   φ∨(φ∧ψ)= φ. 
Idempotent laws:     φ∧φ=φ;    φ∨φ=φ. 
By these laws, the discernibility function Δ(S )=P12∧

P13∧…∧P1n∧P23∧P24∧…∧P2n ∧…∧P(n-2) (n-1)∧P(n-

2) n∧P(n-1) n can be transformed into the disjunctive normal 
form Δ(S ) = X1∨X2∨…∨Xk, where X j=aj1∧…∧ajs(j= 
1,…, k) is a conjunction clause and aj1,…, ajs∈A.  

Definition 4  X1∨X2∨…∨Xk is called the minimal-
disjunctive normal form of Δ(S) if X1 ∨X2∨…∨Xk 
cannot be further simplified by use of absorption laws or 
idempotent laws.           □ 

When X1∨X2∨…∨Xk is the minimal-disjunctive 
normal form of Δ(S), let Ej ={aj1,…, ajs} be the set of the 
attributes occurring in X j= aj1∧…∧ajs(j=1,…, k), In this 
case Ej⊆A. In addition, it should be noted that for the 
item Xj =aj1 ∧ … ∧ ajs(j=1,…, k), the subscript s 
corresponds to j. So when i≠ j, the number of the 
attributes in Ei={ai1,…, ais} may be different from the 

number of the attributes in Ej ={aj1,…, ajs}, where Ei= 

{ai1,…, ais} and Ej={aj1,…, ajs} are the sets of the 
attributes occurring in Xi and Ej respectively. 

Conclusion[1] Let the minimal-disjunctive normal 
form X1 ∨ X2 ∨ … ∨ Xk of Δ(S) correspond to the 
information system S = (U, A). If Ej ={aj1,…, ajs} is the set 
of attributes occurring in X j = aj1∧…∧ajs (j=1, 2,…, k), 
then E1, E2,…, Ek are all reductions of A.           □ 

This indicates that all reductions of A can be obtained 
by transforming the discernibility function Δ(S) into the 
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minimal-disjunctive normal form. 

D. Some questions 

From expression (1), we know that the discernibility 
function Δ(S)=P12∧P13∧…∧P1n∧ P23∧P24∧…∧P2n

∧…∧P(n-2) (n-1)∧P(n-2) n∧P(n-1) n is a conjunctive normal 
form. For each Pi j(1≤ i<j  ≤n), the item Pi j =∨a∈Ci j

a  is a 

disjunctive clause. For example, Pi j =∨a∈Ci j
a=a1∨a3∨

a7 if Ci j = {a1, a3, a7}. We now ask the questions: 
Question 1  What is the semantics of the discernibility 

function Δ(S)? Also what is the semantics of each 
disjunctive clause, such as what is the meaning of Pi j =a1

∨a3∨a7? 
Question 2  The above conclusion point out that E1, 

E2,…, Ek are all reductions of A. How can we prove the 
fact that each Ei (i=1, 2 ,…, k) is a reduction of A? 

Question 3  Let B ⊆A, and B be a reduction of A. Is B 
equal to one of E1, E2,…, and Ek? 

To give answers to the questions, our discussion will 
involve the data processing method of granular computing. 
Actually, the development in [12] gives a way of research 
on granular computing based on logical formulas. 
Because the discernibility function Δ(S) is a formula, we 
are going to introduce formulas to make our research. The 
formulas will be defined by use of the attributes of S=(U, 
A). We will use the formulas to define a new discernibility 
function that is somewhat different from the discernibility 
function Δ(S). As a formula, the new discernibility 
function will correspond to a granule, so that we will be 
able to study the new discernibility function by a way of 
granular computing, and to find answers to the questions. 

 
 

III. GRANULAR COMPUTING BASED ON 
FORMULAS 

 
In order to answer the questions, the discernibility 

function Δ(S ) need to be reconstructed. This requires us 
to introduce formulas that will be based on an information 
system S=(U, A). 

Now consider the discernibility function Δ(S)=P12∧  
P13∧…∧P1n∧P23∧P24∧…∧P2n∧…∧P(n-2)(n-1)∧P(n-2) n 

∧P(n-1) n that corresponds to the information system S=(U, 
A), where U={x1,…, xn} and A={a1,…, ar}. For ak A 
(i=1,…, k), if ak occurs in Pi j =∨ a∈Ci j

 a, where Pi j  is an 

item of Δ(S), then ak Ci j , where Ci j  is the discernibility 
subset of xi and xj. The definition of Ci j  implies 
ak(xi)≠ak(xj). Since ak may occur in another item 
Ps t =∨ a∈Cs t

a  that is different from Pi j=∨ a∈Ci j
a, it is 

possible to have ak(xs)≠ak(xt). Now consider the fact 
ak(xi)≠ak(xj) that is equivalent to <xi, xj> Rak’, also 
ak(xs)≠ak(xt) is equivalent to <xs, xt> Rak’, where Rak’ is 
the discernibility relation with respect to ak. This implies 
the fact that the attribute ak contains the same information 

as the discernibility relation Rak’. Because the relation Rak’ 
has the clear meaning, this reminds us of Rak’ taken as the 
replacement for ak. In this case, Δ(S) will be changed. At 
the same time, the changed form will be relevant to 
formulas which are defined as follows: 

Definition 5  Let S=(U, A) be an information system. 
The symbols u and v are introduced to denote variables. 
For a A, let Ra’ be the discernibility relation with respect 
to a. Then formulas are defined as follows: 

(1)  The notation Ra’(u, v) is called an atomic formula 
that is a formula on S = (U, A).  

(2)  If φ and ψ are formulas on S = (U, A), then φ∧ψ 
and φ∨ψ are formulas on S = (U, A). 

(3)  Formulas on S = (U, A) are generated by using (1) 
or (2) in finite steps.        □ 

The operations ∧  and ∨  are two connectives in logic. 
They connect formulas to form other formulas. In 
mathematical logic, ∧  stands for “and”, ∨  stands for “or”. 
In this paper, they still have such meanings(see definition 
6). 

This definition shows that there are two variables u 
and v in every formula φ. So a formula φ is sometimes 
denoted by φ(u, v). If Ra1’(u, v),…, Rat’(u, v) are atomic 

formulas, then the formula Ra1’(u, v)∧…∧Rat’(u, v) is 
called a conjunctive clause, and the formula Ra1’(u, v) 

∨…∨Rat’(u, v) is called a disjunctive clause. If φ1(u, 
v),…, φk(u, v) are conjunctive clauses, then φ1(u, v) ∨…∨  
φk(u, v) is called a disjunctive normal form. Also, if ψ1(u, 
v),…, ψs (u, v) are disjunctive clauses, then ψ1(u, 
v)∧…∧ψs (u, v) is called a conjunctive normal form. 

Definition 6  Let φ(u, v) be a formula on S=(U, A). 
For <xi, xj> U ×U, <xi, xj> satisfies φ(u, v), denoted by 
<xi, xj>╞ φ(u, v), is recursively defined as follows: 

(1)  If φ(u, v) is an atomic formula, i.e. φ(u, v)=Ra’(u, 
v), then: 

<xi, xj>╞ Ra’(u, v) if and only if <xi, xj>∈Ra’. 
(2)  If φ(u, v)=φ1(u, v)∧φ2(u, v), or φ(u, v)=φ1(u, v)

∨φ2(u, v), then 
<xi, xj>╞ φ1(u, v)∧φ2(u, v)  if and only if  <xi, xj>╞ 

φ1(u, v)  and  <xi, xj>╞ φ2(u, v). 
<xi, xj>╞ φ1(u, v)∨φ2(u, v)  if and only if  <xi, xj>╞ 

φ1(u, v)  or  <xi, xj>╞ φ2(u, v).           □ 
Definition 6(2) shows that the connectives ∧ and ∨ 

are interpreted as “and” and “or” respectively. 
Definition 7  Given a formula φ(u, v) on S=(U, A),  

let |φ(u, v)|={<xi, xj> | <xi, xj>∈U ×U and <xi, xj>╞ φ(u, 
v)}. The set |φ(u, v)| is called a granule, and is also 
referred to as the semantics of the formula φ(u, v).       □ 

Therefore, for each formula φ(u, v) on S = (U, A), φ(u, 
v) can produce the granule |φ(u, v)| whose elements 
satisfy φ(u, v). This definition about granules is a special 
case of the granules in [12]. Also, from this definition we 
know that |φ(u, v)|⊆U ×U. Thus, if U ×U is regarded as a 
whole, then the granule |φ(u, v)| is a part of the whole, 
which is consistent with the informal understanding about 
granules. In addition, for <xi, xj>∈|φ(u, v)|, since <xi, xj> 
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satisfies φ(u, v), the granule |φ(u, v)| actually reflects the 
connotation of the formula φ(u, v), therefore, is defined as 
its semantics. 

Lemma 2  Let Ra’(u, v), φ, ψ and γ be formulas on S = 

(U, A). Then: 
(1)  |Ra’(u, v)| = Ra’.   (2)  |φ∧ψ| = |φ|∩|ψ|; |φ∨ψ| = |φ|

∪|ψ|. 
(3)  |φ|∩|ψ| = |ψ|∩|φ|; |φ|∪|ψ| = |ψ|∪|φ|. (commutative 

properties) 
(4)  (|φ|∩|ψ|)∩|γ| = |φ|∩(|ψ|∩|γ|); (|φ|∪|ψ|)∪|γ| = |φ|∪

(|ψ|∪|γ|). (associative properties) 
(5)  |φ|∩(|ψ|∪|γ|)=(|φ|∩|ψ|)∪(|φ|∩|γ|); 
      |φ|∪ (|ψ|∩|γ|)=(|φ|∪ |ψ|)∩(|φ|∪ |γ|). (distributive 

properties) 
(6). |φ|∩(|φ|∪|ψ|)= |φ|; |φ|∪(|φ|∩|ψ|)= |φ|. (absorption 

properties) 
(7). |φ|∩|φ|= |φ|; |φ|∪|φ|= |φ|. (idempotent properties).□ 
In this lemma, part (1) is a direct result of definition 

6(1), part (2) results from definition 6(2), and parts (3)-(7) 
can be derived from properties of ∩ and ∪. This lemma 
shows the granule operations. In this paper, we regard the 
operations determined by ∩ and ∪  as granular 
computing. Notice that each of the properties in lemma 
2(3)-(7) corresponds to a law in section 2.c. Thus, if a 
formula φ is transformed into another formula ψ by use of 
the laws in section 2. c, then |φ| = |ψ|. 

 
 
IV. A NEW DISCERNIBILITY FUNCTION AND 

ITS TRANSFORMATION 
 
To seek the answers to the questions in section 2.d, we 

will define a new discernibility function that will be 
formula on S=(U, A), so that we can use granular 
computing to study the new discernibility function.  

A. New discernibility function 

Let S=(U, A) be an information system, where U 

={x1,…, xn} and A={a1,…, ar}. Consider Ci j , the 
discernibility subset of xi and xj(1≤ i< j≤n). If Ci j ≠, let 
Qi j=∧ a∈Ci j

Ra’(u, v). For example, if Ci j ={b, c, d}, then 

Qi j=∧ a∈Ci j
Ra’(u, v) = Rb’(u, v)∧Rc’(u, v)∧Rd’(u, v) which 

is a conjunctive clause. If Ci j = , let Qi j = 0, satisfying 
0∨φ = φ. By formulas Qi j (i=1,…, n–1; j=2,…, n; and 
i< j), a new discernibility function, denoted by Δ(u, v), is 
defined as follows: 

Δ(u, v)=Q12∨Q13∨…∨Q1n∨Q 23∨Q24∨…∨Q2n 

∨…∨Q(n-2) (n-1)∨Q(n-2) n∨Q(n-1) n.      (2) 
For simplicity, we still refer to this new discernibility 

function Δ(u, v) as the discernibility function. Obviously, 
the discernibility function Δ(u, v) is a formula on S=(U, 
A), and is a disjunctive normal form. If Qi j =0, i.e. 
Ci j =(1≤ i< j≤n ), then Qi j  can be removed from Δ(u, v) 
because 0∨φ = φ. For the sake of argument, we assume 
Qi j≠0 for i=1,…, n–1; j=2,…, n; and i＜j. Thus each item 

Qi j (i=1,…, n–1; j=2,…, n; and i＜j) occurs in Δ(u, v) 
which uniquely corresponds to the information system S = 

(U, A). 
Now consider the discernibility functions Δ(S ) and 

Δ(u, v). Δ(S ) is introduced in [1]. Δ(u, v) is defined in this 
paper. Δ(S ) is a conjunctive normal form, Δ(u, v) is a 
disjunctive normal form. Each item Pi j  in Δ(S ) is related 
to all attributes of Ci j , an item Qi j  in Δ(u, v) is composed 
of atomic formulas, each of which has the form Ra’(u, v) 
corresponding to the attribute a Ci j . We now analyzes 
the difference between Δ(S ) and Δ(u, v). 

1)  The relationship between the attribute a and the 
atomic formula Ra’(u, v): 

For an attribute a Ci j , the fact a(xi)≠a(xj) is 
equivalent to <xi, xj> Ra’. Since Ra’ = |Ra’(u, v)|(see 
lemma 2(1)), the attribute a can be characterized by the 
granule |Ra’(u, v)| defined as the semantics of Ra’(u, v). The 
atomic formula Ra’(u, v) has the clear meaning. 

2)  The difference between Pi j  and Qi j : 
For the sake of argument, assume Ci j={a1, a3, a7}. In 

this case, Pi j=a1∨a3∨a7 that is a disjunctive clause 
constituted by the attributes a1, a3 and a7; whereas 
Qi j =Ra1’(u, v)∧Ra3’(u, v)∧Ra7’(u, v) is a conjunctive clause 
composed of the atomic formulas Ra1’(u, v), Ra3’(u, v) and 

Ra7’(u, v). Obviously, Pi j  and Qi j  have different forms. On 
the other hand, since Ci j ={a1, a3, a7}, we have 
a1(xi)≠a1(xj), a3(xi)≠a3(xj) and a7(xi)≠a7(xj) which are 
equivalent to <xi, xj> Ra1’, <xi, xj> Ra3’ and <xi, xj> 

Ra7’. Since the connective ∧  stands for “and” in logic, 
the formula Qi j = Ra1’(u, v)∧Ra3’(u, v)∧Ra7’(u, v) reflects 
the fact <xi, xj> Ra1’, <xi, xj> Ra3’ and <xi, xj> Ra7’ 
which hold simultaneously. However, because the 
connective ∨  stands for “or”, the formula Pi j =a1∨a3∨  a7 
means a1(xi)≠a1(xj), a3(xi)≠a3(xj) or a7(xi)≠a7(xj) which 
may not be true at the same time. Therefore, Qi j  is a 
logic-based expression. 

3)  The difference between Δ(S ) and Δ(u, v):  
Δ(S) is a conjunctive normal form, but Δ(u, v) is a 

disjunctive normal form. This is the difference between 
Δ(S ) and Δ(u, v). Because Qi j  in Δ(u, v) is a logic-based 
expression, the discernibility function Δ(u, v) is also a 
logic-based formula. 

B. Transformation of the discernibility function 

From now on, we concentrate our attention on the 
discernibility function Δ(u, v). As a disjunctive normal 
form, Δ(u, v) can be transformed into a conjunctive 
normal form by use of the laws in section 2.c. Because 
this is important in the following proofs, we now discuss 
how a disjunctive normal form is transformed into a 
conjunctive normal form: 

Consider a disjunctive normal form (p1∧p2∧q1)∨  
(q1∧q2)∨ (r1∧ r2∧q2), where pi, qi and ri(i=1, 2) are atomic 
formulas, such as pi =Ra’(u, v), qi =Rb’(u, v) and ri=Rc’(u, 
v). This disjunctive normal form can be transformed into a 
conjunctive normal form by the laws in section 2.c, and 
distributive laws is very important for the transformation. 
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Specifically, for the three items (p1∧p2∧  q1), (q1∧q2) and 
(r1∧ r2∧q2), since p1 occurs in (p1∧p2 ∧q1), q1 occurs in 
(q1∧q2), and r1 occurs in (r1∧ r2∧q2), if distributive laws 
are the only laws used in the transformation, then the 
conjunctive normal form transformed from 
(p1∧p2∧q1)∨ (q1∧q2)∨ (r1∧ r2∧q2) certainly contain the 
item p1∨q1∨ r1. Also since q1 occurs in (p1∧p2∧q1), q1 
occurs in (q1∧q2), and r1 occurs in (r1∧ r2∧q2), the item 
q1∨q1∨ r1 must occur in the conjunctive normal form. If 
idempotent laws are used, the item q1∨q1∨ r1 will become 
q1∨ r1. If absorption laws are used, then the item 
p1∨q1∨ r1 may be absorbed by another item (such as 
q1∨ r1). In this case, p1∨q1∨ r1 will not be contained in the 
conjunctive normal form. Generally, for formulas φ1,…, 
φn, if they are all conjunctive clauses, such as φ1= 

r1∧ r2∧ r3, φ2= q1∧  q2, …, then φ = φ1∨ ∨… φn is a 
disjunctive normal form that can be transformed into a 
conjunctive normal form φ = ψ1∧ ∧… ψm, where ψ1,…, ψm 
are disjunctive clauses. We sum up this discussion as the 
following lemma. 

Lemma 3  Let φ = φ1∨ ∨… φn be a disjunctive normal 
form, and φ = ψ1∧…∧ψm be the conjunctive normal form 
transformed from φ1∨…∨φn. In the transforming process, 
except for absorption laws, all the other laws in section 
2.c can be used, and idempotent laws should be used as 
far as possible. For each φi, an item of φ = 

φ1∨…∨φn(i=1,…, n), randomly choose an atomic 
formula pi that occurs in φi. Then: 

(1)  If p1,…, pn are different from each other, then 
p1∨…∨pn is equal to ψf (1≤ f≤m) which is an item of 
ψ1∧ ∧… ψm (= φ ), and is a disjunctive clause. 

(2) If some of p1,…, pn are the same, then by 
idempotent laws, p1∨…∨pn can be simplified as ψf 

(1≤ f≤m) which is an item of ψ1∧…∧ψm(= φ), and is a 
disjunctive clause.           □ 

We ignore absorption a law in lemma 3 is to 
temporarily keep some disjunctive clauses. 

To use absorption laws, let us consider two disjunctive 
clauses ψi and ψj, such as ψi= p1∨q1 and ψj = p1∨q1∨ r1, 
where p1, q1 and r1 are atomic formulas. If every atomic 
formula in ψi also occurs in ψj, and there exists an atomic 
formula in ψj such that it does not occur in ψi, then the 
relationship between ψi and ψj is denoted by ψi <ψj. In this 
case, it follows from the absorption law that ψi∧ψj =ψi. 
For example, if ψi =p1∨q1 and ψj =p1∨q1∨ r1, then ψi <ψj, 
and ψi∧ψj = (p1∨q1)∧ (p1∨q1∨ r1) = (p1∨q1)∧ ((p1∨q1) 
∨ r1) = (q1∨ r1) =ψi, i.e. ψi∧ψj =ψi which is derived from 
the absorption law φ∧ (φ∨ψ)=φ. 

Definition 8  If a conjunctive normal form cannot be 
further simplified by absorption laws as well as by 
idempotent laws(see them in section 2.c), then the 
conjunctive normal form is said to have the minimal 
property.            □ 

Except for absorption laws, making use of the other 
laws in section 2.c, and idempotent laws are used as far as 
possible, we can transform Δ(u, v)=Q12∨Q13∨…∨Q1n 

∨Q23∨Q 24 ∨…∨Q2n ∨…∨Q(n-2) (n-1)∨Q(n-2) n∨Q(n-1) n into 
the following conjunctive normal form: 

Δ(u, v) = N1∧N2∧…∧Nq.                             (1) 
Each Nt (t=1, 2,…, q) is a disjunctive clause. Then, by 

absorption laws, N1∧N2∧…∧Nq can be simplified as 
follows: 

Δ(u, v) = H1∧H2∧…∧Hk.                            (2) 
H1∧H2∧…∧Hk is a conjunctive normal form which 

cannot be further simplified by absorption laws and 
idempotent laws. Hence, it has the minimal property. 

We refer to the conjunctive normal form N1∧N2∧… 
∧Nq in ① as the non-absorptive-conjunctive normal form 
of Δ(u, v), and refer to the conjunctive normal form 
H1∧H2∧…∧  Hk in ② as the minimal-conjunctive normal 
form of Δ(u, v). The above discussion shows that 
H1∧H2∧ ∧… Hk cannot be further simplified by 
absorption laws and idempotent laws. 

More specifically, for each item Qi j=∧ a∈Ci j
Ra’(u, v) in 

Δ(u, v)=Q12∨Q13∨…∨Q1n∨Q23 ∨Q 24∨…∨Q2n 

∨…∨Q(n-2) (n-1)∨Q(n-2) n∨Q(n-1) n, we randomly select an 
atomic formula Ra’(u, v) occurring in Qi j . Let M={Raj1

’(u, 

v), Raj2
’(u, v),…, Rajs’(u, v)} be the set of all the different 

atomic formulas selected from Q12, Q13,…, Q1n, Q23, 
Q24,…, Q2n,…, Q(n-2) (n-1), Q(n-2) n and Q(n-1) n respectively. 
Let NM=Raj1

’(u, v)∨Raj2
’(u, v)∨…∨Rajs’(u, v). By lemma 

3 NM is equal to an item Nh(1≤h≤q) of N1∧N2 

∧ ∧… Nq(=Δ(u, v)) which is the non-absorptive-
conjunctive normal form of Δ(u, v) in ①. However, it is 
undecided whether NM is equal to an item Hj(1≤ j≤k) of 
H1∧H2∧…∧Hk(=Δ(u, v) ) which is the minimal-
conjunctive normal form of Δ(u, v) in ②, because when 
N1∧N2∧…∧Nq  is transformed into H1∧H2∧…∧Hk by 
absorption laws, NM may be absorbed by another item Ni 

(1≤ i≤q) of N1∧N2∧…∧Nq .  
Thus the discernibility function Δ(u, v), a disjunctive 

normal form, can be transformed into the non-absorptive-
conjunctive normal form N1∧N2∧…∧Nq. Then by 
absorption laws, N1∧N2 ∧ ∧… Nq can be simplified as the 
minimal-conjunctive normal form H1∧H2∧…∧Hk.  

Although the transformation from Δ(u, v)=Q12∨Q13

∨…∨Q1n∨Q 23∨Q24∨…∨Q2n∨…∨Q(n-2) (n-1)∨Q(n-2)n 

∨Q(n-1) n to N1∧N2∧…∧Nq , or to H1∧H2∧…∧Hk is 
based on the laws in section 2.c, their equivalence is 
supported by granular computing because each of the 
laws in section 2.c corresponds to a property in lemma 2. 
Thus |Δ(u, v)|= |Q12∨Q13∨…∨Q1n ∨Q23∨ Q24∨…∨

Q 2n∨…∨Q(n-2) (n-1)∨Q(n-2) n∨Q(n-1) n|= |N1∧N2∧…∧

Nq |= |H1∧H2∧…∧Hk|. This has made preparations for 
the following proofs. 

 
 

V. PROOFS BASED ON GRANULAER 
COMPUTING 

 
In this section, we will give proofs which are relevant 

to questions 2 and 3 in section 2.d. Granular computing 
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will pay an important role in our proofs. 

A. The granule corresponding to Δ(u, v) 

As a formula on S= (U, A), the discernibility function 
Δ(u, v) corresponds to a granule |Δ(u, v)| which can be 
characterized by the following theorem. 

Theorem 1  For an information system S=(U, A), 
where U={x1,…, xn} and A={a1,…, ar}, if Δ(u, v) is the 
discernibility function corresponding to S=(U, A), and Rat’ 
is the discernibility relation with respect to at (t=1,…, r ). 
Then |Δ(u, v)| = Ra1’∪…∪ Rar’. 

Proof  From lemma 2(2), we derive the following 
equation: 

|Δ(u,v)|= |Q12|∪ |Q13|∪…∪ |Q1n|∪ |Q23|∪ |Q24|∪ ∪… |Q2n|
∪…∪ |Qi j |∪…∪ |Q(n-2) (n-1)|∪ |Q(n-2) n|∪ |Q(n-1) n|.  (3)  

 
1)  For xi, xj U, if <xi, xj> Ra1’∪…∪ Rar’, then there 

exists an integer t(1≤ t≤r) such that <xi, xj> Rat’. Notice 
that <xi, xj> Rat’ is equivalent to at(xi)≠at(xj). Thus 
at Ci j (={a | a A, and a(xi)≠a(xj)}). The definition of Ci j 
tells us that for each a Ci j, a(xi)≠a(xj) which is 
equivalent to <xi, xj> Ra’. It follows from lemma 2(1) 
that for any a Ci j , <xi, xj> |Ra’(u, v)|. Hence <xi, xj> 
∈∩a∈Ci j 

|Ra’(u, v)|. By lemma 2(2), we have ∩a∈Ci j
|Ra’(u, 

v)|= |∧ a∈Ci j 
Ra’(u, v)|= |Qi j |. Hence <xi, xj> |Qi j |. It 

follows from equation (3) that <xi, xj> |Δ(u, v)|. Thus 
Ra1’∪…∪ Rar’⊆|Δ(u, v)|. 

2)  Conversely, for xi, xj U, if <xi, xj> |Δ(u, v)|, by 
equation (3), there exists a granule |Qi j | such that <xi, xj> 

|Qi j |. Notice that |Qi j |= |∧ a∈Ci j
Ra’(u, v)|=∩a∈Ci j

|Ra’(u, 

v)|. Thus for each a Ci j , <xi, xj> |Ra’(u, v)|. By lemma 
2(1), <xi, xj> Ra’, where a Ci j (⊆{a1,…, ar}). Hence 
<xi, xj> Ra1’∪…∪ Rar’. The discussion means |Δ(u, v)| 

⊆Ra1’∪…∪ Rar’. 
It follows from 1) and 2) that |Δ(u, v)| = Ra1’∪… ∪ Rar’.           

□ 
Corollary 1  The following results hold: 
(1)  |Δ(u, v)|=U ×U – (Ra1∩…∩Rar). 

(2)  Ra1∩…∩Rar =U ×U – |Δ(u, v)|. 

Proof  (1)  Since Ra1’∪…∪ Rar’= (Ra1∩…∩Rar)’=U 

×U –(Ra1∩…∩Rar), by theorem 1, we have |Δ(u, v)| =U 

×U –(Ra1∩…∩Rar). 
(2)  It is a direct result of (1).               □ 
The result |Δ(u, v)|=Ra1’∪…∪ Rar’ will support the 

following proofs. From it we know that for <x, y> U ×U , 
<x, y> |Δ(u, v)| if and only if there is an attribute 
ai(1≤ i≤r) such that ai can distinguish x from y, i.e. <x, 
y> Rai’. 

B. Proofs of the reductions based on granular computing 

Based on theorem 1 we can get other conclusions. 
Their proofs are also linked with the properties in lemma 
2 which shows granule operations referred to as granular 

computing. So the following will demonstrate a way of 
how to use granular computing to deal with problems. 

Theorem 2  Let S=(U, A) be an information system, 
where U={x1,…, xn} and A={a1,…, ar}, and let Δ(u, v) be 
the discernibility function of S=(U, A). Consider the 
minimal-conjunctive normal form Δ(u, v)=H1∧H2∧… 
∧Hk(see expression ②). Let Hj =Raj1

’(u, v)∨…∨Rajs’(u, v) 

be an item of H1∧  H2∧…∧Hk (j=1,…, k ). If aj1,…, ajs are 

the attributes occurring in Hj =Raj1
’(u, v)∨…∨  Rajs’(u, v), 

then Raj1
∩…∩Rajs = Ra1∩…∩Rar. 

Proof  It follows from lemma 2(2) that |Δ(u, 
v)|= |H1∧H2∧…∧Hk |= |H1|∩|H2|∩…∩|Hk |. Thus |Δ(u, 
v)|⊆|Hj|(j=1,…, k ). On the other hand, by lemma 2(2)(1), 
|Hj|= |Raj1

’(u, v)∨…∨Rajs’(u, v)|  = |Raj1
’(u, v)|∪…∪  

|Rajs’(u, v)|=Raj1
’∪…∪ Rajs’, i.e. |Hj|=Raj1

’∪…∪ Rajs’. Since 

{aj1,…, ajs}⊆{a1,…, ar}, Raj1
’∪…∪ Rajs’⊆Ra1’∪…∪Rar’. 

By theorem 1, Raj1
’∪…∪ Rajs’⊆|Δ(u, v)|, i.e. |Hj|⊆|Δ(u, 

v)|. Hence |Δ(u, v)|= |Hj|. It follows from corollary 1(1) 
that |Hj|=U ×U –(Ra1∩…∩Rar). Also since 

|Hj|=Raj1
’∪…∪ Rajs’=(Raj1

∩…∩Rajs)’	 = U×U –(Raj1
∩…∩ 

Rajs), we have U×U –(Raj1
∩…∩Rajs)=U ×U –(Ra1∩…∩ 

Rar), i.e. Raj1
∩…∩Rajs = Ra1∩…∩Rar.            □  

Theorem 3  Let S=(U, A) be an information system, 
where U={x1,…, xn} and A={a1,…, ar}. and let Δ(u, v) be 
the discernibility function of S=(U, A). Consider the 
minimal-conjunctive normal form Δ(u, v)=H1∧H2∧… 
∧Hk(see expression ②). Let Hj =Raj1

’(u, v)∨…∨Rajs’(u, v) 

be an item of H1∧  H2∧…∧Hk (j=1,…, k ). If Aj={aj1,…, 
ajs} is the set of the attributes occurring in Hj, then Aj is a 
reduction of A. 

Proof   By theorem 2, we have Raj1
∩…∩Rajs = Ra1∩… 

∩Rar, i.e. RAj =RA. 
Suppose that Aj is not a reduction of A. Then there is a 

proper subset B of Aj, i.e. B⊆Aj and B≠Aj such that RB= 
RA=RAj. By lemma 1(3), assume aj1 Aj–B, satisfying 
Raj2

∩…∩Rajs⊆Raj1
. In this case, Raj2

∩…∩Rajs=Raj1
∩Raj2 

∩…∩Rajs=Ra1∩…∩Rar. Hence (Raj2
∩…∩Rajs)’= (Ra1∩… 

∩Rar)’, that is Raj2
’∪…∪ Rajs’=Ra1’∪…∪ Rar’. By theorem 

1 and equation (3), we have 
Raj2

’∪…∪ Rajs’=|Q12|∪ |Q13|∪…∪ |Q1n|∪ |Q23|∪ |Q24|∪…

∪ |Q2n|∪…∪ |Qi j |∪…∪ |Q(n-2) (n-1)|∪ |Q(n-2) n|∪  |Q(n-1) n|. 
 (4) 

 
For an item Qi j  of Δ(u, v), we have assumed that 

Qi j ≠0, i.e. Ci j ≠. The definition of the discernibility 
subset of xi and xj shows that for each a Ci j , a(xi)≠a(xj) 
or <xi, xj> Ra’. It follows from lemma 2(1) that for each 
a Ci j , <xi, xj> |Ra’(u, v)|. So <xi, xj>∈∩a∈Ci j

|Ra’(u, v)|  

= |∧ a∈Ci j Ra’(u, v)|= |Qi j |, i.e. <xi, xj> |Qi j |. By equation 

(4), <xi, xj> Raj2
’∪…∪ Rajs’. Thus, there exists an integer 
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t(2≤ t≤s) such that <xi, xj> Rajt’, that is ajt(xi)≠  ajt(xj), so 
ajt Ci j . By the definition of Qi j , Rajt’(u, v) must occur in 
Qi j . This indicates that every item Qi j  of Δ(u, v) must 
contain an atomic formula belonging to {Raj2

’(u, v),…, 

Rajs’(u, v)}. Hence, for each Qi j (i=1,…, n–1; j=2,…, n; 
and i＜ j), we can select a formula Rajt’(u, v)(2≤ t≤s), 
where t is the least subscript, such that Rajt’(u, v) occurs in 

Qi j  and belongs to {Raj2
’(u, v),…, Rajs’(u, v)}. Note that 

the least subscript t can guarantee the formula Rajt’(u, v) 
selected from Qi j  is unique. Let M be the set of all of the 
selected formulas. From the selection, we know that 
M⊆{Raj2

’(u, v),…, Rajs’(u, v)}, and M has the properties: 

for each Rajt’(u, v) M, Rajt’(u, v) must occurs in an item 
Qi j  of Δ(u, v); on the other hand, for each item 
Qi j(i=1,…, n–1; j=2,…, n; and i＜j), there is only one 
formula Rajt’(u, v) occurring in Qi j, such that Rajt’(u, v) M. 
Let NM =∨ Rajt’(u, v)∈M Rajt’(u, v) be the formula formed by 

the disjunction of all formulas in M. It follows from 
lemma 3 that NM must be equal to an item Nh(1≤h≤q) of 
N1∧N2∧ ∧… Nq which is the non-absorptive-conjunctive 
normal form of Δ(u, v) in ①. Since M⊆{Raj2

’(u, v),…, 

Rajs’(u, v)}⊆{Raj1
’(u, v), Raj2

’(u, v),…, Rajs’(u, v)}, we 

have NM ＜Hj(see the explanation above definition 8). 
Thus, in the process of using absorption laws to transform 
N1∧N2∧…∧Nq into H1∧H2∧… ∧Hk which is the 
minimal-conjunctive normal form in ②, Hj is surely 
absorbed by NM (= Nh ) or by another item. Since 
NM(=Nh)≠Hj, Hj does not occur in H1∧H2∧…∧Hk. This 
is a contradiction. Hence, Aj is a reduction of A.          □ 

Thus, the set of all the attributes occurring in Hj is a 
reduction of A, where Hj is an item of the minimal-
conjunctive normal form H1∧H2∧ ∧… H k  in ②. In fact, 
this theorem is an answer to question 2 in section 2.d. 
After we explain that the discernibility function Δ(u, v) 
can be changed into the discernibility function Δ(S ), it 
will be quite clear that theorem 3 just provides the answer 
to this question. 

On the other hand, let B={at1,…, atz}⊆A and B be a 
reduction of A, where A is the attribute set of S=(U, A). 
Let NB =Rat1

’(u, v)∨…∨Ratz
’(u, v). Is NB equal to Hj that is 

an item of the minimal-conjunctive normal form 
H1∧H2∧…∧Hk? The following discussion will give the 
answer to this question. The result will show that NB is 
equal to an item Hj of H1∧H2∧…∧Hk.  

Lemma 4  For the discernibility function Δ(u, v) 
corresponding to S=(U, A), where A ={a1,…, ar}, let Δ(u, 
v) = N1∧N2∧ ∧… Nq be the non-absorptive-conjunctive 
normal form of Δ(u, v) in ①. If B={at1,…, atz} is a 

reduction of A, then NB=Rat1
’(u, v)∨…∨Ratz

’(u, v) is equal 

to an item Nh(1≤h≤q) of N1∧N2∧…∧Nq. 
Proof  Consider the set M1={Rat1

’(u, v),…, Ratz
’(u, v)} 

consisting of the atomic formulas occurring in NB =Rat1
’(u, 

v)∨…∨Ratz
’(u, v). Since B={at1,…, atz} is a reduction of 

A={a1,…, ar}, it follows from lemma 1(1) that for each 
atk B(k=1,…, z ), Rat1

∩…∩Ratk -1
∩Ratk +1

∩…∩Ratz
⊆Ratk

 

does not hold. So Ratk
’⊆Rat1

’∪…∪ Ratk +1
’∪ Ratk +1

’∪… 

∪ Ratz
’ does not hold. Thus, there must be an ordered pair 

<xik, xjk> U×U, such that <xik, xjk> Ratk
’, but <xik, xjk> 

Rat1
’∪…∪ Ratk +1

’∪ Ratk +1
’∪…∪ Ratz

’. By the definition of 

Cik jk that is the discernibility subset of xik and xjk, we have 
atk Cik jk, but at1Cik jk,…, atk -1Cik jk, atk +1Cik jk,…, 

and atzCik jk. This indicates that the formula Ratk
’(u, v) 

occurs in Qik jk which is an item of Δ(u, v)=Q12∨Q13∨… 

∨Q1n∨Q23∨Q24∨…∨Q 2n∨…∨  Q(n-2) (n-1)∨Q(n-2) n∨Q(n-

1) n, but the formulas Rat1
’(u, v),…, Ratk +1

’(u, v), Ratk +1
’(u, 

v),…, and Ratz
’(u, v) do not occur in Qik jk. Thus, for every 

atk B(k= 1,…, z), we can get the item Qik jk of Δ(u, v), 
such that Ratk

’(u, v) is the only formula occurring in Qik jk 

and belonging to M1. Since k =1,…, or k = z, we therefore 
obtain Qi1 j1 ,…, and Qiz jz . Let W ={Qi1 j1 ,…, Qiz jz }. It is 
clear that W is a subset of {Q12, Q13,…, Q1n, Q23, Q24,…, 
Q2n,…, Q(n-2) (n-1), Q(n-2) n, Q(n-1) n} which consists of all 
items of Δ(u, v). The above discussion indicates that 
Rat1

’(u, v) is the only formula occurring in Qi1 j1( W ) and 

belongs to M1,…, and Ratz
’(u, v) is the only formula 

occurring in Qiz jz( W ) and belongs to M1. 
Because B={at1,…, atz} is a reduction of A={a1,…, 

ar}, we have RB =RA, i.e. Rat1
∩…∩Ratz

= Ra1∩…∩Rar. 

Thus Rat1
’∪…∪ Ratz

’=Ra1’∪…∪ Rar’. It follows from 

theorem 1 that Rat1
’∪…∪  Ratz

’=|Δ(u, v)|. Let Qi j be an 

item of Δ(u, v) and Qi jW (={Qi1 j1 ,…, Qiz jz }). For <xi, 
xj> |Qi j |, by equation (3)  in the proof of theorem 1, we 
have <xi, xj> Rat1

’∪…∪ Ratz
’. This means that there must 

be an integer n(1≤n≤z), such that <xi, xj> Ratn
’ or 

atn(xi)≠ atn(xj). So atn Ci j , and the formula Ratn
’(u, v) 

surely occurs in Qi j . Thus for any item Qi j (W) of Δ(u, 
v), we can get Ratn

’(u, v) which occurs in Qi j , and 

n(1≤n≤z) is the least subscript, such that Ratn
’(u, v) M1. 

The least subscript n can guarantee Ratn
’(u, v) is the only 

formula that belongs to M1 and occurs in Qi j (W). Let 
M2={Ratn

’(u, v) | Ratn
’(u, v) M1, Ratn

’(u, v) occurs in Qi j 

(W) and n(1≤n≤z) is the least subscript}. M2 has the 
properties: for each item Qi j (W) of Δ(u, v), there is only 
one formula Ratn

’(u, v) ( M1) which occurs in Qi j  and 

belongs to M2; conversely, for each Ratn
’(u, v) M2, Ratn

’(u, 

v) must occur in an item Qi j (W) of Δ(u, v). From the 
above discussion we know M2⊆M1 (={Rat1

’(u, v),…, 

Ratz
’(u, v)}). 

Let M = M1∪M2. Then M=M1={Rat1
’(u, v),…, Ratz

’(u, 
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v)}, and M has the property: for any Ratn
’(u, v) M, Ratn

’(u, 
v) certainly occurs in an item Qi j of Δ(u, v); conversely, 
for any item Qi j of Δ(u, v) (i=1,…, n–1; j=2,…, n; and i＜
j), there is only one formula Ratn

’(u, v) belonging to M, 

such that Ratn
’(u, v) occurs in Qi j. Let NM be the 

disjunctive clause formed by the disjunction of all 
formulas in M, i.e. NM =Rat1

’(u, v)∨…∨Ratz
’(u, v). It 

follows from lemma 3 that NM is equal to an item 
Nh (1≤h≤q) of N1∧N2∧…∧Nq which is the non-
absorptive- conjunctive normal form of Δ(u, v) in ①, i.e. 
NM  =Nh. Because NM  =NB, we are done.                  □ 

Lemma 5  For the discernibility function Δ(u, v) 
corresponding to S=(U, A), where A ={a1,…, ar}, let Δ(u, 
v) = N1∧N2∧…∧Nq be the non-absorptive-conjunctive 
normal form of Δ(u, v) in ①. For each item Ni of 
N1∧N2∧ ∧… Nq(i=1, 2,…,q), if Ni=Rai1

’(u, v)∨…∨  

Rais’(u, v) (i=1,…, q), then Rai1
∩…∩Rais= Ra1∩…∩Rar. 

Proof  By Δ(u, v) = N1∧N2∧…∧Nq and lemma 2(2), 
|Δ(u, v)|=|N1|∩|N2|∩…∩|Nq|. Hence |Δ(u, v)|⊆|Ni|(i=1,…, 
q). On the other hand, lemma 2(2) and lemma 2(1) show 
that |Ni |= |Rai1

’(u, v)∨…∨Rais’(u, v)|=  |Rai1
’(u, v)|∪…∪  

|Rais’(u, v)|=Rai1
’∪…∪ Rais’. Notice that Rai1

’∪…∪ Rais’	

⊆Ra1’∪…∪ Rar’ and Ra1’∪…∪ Rar’=|Δ(u, v)| (see theorem 
1). We derive |Ni|⊆|Δ(u, v)|. From |Δ(u, v)|⊆|Ni| and 
|Ni|⊆|Δ(u, v)|, we know that |Δ(u, v)|= |Ni|(i=1,…, q). 
Also, it follows from corollary 1(2) that Ra1∩…∩Rar= 

U×U – |Δ(u, v)|=U×U –|Ni|=U×U –(Rai1
’∪…∪ Rais’)=U× 

U –(Rai1
∩…∩ Rais)’=Rai1

∩…∩Rais. That is Rai1
∩…∩Rais= 

Ra1∩…∩Rar.             □ 
Theorem 4  Let S=(U, A) be an information system, 

where A={a1,…, ar}. If B={at1,…, atz} is a reduction of A, 

then NB =Rat1
’(u, v)∨…∨Ratz

’(u, v) is equal to an item 

Hj(1≤ j≤k) of H1∧H2 ∧…∧Hk that is the minimal-
conjunctive normal form of Δ(u, v) in ②. 

Proof  Let Δ(u, v)=N1∧N2∧…∧Nq be the non-
absorptive-conjunctive normal form of Δ(u, v) in ①. It 
follows from lemma 4 that NB is equal to an item 
Nh(1≤h≤q) of N1∧N2∧… ∧Nq. Suppose that NB(=Nh) is 
not equal to any item Hj(j=1,…, k) of H1∧H2∧…∧Hk 
which is the minimal-conjunctive normal form in ②. 
Then, in the process of using absorption laws to transform 
N1∧N2∧…∧Nq into H1∧H2∧…∧Hk, NB(=Nh) is surely 
absorbed by an item Ni(1≤ i≤q) of N1∧N2∧… ∧Nq. In 
this case, Ni<NB and Ni∧NB =Ni(see the explanation 
above definition 8). Let Bi={ai1,…, ais} be the set of all 
attributes occurring in Ni. By lemma 5, we have 
Rai1

∩…∩Rais =Ra1∩…∩Rar. Since Ni<NB,  Bi (={ai1,…, 

ais}) is a proper subset of B(={at1,…, atz}), i.e. Bi⊆B and 

Bi≠B. This means that B(={at1,…, atz}) is not a reduction 
of A. It is a contradiction. Hence NB (=Nh) must be equal 
to an item Hj(1≤ j≤k) of H1∧H2∧…∧Hk.                     □ 

By theorem 3 and theorem 4, we immediately get the 
following corollary. 

Corollary 2  Let Δ(u, v)=H1∧H2∧…∧Hk be the 
minimal-conjunctive normal form of Δ(u, v) which 
corresponds to the information system S=(U, A), where 
A={a1,…, ar}. For the item Hj =Raj1

’(u, v)∨…∨Rajs’(u, v) 

(j=1, 2,…, k), if Aj ={aj1,…, ajs} is the set of the attributes 
occurring in Hj, then A1, A2,…, Ak are all reductions of A.  
□ 

Note that in the item Hj=Raj1
’(u, v)∨…∨Rajs’(u, v), the 

subscript s corresponds to j. So, when i≠ j, the number of 
the attributes occurring in Hi may be different from the 
number of the attributes occurring in Hj. 

 
 

VI. ANSWERS TO THE QUESTIONS 
 
For a formula φ(u, v) on the information system 

S=(U, A), φ(u, v) corresponds to the  granule |φ(u, v)| 
which is defined as the semantics of φ(u, v)(see definition 
7). This has set the stage for making an answer to 
question 1 in section 2.d. 

A. Answer to question 1 

The semantics of Δ(S) can be interpreted as the 
granule |Δ(u, v)|.  Also semantics of the item Pi j = a1∨a3 

∨a7 in question 1 can be interpreted as the granule |Qi j |. 
We make the following analysis: 

The item Pi j = a1∨a3∨a7 is based on Cij={a1, a3, a7} 
that is the discernibility subset of xi and xj, satisfying 
a1(xi)≠a1(xj), a3(xi)≠a3(xj) and a7(xi)≠a7(xj). Since ak(xi)≠  
ak(xj) is equivalent to <xi, xj> Rak’(k=1, 3, 5), the attribute 
ak can be characterized by the discernibility relation Rak’. 
By lemma 2(1)(2), |Rak’(u, v)|=Rak’ and |Qi j |  = |Ra1’(u, 
v)∧Ra3’(u, v)∧Ra7’(u, v)|= |Ra1’(u, v)|∩|Ra3’(u, v)|∩|Ra7’(u, 
v)|. Thus <x, y> |Qi j | if and only if ak(xi)≠ ak(xj)(k =1, 3, 
5). The granule |Qi j | consists of the ordered pairs, such 
that for <x, y> |Qi j |, the attributes of Cij can distinguish x 
from y. Thus it is reasonable to take the granule |Qi j | as 
the semantics of Pij. Also the semantics of the 
discernibility function Δ(S) is connected with the granule 
|Δ(u, v)|. More Specifically, by theorem 1, |Δ(u, 
v)|=Ra1’∪…∪ Rar’. Thus <x, y> |Δ(u, v)| if and only if <x, 
y> Rat’(1< t<r) or at(x)≠ at(y). In our opinion, the 
discernibility function Δ(S) corresponding to S=(U, A) is 
used to describe the property that for x, y U, whether 
there is an attribute a A, such that a can distinguish x 
from y. The ordered pairs contained in |Δ(u, v)| just show 
the property. Hence it is reasonable to take the granule 
|Δ(u, v)| as the semantics of Δ(S). 

B. Answers to questions 2 and 3 

In order to answer questions 2 and 3 in section 2.d, let 
us consider the relationship between the discernibility 
functions Δ(S) and Δ(u, v). If every formula Ra ’(u, v) in 
Δ(u, v) is replaced by the attribute a, and the connectives 
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∨  and ∧  in Δ(u, v) are exchanged mutually, then Δ(u, v) 
will become Δ(S). Proceeding in a manner similar to this 
way, the minimal-conjunctive normal form H1∧H2∧… 
∧Hk of Δ(u, v) in ② will be changed into X1∨X2∨… ∨Xk 
which is the minimal-disjunctive normal form of Δ(S)(see 
definition 4). This indicates that the sets A1, A2,…, A k  of 
the attributes occurring in H1, H2,…, Hk respectively are 
actually the sets E1, E2,…, Ek of the attributes occurring in 
X1, X2,…, Xk respectively. Hence corollary 2 has provided 
the answers to questions 2 and 3. This is the purpose of 
the study in this paper. 

 
VII. CONCLUSION 

 
Although Δ(u, v) is closely linked with Δ(S), it is 

obvious that there are some differences between Δ(u, v) 
and Δ(S). As a disjunctive normal form, the discernibility 
function Δ(u, v) plays an important role in the proofs of 
the above theorems. It is the disjunctive normal form that 
allows us to discuss the properties of Δ(u, v) by a granular 
computing way. Intuitively speaking, Δ(u, v) 
corresponding to an information system S=(U, A) reflects 
the fact that for elements xi, xj U, whether there exists an 
attribute a A such that a can distinguish xi from xj. 
Theorem 1 has described this fact by use of the granule 
|Δ(u, v)|. This is the reason why we take |Δ(u, v)| as the 
semantics of Δ(u, v). In our opinion, the discernibility 
function Δ(S ) is also intend to record the information 
reflected by this fact. In this case, it is reasonable that we 
use the granule |Δ(u, v)| to describe the semantics of Δ(S ). 
From the logical point of view, we think that the 
discernibility function Δ(u, v) should be a logic-based 
expression. 
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