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Abstract — The problems of infinitely long data streams and concept drift as well as the possible emergence of “novel classes” are 
topics of high relevance in the field of recognitions systems based on data streaming. To take into account concept drift and novel, 
unknown classes, the classifier should be updated continuously with new data and also the time of processing should be maintained 
small. We propose an incremental Parzen window kernel density estimator (IncPKDE) which addresses the problems of data 
streaming using a model that is insensitive to the training data set size and has the ability of novelty detection within multi-class 
systems. The results show that the IncPKDE approach has superior properties especially regarding processing time and that it 
robust to the wrongly-labelled samples when used in a semi-supervised learning scenario. 
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I.  INTRODUCTION 

A. Motivation 

The major problems of data streaming are the “infinite 
length” and the “concept-drift”. They were addressed by 
most existing online algorithms [1]. Due to the infinite 
length, the size of the data collected from the stream will 
increase, and then infinite hardware resources and training 
time will be required for training the system with these data. 
The concept-drift, in contrast, requires the system to be 
retrained with the data continuously to overcome the effects 
of concept-drift, e.g. statistical properties of the classes or the 
appearance of novel classes. It will be very complicated to 
retrain the system continuously if the data originate from 
streams of infinite length. In addition, the emersion of new 
classes within time or vanishing of some of existing classes 
are significant problems. The most recent studies offer 
solutions to this problem by either a single model [2] or by 
ensemble-classifiers [1].  

In this work we intend to resolve all these problems 
(infinite length, concept-drift, novel classes and multiclass 
system) in one algorithm. In order to apply it to online 
classification, these problems need to be solved while 
maintaining a sufficient speed of classification. The 
combined infinite length and concept-drift problem may be 
solved by incremental learning. The incremental learning 
allows a continuous retraining of the system without the need 
for the old data when updating the system. This incremental 
learning algorithm, however, should have the ability of 
novelty detection, and it should also be able to work in a 
multi-class system. The Parzen window kernel density 
estimator (PKDE) is one of the early non-parametric models 
that is known for the novelty detection approaches (e.g. [3], 
[4], [2]). An isotropic kernel (mostly Gaussian) is centred at 
each sample in the training set. The kernels share the same 
variance, i.e. the Parzen window width, which is calculated 

in the training phase. In [2] PKDE is used as a novelty 
detector but it is a one class classifier which is not 
incremental. In contrast, PKDE is used in [5] in a way 
similar to an incremental classifier but novelty detection is 
not considered. In [6] the “support vector data description” 
(SVDD) is proposed as a novelty detection classifier. 
Originally, the SVDD is a one-class classifier, but it can also 
be used within a multi-class system [7]. The SVDD is 
extended in [8] to be suitable for online training by applying 
the same technique as used for incremental SVM [9]. It uses 
a fraction of the training data for solving the optimization 
problem. The online SVDD, however, faces some limitations 
for an increasing number of training samples. In [10] an 
approach is presented to further reduce the training data used 
in the quadratic programming problem of the update. It 
reduces the problem occurring for large training sets but still 
needs to solve the optimisation problem at each update.  

B. Contribution 

This paper is an extended version of our previous work 
about incremental PKDE (IncPKDE) [11]. This approach 
targets all problems of data streaming using a rather simple 
model that is insensitive to the training set size. Our 
approach differs from [12] in that it eliminates the 
computationally complex part of the algorithm that tries to 
find the least significant samples comprised by the old 
training data set every time an update of the classifier is 
performed. The IncPKDE method replaces the kernels 
located at the position of all training data with a specified 
number of centroids. These centroids are efficiently updated 
to handle concept-drift and novelty detection while the 
constant number of centroids is maintained and thus the 
problem of growing datasets does not occur. The presented 
approach differs from the existing approaches as follows: 
First, it has the ability to update itself incrementally, i.e. the 
old training data are not required, which means that it needs 
less hardware resources and less time. Hence, it will work 
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with data streaming and still efficiently with novelty 
detection. Secondly, it is a multi-class classifier, which has 
the ability to label many classes as well as the ability of 
indicating the outliers or novel classes. Finally, it responses 
to the concept-drift and is robust to the incorrectly labelled 
samples, since the effect of each sample is divided by the 
number of the samples which are members of the same 
cluster. The latter is important in semi-supervised learning 
where the correctness of a label is generally not guaranteed. 

C. Outline 

A review of the related work is provided in Section II. 
The reference methods PKDE and SVDD, which are used 
for comparison, are described in Section III. The method 
proposed in this work is described in Section IV. 
Experimental set-up and results are described in Sections V 
and VI, respectively. Finally, Section VII provides a 
summary and conclusion of the paper. 

II. RELATED WORKS  

The related work that deals with data streaming or 
novelty detection techniques is reviewed in this section. Both 
of them have been interesting fields for many researchers. 
The data streaming approaches are diverse and range from 
single model classifiers to ensemble classifiers. A single 
model classifier is one classifier that updates itself (or its 
knowledge) consequently to track and respond to the 
concept-drift effect. In [13] an incremental SVM classifier is 
proposed which updates its parameters. The kernel density is 
modelled in [14] as Gaussian mixture model of maximum 
complexity in order to achieve a constant complexity of the 
model. High order models are built in [15] from the 
historical stream for each concept that is constantly changed. 
A second type of approaches uses more than one classifier 
that are treated as an ensemble to simplify the updating 
technique and make it more effective. A multi-class classifier 
with the ability of detecting novel classes is proposed in [1], 
while in [16] ensemble classifiers are suggested to solve the 
concept drift in the unbalanced data system, and weighted 
classifiers are used in [17] to analyse data streams exhibiting 
a concept drift. An ensemble of classifiers may be designed 
to naturally handle the concept-drift while single classifiers 
require a modification of the internal structure. In addition, 
their accuracy is better than the accuracy of single model 
classifiers [18]. Both of these properties (simple updating 
and high accuracy) are achieved by our technique which is 
belonging to the class of single model classifiers.  

The second field that is related to our approach is the 
novelty detection. According to [4], novelty detection 
algorithms can be classified into five main categories: (a)  

 
 distance-based techniques,  
 reconstruction-based techniques,  
 information-theoretic techniques,  
 probabilistic techniques,  
 and domain-based techniques.  

 

The works [19], [20], [21] are examples of distance-based 
approaches, reconstruction-based approaches, and 
information-theoretic approaches, respectively. There are 
two main techniques for the probabilistic approaches: 
parametric and non-parametric. The parametric techniques 
assume a specific probability distribution of the samples and 
measure its parameters based on the initial training data. A 
sample is considered as being part of a novel class or being 
an “outlier” if it does not match well with this trained 
distribution. Different techniques are used in these 
approaches such as: mixture models approaches (e.g. [22], 
[23]), extreme value theory (e.g. [24], [25], [26], [27], [28]) 
and state space models (e.g. [29], [30], [31]). The 
nonparametric techniques use the old data themselves, e.g. 
kernel density estimates, to predict the distribution. Hence, 
they are not restricted to a specific distribution that is 
represented by some parameters. There are two main 
techniques for the non-parametric approach: kernel density 
estimator (e.g. [32], [33], [34]) and negative selection (e.g. 
[35]). A common kernel density estimator is the Parzen 
window kernel density estimator (PKDE), which was 
originally introduced by [3]. We used the PKDE 
implemented in [2] to compare it with the proposed 
IncPKDE which also depends on Parzen windows. The 
problem of most non-parametric techniques is that all of the 
old data are required to model the distribution. Hence, they 
are difficult to use with data streaming, i.e. a continuously 
increasing dataset. A method to overcome the computational 
complexity of Parzen windows in case of large amounts of 
data is proposed in [36] by retaining only a d × d matrix, 
where d is the data dimensionality, and two vectors of 
dimension d, but this approach is not incremental. Our 
method is non-parametric and just needs limited information 
characterizing the old data and not the data themselves. The 
second important approach used for comparison with 
IncPKDE is the support vector data description (SVDD) 
proposed in [6]. SVDD is a novelty detection algorithm that 
belongs to the domain-based category and it can learn 
incrementally. More details on novelty detection can be 
found in [4]. 

III. REFERENCE METHODS 

A. Parzen Window Kernel Density Estimators (PKDE) 

Estimating the sample probability density function is 
very important for most classification approaches. The kernel 
density estimator (KDE) described in [30] belongs to the 
non-parametric methods. It is used to deduce the probability 
density function by locating kernels (mostly Gaussian) all 
over the data. Probably the most familiar method of such 
estimators is the Parzen window kernel density estimator as 
described in [3], [5], [34], [37], where the density function at 
any point in the data set is the linear combination of the 
neighbour kernels. As outlined in [5], [37], if we have Nc 
training samples belonging to class cj drawn independently 
from a class-conditional probability, p(xj|cj) which needs to 
be estimated then amounts to 
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where h is the Parzen window size and xi is the i-th 
training sample. The normalisation constant includes the 
width of the Parzen window and the dimension d of the 
feature vector.  

We use the PKDE implementation of [2] who used 
PKDE as a one class classifier. The width of the Parzen 
window is set as the mean of the mean Euclidean distance 
over k neighbours of each sample in the training data, with k 
= N jc =10 as the fraction of the training set size N jc . PKDE 

is a prevalent method of nonparametric density estimation. 
The data size, however, grows with time in an online system, 
and, since PDKE needs all old data in its calculations, it is 
not suitable for data streaming. According to the Bayesian 
data analysis, the posterior probability p(cj|xj) that a sample 
with feature vector x belongs to class cj amounts to 
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where p(x|cj) is the class-conditional probability, which is 
also termed likelihood, and p(cj) the a-priori probability of 
the occurrence of class cj . A multiclass classifier detects the 
class with the maximum posterior probability [38]. If the 
maximum posterior falls below a threshold, then the sample 
may be rejected or considered as a novelty [39]. If the classes 
are equally distributed over all samples, i.e. identical p(cj) for 
all classes cj , the problem reduces to the computation of the 
maximum likelihood.  

B. Support Vector Data Description (SVDD) 

Support vector data description (SVDD) is a powerful 
kernel-based algorithm developed in [6]. It is a one-class 
classifier that computes a high-dimensional sphere of 
minimal volume that encloses as much as possible of the data 
of a specific class as a novelty boundary to that class. An 
incremental approach of SVDD is proposed in [8] that use a 
part of the training data by adding a new sample and deleting 
the samples that have no effect on the performance of the 
classifier. Although it has a good performance and was used 
in several applications, such as novelty detection [2], it has 
many limitations for large amounts of training data and high-
dimensional data due to the optimization [40]. Many 
extension of SVDD are proposed in different applications, 
e.g. [40], [10], [41], [42], [43]. In this paper, we used SVDD 
from the PRToolbox1 presented in [7] as both multi-class 
novelty detection and an online classifier for comparing its 
performance to that of the IncPKDE method proposed in this 
work. To obtain its maximum performance, we used it 
without removing any of the old data. In the toolbox [7], the 
sample is considered as novel when it does not fit into any 
class due to a specific threshold, which is determined by the 
SVDD. If the posterior exceeds the threshold the sample will 
assigned to the corresponding class. If there are many classes 

                                                           
1 PRTool is available at http://prtools.org/software/ 

that have a posterior exceeding their thresholds, the sample is 
considered to belong to the class with the highest posterior 
probability.  

IV. INCREMENTAL PARZEN WINDOW KERNEL DENSITY 

ESTIMATORS (INCPKDE) 

 In this paper a new method is presented to overcome the 
growing dataset problem in the original PKDE and to obtain 
an incremental Parzen window kernel density estimator 
(IncPKDE). Following [38], we update the PKDE of [2] to 
work with multi-class systems by considering the sample to 
belong to the class of maximum likelihood, assuming a 
constant prior probability of all classes. The sample is 
considered as novel if each class specific likelihood falls 
below a class-specific threshold. Instead of accumulating all 
data of the stream in the estimator, we pre-cluster the initial 
training data to M centroids for each class [44], where M is 
chosen by the user, and update the centroids whenever new 
data arrive. Consequently, the data of the classifier are M × C 
centroids at maximum, with C as the number of classes. We 
selected M = 20. The clustering of the initial data set to M 
clusters is achieved by applying the k-means algorithm [45], 
[46] for each class, respectively. If the amount of data 
belonging to a class is less than M samples then we keep all 
the data of that class and place Parzen windows of width h at 
each sample. Additionally, we save the number of samples 
that are replaced by each centroid, respectively. The width h 
is set to the mean distance of the three nearest neighbours 
from every centroid constructed for the new training set. 
First of all, when a new unlabelled sample is available, the 
system tries to get a label for it and then updates the training 
set (centroids) with these new data. To assign the label to the 
new sample we compute the likelihood with respect to each 
class and compare it to a class-specific threshold. The sample 
will be considered to belong to the class if its likelihood 
exceeds the threshold. If the sample may belong to multiple 
classes then we choose the class that has the maximum 
likelihood. If, in contrast, it does not belong to any class then 
it will be considered as novel. The class-specific threshold 
for the novelty detection is calculated by saving a part of the 
training data that is disjoint to the set used to train the 
centroids. After the unlabelled sample has been successfully 
assigned to a class during the first algorithm phase, the 
(initial) centroids of the corresponding classes are updated, 
respectively. Depending on the number Ntrain of centroids in 
the (initial) training set and the number Nadd of newly added 
samples, one of the following techniques is applied: 

  
1. Ntrain + Nadd ≤ M: Since the joint set of the centroids 

and the new samples still does not contain M centroids, each 
new sample will become a centroid.  

 
2. (Ntrain < M) & (Ntrain + Nadd > M): The amount of 

centroids would exceed M if all samples became centroids. 
Therefore, the k-means algorithm is applied to the joint set of 
the centroids and the new samples to reduce the amount of 
centroids to M. Notably, each centroid was formed using a 
single sample if Ntrain < M and thus the cluster algorithm is 
applied to the full dataset.  
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3. Ntrain ≥ M: This will be the standard case if the 
training dataset contains M or more samples. In general, 
samples have been discarded and replaced by their centroid 
if the algorithm reaches this point. A re-clustering using k-
means is thus neither feasible nor correct, since the position 
of the centroid carries no information on the amount of 
samples that were used to compute the position. 
Consequently, we update the centroids in a manner similar to 
the algorithm proposed by [47], i.e. we update the centroid 
that is closest to the new sample. The following procedure 
maintains a high speed while it updates the position of the 
centroids and thus responds to the concept drift.  

 
To update the centroids, we first assign the new samples 

to the closest centroid. Let Nold and Nnew be the amount of 
samples replaced by one centroid before the update and the 
amount of newly assigned samples, respectively. The new 
position of the centroid xcentroid will be the point of gravity of 
all samples replaced by the centroid. The new position thus 
updated by  

)/()(
1

NNXXNX newold

N

i
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(3)

 
where Xi is the i-th new sample. To keep this update 
procedure consistent with the growing dataset, we adjust the 
amount of samples replaced by the centroid: 

NNN newoldold   (4)
 

Using this technique, the size of the training data will 
never exceed M centroids in each class, which results in a 
constant query time of the classifier and enables online 
classifications. In addition, the consecutive updates of the 
centroids respond to the concept-drift, and the classwise 
thresholds may be used for novelty detection. Finally, the 
centroids, which are determined by more than one sample, 
reduces the influence of a falsely assigned sample and the 
IncPKDE is thus is suitable for semi-supervised learning. 

V. DATABASE EXPERIMENTAL SET-UP 

To measure the performance of the IncPKDE and the two 
reference methods PKDE and SVDD, we apply our 
experiments to two different datasets. The datasets are 
detailed in Section V-A and the experiments are described in 
Section V-B.  

A. Data Acquisition and Feature Extraction  

The first dataset is an artificial normally distributed data 
set containing a large number of samples. This artificial 
dataset is presented in Section V-A1. Additionally, we apply 
the methods to the real-world classification problem of 
recognizing emblematic hand/arm gestures. The data 
acquisition and feature extraction are detailed in Section V-
A2.  

1)  Artificial Data Set:  
To evaluate the methods on large datasets, we randomly 

draw samples from a multivariate normal distribution using 
the methods of the PRToolbox [7]. The resulting dataset is 
comprised of a total of 9000 6-dimensional samples from 

three classes. The three centroids are positioned at [1,-1,-2,-
1,-1,2]T , [0, 0, 0, 0,0, 0]T and [2,1,-1,-2,1,1]T , respectively. 
The covariance matrices of the three classes are diagonal 
matrices. The main diagonal of each covariance matrix, 
respectively, is initialised to 1/2.5 times the minimum 
absolute difference between the corresponding class centroid 
and the other centroids. The absolute difference is computed 
for each coordinate, respectively, and increased until the 
random sampling produces an overlap of the three classes. 
The overlap is measured by the Mahalanobis distance. At 
each centroid, respectively, a hypersphere is constructed 
using a radius of the maximum Mahalanobis distance of the 
class members, respectively. The covariance matrices are 
then modified until the hypersphere of each class, 
respectively, contains as many samples from other classes as 
class members. All covariance matrices are divided by a 
factor of 1.1 if the overlap was too large, i.e. more samples 
of other classes than class members reside within the 
maximum Mahalanobis distance of the class. If the overlap 
was too small, in contrast, a factor of 1.1 is multiplied to all 
covariance matrices to increase the spread of the samples.  

2) Gesture Data Set:  
A well-known database of gestures acquired with the 

Kinect sensor is described in [48]. These gestures, however, 
are mainly performed simultaneously with both hands. The 
database by [49] comprises emblematic gestures performed 
with a single hand and the forearm. The 3D trajectories of 
these gestures, however, were computed from stereo images 
of two asynchronous cameras. In order to be able to develop 
a classification system that copes with 3D trajectories but 
avoids the additional complexity of two arm gestures, we 
have acquired a data set which comprises 3D trajectories 
performed with a single hand2. The data set was previously 
published in [50]. For completeness, this section describes 
the data acquisition and the extraction of features from the 
3D hand trajectories. A screenshot of the gesture acquiring 
program is shown in Fig. 1. 

 

 
Fig. 1. Screenshot of the gesture acquisition program 

 
Data Acquisition: The gesture dataset consists of 3D 

hand trajectories that were performed by ten persons and 
recorded using the Kinect sensor. The dataset contains 2878 
gestures in total that are subdivided into nine classes, i.e. 
different movement patterns. Each person performed 
between 0 and 38 gestures of each class with the left and the 
right hand, respectively. The distribution of the recorded 
gestures is shown in Table I. 

                                                           
2 The complete data set is available at http://www.bv.e-
technik.tudortmund.de 
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The classes of emblematic gestures were adopted from 
[49] and [53]. They consist of the nine classes “circle”, 
“point”, “stop”, “come here”, “go away”, “up”, “down”, 
“wave”, and “wave vertically”.  

 

 
 

Fig. 2 Flowchart of the gesture recording algorithm using the spotting 
algorithm [51], [52]. The symbols are described in Table II. At the 

beginning, no hand is visible and the algorithm thus starts in the state “no 
hand”. 

These gestures appear natural to humans and may be used to 
command (mobile) robots or other intelligent systems that 
require user interaction. For an accurate segmentation of the 
gestures, the idea of the spotting algorithm described in [51], 
[52] was used. This algorithm removes random movements 
occurring before and after the actual gesture. Our system 
starts acquiring the gesture hand of the user appears in front 
of the Kinect sensor and has been idle for several seconds. 
The acquisition is terminated with the beginning of a second 
idle state of a certain duration. The flowchart Fig. 2 explains 
this process and Table II summarises the symbols of the 
flowchart. 
Features used for classification: Each gesture is represented 
by the sampled 3D trajectory of the moving wrist, from 
which eight features are derived for each sample.   At first, 
the 3D coordinate of each sampled wrist position is 
recalculated with respect the point between the shoulders, i.e. 
the 3D coordinate of the point between the shoulders is 
subtracted from each wrist coordinate, to eliminate the effect 
of the difference in the persons’ heights and their location at 
which they performed the gestures.  
 
 
  

 
TABLE I. GESTRE DATASET: NUMBER OF RECORDED GESTERS PER PERSON. L; LEFT HANDED EXECUTION, R: RIGHT HANDED 

EXECUTION. 

 
 

    Since each class of gestures is typically performed at a 
different position in space relative to the body of the person, 
the first three features are the average 3D wrist positions of 
the whole gesture. A further spatial normalization is obtained 
by subtraction of the mean value from all trajectory points 
and division of the result by the maximum distance, i.e. the 
Euclidean norm between the mean and these points. The 
second set of three features is the spatial extensions of the 
gesture in x, y and z direction, respectively. The seventh 
feature which is calculated from the direction of movement:  

1. The principal components of the 3D trajectory are 
computed and analysed. Let λ1 and λ2 be the largest and the 
second largest eigenvalues of the covariance matrix of the 
3D coordinates, respectively. If λ2 > 0.6λ1 the gesture is 
considered a two-axis gesture, otherwise the gesture is 
considered a one-axis gesture. In the former case the first 
two principal components are kept and in the latter case only 
the first principal component is kept for the remaining 
analysis.  
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2. The 3D coordinates are projected into the subspace 
spanned by these principal components, and the sign inferred 
from the projection is computed. 

3. Based on the fraction of positive and negative values, 
the following values are assigned to each principal 
component, respectively. A value of 1 or 2 is assigned if 
more than 80% of the coordinates are positive or negative, 

respectively. Otherwise, the gesture has no predominant 
direction and is assigned a value of 3. Furthermore, a value 
of 0 is assigned to principal components that were not 
selected in the first step.  

4. The three direction values are then interpreted as a 
base 4 digit and the corresponding decimal representation is 
computed to combine all directions in one value.  

TABLE II. EXPLANATION OF THE SYMBOLS USED IN FIG. 2 
Symbol Explanation Action 

NH No hand is visible The algorithm lost the hand, aborts and moves back to the initial state “no hand”. 
H A hand has been detected Move to the state “hand” and wait until the hand does not move. 

DM The detected hand does not move It is used for spotting at the beginning and the end of the gesture. If the current state is “hand”, the 
algorithm goes to the state “ready” if the hand does not move for a specified period, otherwise the 
algorithm is still waits. If the current state is “record”, the recording stops if the hand does not move 
for a specified period, i.e. the algorithm activates the state “save” otherwise the algorithm is still 
recording. 

DM-TH The threshold duration of the 
spotting 

If a gesture has been recorded, i.e. the current state is “save”, the algorithm terminates by moving 
back to the initial state “no hand” and thus prepares for the next gesture. If the hand has been 
localised for a new gesture, the algorithm moves to the state “ready” and will record a new gesture 
starting from the next movement of the hand. 

MH The detected hand is moving If a gesture is being recorded, i.e. the current state is one of the states “ready”, “record” or “save”, the 
algorithm records the movement. Otherwise it waits for the hand to stand still before recording a new 
gesture. 

 
Finally, the last feature represents the length of the 

gesture’s motion trajectory. This feature set has been chosen 
after many experiments with other, more extensive feature 
sets including position, speed, direction, orientation, 
curvature, chain code etc., e.g. [54], [51]. The compact 
representation of only eight features results in a high 
computational efficiency and thus helps in the context of 
online learning. 

B. Experiments Set-up 

Comparing both the run time and the classification 
accuracy of different classifiers at the same time may yield 
misleading results. Due to the novelty detection accuracy the 
different classifiers may detect novel classes at different 
timestamps or not at all. Additionally, the semi-supervised 
learning scenario that is inherent to the novelty detection 
may result in different training sets for each classifier. The 
classification problem solved by each classifier may thus 
change after each bucket of samples from the data stream has 
been analysed. The corresponding changes in the classifier 
architecture have a severe influence on the runtime. 
Consequently, it is not feasible to analyse the runtime and 
the novelty detection accuracy of different classifiers in one 
complete experiment and we set up two distinct experiments. 
The former targets the runtime of the classifier while the 
latter targets the capabilities of novelty detection. In both 
cases, the total dataset is randomly divided into three disjoint 
data sets: a training set, a learning set and a test set. The 
learning set emulates the data stream and is presented to the 
classifier in buckets, i.e. subsequent chunks of data. The 
training accuracy is always evaluated based on the test set. 
We conduct experiments for training set sizes of 5% and 
20% of the total data, respectively. The test set is comprised 
of 20% of the total data in all cases and the learning set is 

comprised of the remaining samples. Table III summarises 
the eight different scenarios.  

This process is implemented on each of the data sets and 
each experiment is concluded for two different initial 
training sizes, which are 5% and 20% of the total data. 
Hence we will have eight experiments, four of them to 
compare the runtime for each dataset and each initial training 
set. The other four experiments are to evaluate the ability of 
the novelty detection, and classification accuracy. Since the 
outcome depends on the random division in sets, we repeat 
each experiment 100 times, where the samples are randomly 
permuted, respectively, while enforcing identical random 
permutations for the three classifiers, respectively, during 
each of the 100 runs.  

1) Comparing the Runtime:  
These experiments examine the time required by the 

algorithm for updating the classifier and classifying all data. 
At the beginning, training of all classifiers is performed on 
the initial training set. Afterwards the classifiers are 
evaluated on the test set and on the current bucket of the 
learning set. The accuracy for the predictions is tracked and 
the data in the bucket are included into the training set. Since 
the goal of this experiment is to examine the runtime, we 
need to avoid the divergence of the classifier training sets 
when using the deduced labels.  

 
TABLE III. DETAILS OF EXPERIMENTS SET UP. 

Classifier 
Initial 

Training 
set 

Gesture 
Dataset 

Gaussian 
Dataset 

PKDE 
5% Time 

Novelty 
Detection 

Time 
Novelty 
Detection 

SVDD 
IncPKDE 
PKDE 

20% Time 
Novelty 
Detection 

Time 
Novelty 
Detection 

SVDD 
IncPKDE 
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Hence, we enforced all algorithms to increment 
themselves with the correct labels for the samples in the 
buckets of the learning set, i.e. we present the learning set to 
the classifiers and manually correct false classifications by 
enforcing correct labels. The training set of all classifiers will 
thus be identical at all instants of the algorithm. Based on the 
initial classifiers and the modified training set, we update all 
classifiers and repeat the evaluation with the next bucket of 
samples. Since the PKDE algorithm is not incremental, we 
retrain the algorithm on the modified training set while we 
use the incremental capabilities of IncPKDE and SVDD to 
update the classifiers. In addition to the accuracy, we track 
the time required for the update. The procedure is repeated 
until all buckets have been presented to the classifiers. 

The 2878 samples of the nine classes are divided into 
three sets. The training set contains all nine classes and each 
class is divided separately, i.e. the training set contains 5% or 
20% of the samples of all classes, respectively. The learning 
set is split into buckets of 100 samples.  

Similarly, we divide the 9000 samples of the artificial 
dataset into a training, learning and test set using the same 
ratios. The training set again contains all the classes and the 
division is performed class-wise.  

2) Experiments of The Novelty Detection:  
To evaluate the ability of detecting the outlier samples or 

samples of novel classes, we define a different set of 
experiments. In contrast to the runtime experiments, we 
apply a semi-supervised learning approach.  

The algorithms require additional data to determine the 
thresholds of the novelty detection. Therefore, we introduce 
a fourth dataset: the validation set. A novel class is 
introduced by excluding one class from the initial training set 
and validation set, respectively. All datasets are randomly 
divided and the learning data are presented to the classifiers 
in buckets following the same strategy as in the previous 
experiment. The labels of the added data, however, are the 
outputs of the classifier. In addition to the class label, the 
classifiers may flag a sample that is supposed to belong to a 
novel class. A new sample is included into the training set if 
the posterior probability of the class computed by the 
IncPKDE and PKDE exceeds the corresponding threshold by 
a factor of two, respectively. Since the SVDD is a distance 
based classifier, an sample is included into the SVDD 
training set if the classifier outputs a value below half of the 
threshold value. An sample is flagged as novel if the output 
of no class passes the threshold check. It is thus possible that 
the training sets of the different classifiers may diverge and 
contain different samples and possibly false labels.  

The whole procedure is repeated for 100 random 
subdivisions of the data per class, i.e. each class is omitted 
once from the training set. Again, we ensure the same 
random subdivision for all classifiers during one run. The 
novelty detection experiments are again performed for two 
initial training set sizes, which are 5% and 20% of the total 
number of samples in the data set, respectively. The ratios of 
the test set and the validation set are both 20%. The learning 
set is comprised of the remaining samples. The division is 
executed class-wise. One class, however, is omitted from the 
training set and the learning set, respectively. 

VI. RESULTS AND PERFORMANCE 

The results of the runtime experiments (cf. Section V-B1) 
are summarized in Fig. 3 and Table IV. Fig. 3c and Fig. 3f 
show that, initially, the difference of the processing time 
between the original PKDE and IncPKDE is small and 
increases with increasing training set size. This is expected 
because IncPKDE updates itself retaining a constant amount 
of Parzen windows while the original PKDE depends on all 
data. Let Nb and N be the amount of samples in the bucket 
used for semi-supervised learning and the total amount of 
samples in the dataset, respectively. The ratio of the times 
consumed by IncPKDE to original PKDE at the final step is 
then approximately equal to Nb = N. The SVDD is an 
incremental classifier. However, it still consumes much more 
time than IncPKDE and original PKDE. This behaviour 
might be due to the non-linear optimisation problem that is 
solved during each update. Since the total number of the 
gesture samples in the dataset is small, the difference in time 
among the classifiers is small but still significant as shown in 
Fig. 3f. The behaviour, however, is clearer in the case of a 
large artificial dataset (see Fig. 3c). The error rates of 
IncPKDE and original PKDE, respectively, are very close to 
each other as shown in Fig. 3a and Fig. 3d. The proposed 
IncPKDE thus successfully reduces the update time of the 
classifier while maintaining a similar accuracy. Both the 
original PKDE and IncPKDE are superior to SVDD (Fig. 3b 
and Fig. 3e). The results of experiments that use 5% of the 
total artificial data set and 20% of the total gesture dataset as 
initial training, respectively, are similar and thus not shown 
here. To examine the novelty detection performance of the 
algorithm, we adopt the performance metrics by [1]: Let a 
bucket be comprised of Nb total samples presented to the 
classifier. The number of samples of the novel class is 
denoted by Nn. To evaluate the performance of our classifier, 
according to [1] Mnew is defined as the fraction of novel class 
samples that are incorrectly classified as existing classes, i.e. 
Mnew = Fn/Nn, where Fn denotes the novel class samples that 
are falsely labelled as existing classes. Furthermore, Fnew is 
the fraction of samples belonging to existing classes that are 
mistaken as belonging to a novel class, i.e. Fnew = Fp/(N - 
Nn), where Fp denotes the amount of existing class samples 
that are labelled as novel class samples. Finally, Etotal 
measures the total misclassification rate, i.e. Etotal = 
(Fp+Fn+Fe)/N, where Fe is the number of samples that belong 
to one of the existing classes but are mistaken for the wrong 
existing class. From the definition it follows that Etotal 
includes both, Mnew and Fnew, but does not necessarily 
correspond to Mnew + Fnew [1]. Additionally, we track the 
time Tupdate that was required for each updated. Table V. 
summarizes the results of these error metrics after the last 
update, i.e. all data have been presented to the classifier. Fig. 
4 shows the values Etotal and Tupdate of the three algorithms for 
the novelty detection experiment. In general, the results are 
similar to the runtime based experiment. The training set and 
thus the estimated update time, however, are now influenced 
by the novel classes. Consequently, the training set may 
differ for each classifier after another bucket has been 
presented and a direct comparison of the graphs is not reaso- 
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(a) Error rate of PKDE and IncPKDE (artificial dataset, 20% training set). (d) Error rate of PKDE and IncPKDE (gesture dataset, 5% training set). 

(b) Error rate of SVDD and IncPKDE (artificial dataset, 20% training set). (e) Error rate of SVDD and IncPKDE (gesture dataset, 5% training data).

(c) Time consumed by the classifiers (artificial dataset, 20% training set). (f) Time consumed by the classifiers (gesture dataset, 5% training data). 

Fig. 3. Results of the runtime experiment defined in Section V-B1. The solid line represents the median over 100 runs while the dashed lines represent the 
25% and the 75% quantile, respectively. (a)–(b) Error rates of the reference methods PKDE and SVDD in comparison to IncPKDE on the artificial dataset. 
All classifiers were initially trained on 20% of the total data. (c) Time consumed by the classifiers on the artificial dataset using 20% of the total data for the 
initial training. (d)–(e) Error rates of the reference methods PKDE and SVDD in comparison to IncPKDE on the gesture dataset. All classifiers were initially 

trained on 5% of the total data. (f) Time consumed by the classifiers on the gesture dataset using 5% of the total data for the initial training. 

nable. The results, however, show a general trend of 
IncPKDE resulting in lower update times than PKDE and 
SVDD, respectively, as shown in Fig. 4c and Fig. 4f. 
Furthermore, the Etotal metric of the IncPKDE is superior to 
that of the other classifiers in most cases, as in Fig. 4a, Fig. 
4b, Fig. 4d and Fig. 4e. 

Fig. 5 shows the evolution of the Mnew performance 
metric during the learning phase of the algorithm. In nearly 
all cases, the IncPKDE shows lower median and quantile 
values of missed novel samples than PKDE and SVDD. The 
SVDD performance is exceptionally poor in the case of a 
small training fraction of the gesture dataset (see Fig. 5d).  

The Fnew performance metric is shown in Fig. 6. In the 
case of the artificial dataset, the IncPKDE performs similar 
to the original PKDE (see Fig. 6a) but worse than the SVDD 
(see Fig. 6b). In general, the ratio of Mnew to Fnew may be 
controlled by adjusting the threshold. However, if Fnew is 
decreased Mnew might be increased due to the nature of the 
performance metrics. Here, we use the original threshold 
computation of [7] for the SVDD. In the case of the gesture 
dataset, the IncPKDE outperforms the reference methods 
(Fig. 6c and Fig. 6d).  

We note that the slope of the error curve of the IncPKDE 
with increasing number of samples included into the training 
set is nearly always negative. This is due to the reduction of 

the effect of the outliers or falsely classified samples used to 
update the classifiers in the semi-supervised learning in each 
subsequent process by the factor 1/Nc, where Nc is the class 
specific number of samples. 

 
TABLE IV. SUMMARY OF THE NOVELTY DETECTION 

PERFORMANCE METRICS AFTER THE LAST UPDATE, I.E. AFTER 
ADDING ALL LEARNING DATA TO THE TRAINING SET. 

 
Data Base Error IncPKDE PKDE SVDD 

Inc-Gaus-0.2 Mnew  [%] 8,00 7,91 27,90 
Fnew  [%] 5,74 5,77 0,92 
Etotal [%] 7,25 7,23 11,10 
Tupdate [s] 00,6 3,16 7,93 

Inc-Gaus-0.05 Mnew  [%] 8,34 8,10 16,80 
Fnew  [%] 5,95 5,92 3,35 
Etotal [%] 7,51 7,41 9,06 
Tupdate [s] 0,06 3,04 8,15 

Inc-Gtr-0.2 Mnew  [%] 1,78 2,36 45,15 
Fnew  [%] 0,60 0,56 1,61 
Etotal [%] 0,68 0,69 7,10 
Tupdate [s] 0,16 0,67 10,16 

Inc-Gtr-0.05 Mnew  [%] 5,87 8,51 60,92 
Fnew  [%] 0,75 1,67 2,78 
Etotal [%] 1,24 2,56 17,63 
Tupdate [s] 0,17 0,65 10,16 
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(a) Total error rate of PKDE and IncPKDE (artificial dataset, 20% training 
data). 

(d) Total error rate of PKDE and IncPKDE (gesture dataset, 5% training 
data). 

(b) Total error rate of SVDD and IncPKDE (artificial dataset, 20% training 
data).

(e) Total error rate of SVDD and IncPKDE (gesture dataset, 5% training 
data). 

(c) Time consumed by the classifiers (artificial dataset, 20% training data). (f) Time consumed by the classifiers (gesture dataset, 5% training data).

Fig. 4. Results of the novelty detection experiment defined in Section V-B2. The solid line represents the median over 100 runs while the dashed lines 
represent the 25% and the 75% quantile, respectively. (a)–(b) Error rates of the reference methods PKDE and SVDD in comparison to IncPKDE on the 
artificial dataset. All classifiers were initially trained on 20% of the total data. (c) Time consumed by the classifiers on the artificial dataset using 20% of 
the total data for the initial training. (d)–(e) Error rates of the reference methods PKDE and SVDD in comparison to IncPKDE on the gesture dataset. All 

classifiers were initially trained on 5% of the total data. (f) Time consumed by the classifiers on the gesture dataset using 5% of the total data for the 
initial training. 

(a) PKDE and IncPKDE (artificial dataset, 20% training set). (c) PKDE and IncPKDE (gesture dataset, 5% training set).

(b) SVDD and IncPKDE (artificial dataset, 20% training set). (d) SVDD and IncPKDE (gesture dataset, 5% training set).

Fig. 5. Novel class samples Mnew missed by each algorithm. The solid line represents the median over 100 runs while the dashed lines represent the 25% 
and the 75% quantile, respectively. (a)–(b) All classifiers were initially trained on 20% of the artificial dataset. (c)–(d) All classifiers were initially 

trained on 5% of the gesture dataset. 
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TABLE V. SUMMARY OF THE RESULTS AFTER THE LAST UPDATE, I.E. ALL LEARNING DATA HAVE BEEN INCLUDED INTO THE TRAINING SET. THE ERROR 
RATE THUS EQUALS THE ERROR RATE OBTAINED BY A FULL SUPERVISED LEARNING AND MAY BE INTERPRETED AS THE REFERENCE VALUE FOR ALL 

ITERATIONS SHOWN IN FIG. 3. 

 Inc-Gaus-0.2 Inc-Gaus-0.05 Inc-Gtr-0.2 Inc-Gtr-0.05 
Error [%] Time [s] Error [%] Time [s] Error [%] Time [s] Error [%] Time [s] 

IncPKDE 2,39 0,10 2,33 0,08 0,02 0,19 0,02 0,19 
KDPE 2,35 5,44 2,25 5,46 0,01 0,76 0,01 0,76 
SVDD 2,61 11,71 2,60 11,77 0,35 11,34 0,57 11,44 

 
 

(a) PKDE and IncPKDE (artificial dataset, 20% training set). (c) PKDE and IncPKDE (gesture dataset, 5% training set).

(b) SVDD and IncPKDE (artificial dataset, 20% training set). (d) SVDD and IncPKDE (gesture dataset, 5% training set).

Fig. 6. Samples falsely identified as novel Fnew by each algorithm. The solid line represents the median over 100 runs while the dashed lines represent the 
25% and the 75% quantile, respectively. (a)–(b) All classifiers were initially trained on 20% of the artificial dataset. (c)–(d) All classifiers were initially 

trained on 5% of the gesture dataset. 

 

VII. SUMMARY AND CONCLUSION  

In this paper, the IncPKDE classification method for dealing 
with an infinite data stream and the evolution of new classes 
has been suggested. These problems of concept drift and 
multi-class systems are rarely combined in one algorithm. 
We have shown that the result of the IncPKDE is better than 
both the original PKDE and SVDD. PKDE failed in 
streaming learning and it needed more time to update the 
algorithm knowledge. In addition, IncPKDE has been robust 
to outliers in semi-supervised learning. On the other hand, 
SVDD needed to enclose the data of each class with a 
boundary. Finding a high precision boundary in non-linear 
system is difficult. Hence, the results of the SVDD are less 
accurate than IncPKDE. Furthermore, SVDD needed more 
computation time for updating.  
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