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Abstract - The two-way amplify-and-forward (AF) relaying network consisting of 2M sources with only a single antenna per 
source and one relay with multiple N antennas at the 2M destinations is investigated in this paper. All sources act as both sources 
and destinations with a self-interference cancelation process at the 2M destinations. The closed form of the relay amplifying matrix 
is optimized under the relay transmit power constraint based on the minimum mean square error (MMSE) criterion. Additionally, 
the MMSE cost function behavior is analytically and numerically studied by adopting the derived optimal relay amplifying matrix. 
Furthermore, it is proven that the MMSE cost function values are always less than 2M, regardless of either N or input SNR. And 
the system performance is evaluated in relation to the average MMSE and average bit error rate (BER) by computer simulation. 
Numerical results show that the MMSE relaying scheme is more competitive than the ZF one provided in [8] for distributed 
multiuser two-way AF wireless relay networks. Finally, the power is constrained during data transmission although the optimal 
relay amplifying matrix derived with the no-power constraint is applied. 
 

Keywords-Amplify-and-forward (AF), Two-way relaying, relay amplifying matrix, minimum mean square error (MMSE),zero-
forcing (ZF), power constraint. 
 
 

I. INTRODUCTION 
 
    To reduce the spectral efficiency loss, the two-way 
relaying strategy is applied in the half-duplex wireless 
relay networks. As a result, the authors in [1]–[3] studied 
two-way AF wireless relay networks consisting of one 
relay with multiple antennas between two sources with 
multiple antennas per source. They designed the relay 
amplifying matrices under the transmit power constraint 
based on the minimum mean square error (MMSE) and 
zero-forcing (ZF) criterions [1]–[3]. In [4], the authors 
have studied the optimal relay beamforming in two-way 
relay channels employed by the weighted sum rate. In [4], 
a self-interference cancelation process was not fulfilled at 
the destinations during data transmission. However, in [5], 
the authors developed a two-way AF wireless relay 
strategy with a self-interference cancelation process 
during data transmission. They also developed an optimal 
relay precoder matrix and a destination decoder matrix for 
a two-way AF wireless relay network based on 
minimizing the sum of the mean square error (MSE) 

under the relay power constraint. However, the optimal 
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precoder and destination decoder are implicit in [5]. 
Moreover, the authors in [6] proposed the beamforming 

and combining scheme for a two-way AF wireless relay 
network consisting of two sources and a single relay, in 
which both source and relay have multiple antennas. The 
beamforming and combining vectors at the two sources 
were designed using the maximum ratio transmission and 
maximum eigenvalue principle, respectively, in [6]. 
Additionally, the authors in [7] also considered a two-way 
AF wireless relay network consisting of two sources and 
one relay, in which both source and relay have multiple 
antennas. The implicitly optimal relay amplifying matrix 
and transmit/receive beamforming vectors were 
determined by using the MMSE criterion with transmit 
power constraints. In addition, in [7], the two-way AF 
wireless relay system with multiple single-antenna relays 
between two multi-antenna sources has also been 
investigated, and implicitly relay amplifying matrix and 
transmit/receive beamforming vectors were presented. 
The MMSE criterion under the transmit power constraint 
at two sources and relays was applied to determine them 
in [7]. Recently, the authors of this paper in [8] have 
studied the two-way AF wireless relay network consisting 
of 2M sources with only a single antenna per source and 
one relay with multiple N antennas only based on the ZF 
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criterion. 
Therefore, in this paper, we force on a two-way AF 

wireless relay network consisting of 2M sources with only 
a single antenna per source and one relay (or base station) 
with multiple N antennas. During data transmission, a 
self-interference cancelation process at the 2M 
destinations is applied. In addition, all sources act as both 
sources and destinations. The closed form of the optimal 
relay amplifying matrix is determined with the relay 
transmit power constraint based on the MMSE criterion. 
In addition, the MMSE cost function behavior is 
analytically and numerically studied by adopting the 
derived optimal relay amplifying matrix. Furthermore, it 
is proven that the MMSE cost function values are always 
less than 2M, regardless of either N or input SNR. 
Additionally, the system performance is evaluated in 
relation to the average MMSE and average bit error rate 
(BER) by computer simulation. And numerical results 
show that the MMSE relaying scheme is more 
competitive than the ZF one presented in [8] for 
distributed multiuser two-way AF wireless relay systems. 
Finally, it is seen that, during data transmission, the power 
is constrained although the optimal relay amplifying 
matrix derived with the no-power constraint is applied. 

The remainder of this paper is organized into five 
sections. Section II describes the proposed system model 
and data transmission strategies. Section III provides 
distributed MMSE relay scheme for the multiuser two-
way AF wireless relay network under the transmit power 
constraint at the relay. Section IV presents the MMSE 
cost function behavior numerically and analytically by 
using the derived optimal relay amplifying matrix. 
Section V shows both the average MMSE and BER 
simulation results. Finally, Section VI concludes the 
paper. 

Notation: Matrices, vectors, and scalars are denoted, 
respectively, by uppercase boldface, lowercase boldface, 
and italic characters (e.g., A, a, and a). The conjugate, 
inverse, trace, and Hermitian of A are denoted, 

respectively, by A*, A1 , tr(A),  and AH . An N × N 
identity matrix is denoted by IN. Notations ||a|| and ||A||F 

denote the 2-norm of a and Frobenius-norm of A, 
respectively. The expectation, real, vectorization, and 
Kronecker product operators are denoted by E[∙], Re{A} 

= (A + A∗)/2, a = vec(A), and ⊗, respectively. 
 

II. SYSTEM MODEL AND DATA TRANSMISSION 
 

Figure 1 shows the distributed multiuser two-way AF 
wireless relay system consisting of 2M sources with only 
a single antenna per source, exchanging their information 
with each other, and a relay (or base station) with multiple 
N antennas to help their reliable communications where M 
and N are greater than or equal to 2 for beamforming 

purposes with N ≥ 2M. Here, all sources act as both 
sources and destinations, as shown in Fig. 1. 

 

Fig. 1. Distributed multiuser two-way AF relaying network  with multi-
antenna relay under power constraint.  
 

The complex channel matrices between the sources 
(group 1) located in the left side of the relay and the relay, 
the sources (group 2) located in the right side of the relay 
and the relay, the relay and the sources located in the left 
side of the relay, and the relay and the sources located in 
the right side of the relay are represented by 1  N MH C , 

2  N MH C , 1  M NG C , and 2  M NG C , 

respectively. In the first time slot, all sources broadcast 

their signal vectors s1 ∈ CM ×1 and s2 ∈ CM ×1 

multiplied by diagonal transmit precoder matrices A1 ∈ 

CM×M  and A2 ∈ CM×M, i.e., d1 = A1s1 and d2 = A2s2, 

to the relay, simultaneously, with 2 2

1 2 =  = E E M   
   s s . 

The received signal vector r ∈ CN ×1 at the relay input 
can be written as 

 
                        1 1 1 2 2 s  r H d H d v                 (1) 

 

where vs ∈CN ×1 is an additive white Gaussian noise 
(AWGN) vector with zero-mean and covariance matrix 

2 .
sv N I  In the second time slot, the relay retransmits its 

received signals to the left and right sources (or called left 
and right destinations) multiplied by an N × N relay 
amplifying matrix F for the linear processing operation. 
Hence, the transmitted signal vector  x 1CNx  at the relay 
output is represented as 

 
                                        =  x F r                               (2) 

 
with the average total transmitted power given by 

2
= rE p 

 x .  The received signal vectors y1 ∈ CM ×1
 

and y1 ∈ CM ×1 at the left and right destinations are 
written, respectively, as  

 
               1 1 1   y G x v  and 2 2 2    y G x v               (3)                   
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where 1v and 2v  are AWGN vectors with zero-mean and 

covariance matrices 
1

2
v M I and 

2

2
v M I , respectively. 

Substituting (1) and (2) into (3), respectively, the received 
signal vectors y1 and y1 after perfect cancelation of self-
interference at the two groups of the destinations can be 
rewritten, respectively, as 1 1 2 2 1 1s  y G FH d G Fv v and         

2 2 1 1 2 2s  y G FH d G Fv v . Accordingly, the detected 

signal vectors 1ŷ  and 2ŷ applying diagonal receiver 

decoder matrices 1
M MB C  and 2

M MB C can be 

expressed, respectively, as 
 
         1 1 1 1 1 2 2 2 1 1 1 1ˆ s   y B y B G FH A s B G Fv B v        (4) 

         2 2 2 2 2 1 1 1 2 2 2 2ˆ s   y B y B G FH A s B G Fv B v     (5) 

 
 The eigen beamforming can be applied if two sources 

(or destinations) have perfect knowledge of backward 
and forward channel coefficients [9]. Hence, using the 
eigen beamformer, the diagonal entries of the diagonal 

1A  and 2A  at two sources can be obtained as the right 

singular vectors corresponding to the largest singular 
value of 1H  and 2H , while those of the diagonal 1B  and 

2B  at two destinations can be obtained as the left 

singular vectors corresponding to the largest singular 
value of 1G  and 2G .  

In the next section, the optimal relay amplifying 
matrix †F will be determined by using the MMSE 
criterion with the relay transmit power constraint, where 
the superscript † means the optimum. 

 
III. Distributed AF MMSE Relay Strategy 

 
    To determine an optimal †F  to minimize the MSE 
between the originally transmitted signal vectors and the 
expected signal vectors. Therefore, the desired 
optimization problem with the average total relay power 
constraint can be written as 
 

†  arg min ( )J
F

F F    (6) 

2
s.t.  rE p   x     (7) 

 
where the sum of the cost function ( )J F in [10] is defined  

 

                      
2 2

1 1 2 2
ˆ ˆ( )J E E         F s s s s                (8) 

 
where the expected signal vectors 1ŝ  and 2ŝ  are defined 

as -1
1 2 2

ˆ  = s y  and -1
2 1 1

ˆ  = s y , respectively. Here, scaling 

parameters -1
1  at the group 1 of the destinations and -1

2  

at the group 2 of the destinations are introduced for the 
simplification of the derivation for the optimal †F . In 
addition, -1

1  and -1
2  are, in fact, equalization factors in 

order to reduce the channel effects in the received signal 
vectors, respectively, which are the error-performance 
surface of the Wiener filters [11]. In fact, -1

1  and -1
2  

cannot be the same. However, for the benefit of avoiding 
the iteratively optimal solutions in (6), it is assumed that 

-1 -1 1
1 2     . By following the same procedures 

presented in the paper, the optimal solutions can be solved 
when -1 -1

1 2  . With the assumption that -1 -1 1
1 2     , 

the cost function ( )J F  in (8) and the average total relay 

transmit power rp  in (7) can be written, respectively, as 

 

        
   
   

1 2

2 1
1 2 1 1 2

2 1
3 4 2 2 1

2 2 2 2

( ) 2 Re

          + 2 Re

          + 2

H

H

v v

J tr tr

tr tr

M M M

 

 

   

 

 

 

    

   
 

F W FW F B G FH

W FW F B G FH           (9) 

         5
H

rp tr FW F                                                   (10) 

 
where 1 2 2 2 2

H HW G B B G , 2
2 1 1 1 1 s

H H
v N W H A A H I , 3 W  

1 1 1 1
H HG B B G , 2

4 2 2 2 2 s

H H
v N W H A A H I , and 5 1 1 1

HW H A A  
2

1 2 2 2 2 s

H H H
v N H H A A H I  using the linearity and cyclic 

properties of the trace function, under the assumption that 
data symbols, channel coefficients, and noises are 
independent of each other. Since the average total power 
at the relays is constrained to rp , the constrained 

Lagrangian optimization  ,  , rL  F [12] can be applied 

as  
 

 ,  , rL  F =     5
H

r rJ tr p F FW F (11)

 
where r  is a Lagrangian multiplier. Using the linear and 

nonlinear properties of the complex matrix derivative [13] 
and equating the derivatives of (11) with respect to 

 * ,  , r F  to zero, we get 

 

2
1 2 3 4 5*

( )
  r  

    


F
0 W FW W FW FW W

F
  (12) 

   
 

1 2

1 2

2 2
3 4

( )
0  Re

                        + 

H H

H
v v

tr tr

tr M M




 

     
 

F
WF W FW F

W FW F

   (13) 

 

 5

( )
0 H

r
r

tr p



  


F

FW F                                     (14) 
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 where 1 1 2 2 2 1

H H H H H H W G B H G B H  and  ( ) ,  , rL   F F . 

Here, 0 in (12) is an N × N matrix consisting of all zero 

entries. Using the fact that     Retr trA A if  tr A  

 Htr A  [14], the optimal   † †vecf F , † , and †
r  

with the transmit power constraint at the relay can be 
obtained, respectively, as 
 
 

        
 

1
†

1
5

r

H H T
N

p

 




T w
f

w T W I T w
                (15) 

       
 

†

1
5

r

H H T
N

p


 


w T W I T w
                 (16) 

       
  

1 2

1 / 22 2 1
5†
2

T
v v N

r
r

M

p

 


 


W I T w
     (17) 

where      
1 2

1 2 2
2 1 4 3
T T

r v vp       T W W W W  

 5
T

NM W I  and   vecw W with the corresponding 

optimal relay amplifying matrix †F  given by 

 † † , ,reshape N NF f , where the reshape operator 

denotes the reshape of an 2 1N  vector f  in (15) to an 
N×N matrix. Note that the MMSE cost function in (9) is 
convex over the relay amplifying matrix F when the 
scaling parameter   is given and also convex over   

when F is given. Hence, the optimal †F  and †  are 
globally optimum. In addition, the rank of †F  is N, i.e., 
rank( †F ) = N, where the ‘rank(A)’ stands for the rank of 
A. 
    Note that the optimal †

r  in (17) is always greater than 

zero because the relay transmit power is constrained 
during data transmission. However, it can be zero as a 
special case. In other words, during data transmission, 
power cannot be intentionally constrained, i.e., r  = 0. In 

this case, the optimal †f  without the relay power 
constraint can be written as 
 
                                      † 1

a
f H w .                             (18) 

 
where    2 1 4 3

T T
a    H W W W W . In addition, using 

(18), the transmit power usage rp  at the relay can be 

written as  

                          1
5

H H T
r a N ap   w H W I H w .           (19) 

From (19), it can be seen that the total transmit power 
consumption rp  decreases as N increases for a given M 

due to the inverse term 1
a
H . This analytical result will be 

verified in Section V 
 

IV. MMSE COST FUNCTION BEHAVIOR  
 

    Substituting the optimal solutions †F  and †  into the 
original J(F) in (9), the optimal cost function †( )J F  can 

be rewritten as 
                               †( ) 2J M  F                             (20) 

where   is the positive eigenvalue of  N N
z

H C  with 
1/ 2 1/ 2 / 2 / 2H H

z p p
 H T H H T consisting of complex forward 

and backward channels, which is conjugate symmetric 
with rank( zH ) = 1, i.e., 0 <   < 2M regardless of N, and 

 N N H
p

 H C ww . Here, it can be analytically and 

obviously shown that ϖ gets larger as N increases for a 
given M. That is, the †( )J F  decreases as N increases 

because   increases as N increases. As a result, the 
smaller BER will be achieved as N increases because the 
cost function in this paper is defined as the MSE [15]. In 
contrast to this, the †( )J F  in (20) increases as M 

increases for a given N regardless of M. As a result, the 
larger BER will be achieved as M increases. These will be 
numerically verified in Section V. Additionally, observe 
that the †( )J F  in (20) is always less than M, i.e., 0 < 

†( )J F  < 2M, regardless of N due to 0 < ϖ < 2M 

regardless of either N or input SNR. This analysis will be 
also verified numerically in Section V. 

 
V. SIMULATION RESULTS 

 
    Various Monte-Carlo simulation results, such as 
MMSE and BER performances, are provided under the 
total relay transmit power constraint by applying the 
derived optimal relay amplifying matrix. The MMSE and 
BER are defined as the MMSE and BER averaged over 
2M sources. The complex channel matrices 1H , 2H , 1G , 

and  2G   are generated from zero mean and unit variance 

i.i.d. Gaussian random variables. It is assumed that the 
originally transmitted signals from 2M sources are 
modulated by quadrature phase shift keying with unity 
power. The total transmit power constraint at the relay is 
set to pr = 1 with M = 2 ∼ 12 and N = 2 ∼ 20. It is 
assumed that all nodes have the same thermal noise power, 
i.e., 

1 2

2 2 2

sv v v    . 

    Figure 2 shows the average  MMSE cost function 
behavior for M = 2 and input SNR = 5, 10 dB versus the 
number of relay antennas (N = 2∼12) in the distributed 
multiuser two-way AF wireless relay networks under the 
relay transmit power constraint using (15). As shown in 
Fig. 2, the MMSE values decrease as the number of relay 
antennas N or input SNR increases, as analyzed. As a 
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result, the better BER performance is observed as either N 
or SNR increases because the cost function in this paper is 
defined as the MSE. This will be verified in Fig. 3. In 
addition, regardless of either N or SNR, the MMSE cost 
function values are always less than 2M, as analyzed. 

 
 
Fig. 2. Average MMSE for M = 2 and input SNR = 5, 10 dB versus 
number of relay antennas (N = 2~12) in distributed multiuser two-way 
AF wireless relay networks under relay transmit power constraint using 
(15). 

 
 
Fig. 3. Average BER performance for M = 2 and input SNR = 5, 10 dB 
versus number of relay antennas (N = 2~12) in distributed multiuser 
two-way AF wireless relay networks under relay transmit power 
constraint using different relay amplifying matrices in (15). The ZF 
scheme in [8] is also presented. 
 
    Figure 3 presents the average BER performance for M 
= 2 and input SNR = 5, 10 dB versus the number of relay 
antennas (N = 2∼12) in the distributed multiuser two-way 
AF wireless relay networks under the relay transmit 
power constraint using the derived relay amplifying 
matrices in (15). Additionally, the ZF scheme in [8] is 
also presented. As analyzed in Fig. 2, the BER 

performance improves as either N or input SNR increases. 
Additionally, when the MMSE relaying scheme is applied, 
the better BER performance is observed than the one with 
the ZF relaying scheme in [8]. 

 

Fig. 4. Average MMSE for N = 10 ~ 20 and input SNR = 5, 10 dB 
versus number of users (M = 2~12) in the distributed multiuser two-way 
AF wireless relay networks under relay transmit power constraint using 
(15). 

 
    Figure 4 provides the average MMSE for N = 10, 20 
and input SNR = 5, 10 dB versus number of users (M = 
2∼12) in the distributed multiuser two-way AF wireless 
relay networks under the relay transmit power constraint 
using (15). As shown in Fig. 4, the average MMSE cost 
function values increase as M increases for given N and 
input SNR. As a result, the BER performance worsens as 
M increases for given N and input SNR. This will be 
verified in Fig. 5. 
 

 

Fig. 5. Average BER comparison for N = 4 ~ 6 and input SNR = 10 dB 
versus number of users (M = 2~8) in distributed multiuser two-way AF 
wireless relay network using (15). 
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    Figure 5 shows the average BER comparison for N = 4, 
6 and input SNR = 10 dB versus number of users (M = 2∼	
8) in the distributed multiuser two-way AF wireless relay 
networks using (15). For given N and SNR, the BER 
performance degrades as M increases, as analyzed in Fig. 
4. Additionally, the better BER performance is observed 
when the greater N is applied during data transmission for 
given M and SNR.       
 

 

Fig. 6. BER comparison and relay power consumption for M = 2 and 
input SNR = 10 dB versus number of relay antennas (N = 6~14) in 
distributed multiuser two-way AF wireless relay networks without 
power constraint using (18) and (19). The ZF scheme is also presented. 

 
    Figure 6 provides the BER comparison and the relay 
power consumption for M = 2 and input SNR = 10 dB 

versus number of relay antennas (N = 6∼14) in the 
distributed multiuser two-way AF wireless relay networks 
without power constraint using (18) and (19) during data 
transmission. In addition, the ZF scheme is also presented. 
The better BER performance is observed when the 
MMSE relaying scheme is considered during data 
transmission, compared to the ZF relaying scheme case. 
In addition, as shown in Fig. 6, the total relay power 
consumption decreases and converges as N increases for 
given M and input SNR. As a result, the BER 
performance converges as N increases for given M and 
input SNR. In addition, from this result, it can be seen that 
power is constrained during data transmission even 
though the optimal relay amplifying matrices derived with 
the no-power constraint are applied. 
 

VI. CONCLUSION 
 

   This paper investigated the distributed multiuser two-
way AF wireless relaying strategy under the relay 
transmit power constraint. In addition, the closed forms of 
the optimal relay amplifying vectors (or matrices) were 
determined by using both MMSE and ZF criterions. 
Furthermore, during data transmission, a self-interference 

cancelation process was carried out at the two groups of 
the destinations. By using the optimal relay amplifying 
vector (or matrix) derived, the MMSE cost function 
behavior was analytically and numerically investigated. 
Additionally, as proven by the good agreement between 
the theoretical results and the simulation results, the gain 
of diversity order can happen as either N or SNR 
increases for a given M, while the loss of diversity order 
can occur as M increases for a given N. Furthermore, the 
MMSE cost function values are always less than 2M, 
regardless of N and input SNR. Finally, it was seen that, 
during data transmission, the power is constrained even 
though the optimal relay amplifying matrix derived with 
the no-power constraint is applied. 
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