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Abstract— Transformations are a common technique used to linearize data so that simple linear regression can be applied. A 
common transformation used is the logarithmic transformation. This transforms data that follows an exponential pattern so that a 
straight line can be fit to it. In this study human chorionic gonadotropin (hCG) levels in women with gestational trophoblastic 
disease (GTD), which are known to decrease exponentially, are transformed using a logarithmic transformation and the line of best 
fit is found. A new method is then described including vertical shift in the model. The two methods are tested on data provided by 
the National Center for GTD in Cork University Maternity Hospital. It was found that the new method described here was more 
accurate at predicting future hCG measurements. 
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I. INTRODUCTION  
 
Data transformations are often used to linearize data 

increasing line fitting efficacy. Some transformations that are 
used to achieve linear data are the square root 
transformation, the logarithmic transformation, and the 
inverse transform. The most commonly used linear 
transformations are the square root transformation and the 
inverse transformation. 

Relationships of the form y(t) = atb are commonly seen 
in biology [1], being observed in many areas including the 
species-area relationship in biogeography, and the scaling 
between body parts in morphology [1]. Relationships of this 
form can easily be transformed using a logarithmic 
transformation which allows the data to be fit to a model 
using linear regression, which is a lot simpler than fitting a 
non-linear function to the data.  

Another function that can be easily transformed into a 
linear function using a logarithmic transformation is the 
function y(t) = aebt. A lot of data is modelled by this 
equation including the decay in time of a pendulum 
swinging in the air [2] and the growth in time of an initially 
small bacterial colony [3]. A function of this form will be 
used in this study. 

Gestational Trophoblastic Disease (GTD) is a term used 
to describe a number of conditions which affect women, all 
of which result from human trophoblastic tissue, including 
complete and partial hydatidiform moles and 
choriocarcinoma [4]. Patients are usually diagnosed in the 
first trimester or early in the second trimester of pregnancy, 
usually presenting with vaginal bleeding [5]. In patients who 
would like to preserve fertility the mole is usually evacuated 
by suction curettage [5]. Women with GTD have very high 
levels of hCG in their blood. This hormone, hCG, is usually 
associated with pregnancy and is not generally present in 

women who are not pregnant. Thus, it is a very effective 
measure for tracking the recovery of patients with GTD.  

The human chorionic gonadotropin (hCG) values usually 
decrease exponentially after the mole has been removed [6]. 

In most cases the hCG levels will return to normal with 
no further treatment, however, studies have shown that in 
the U.K. 15% of patients with a complete hydatidiform 
moles will require chemotherapy due to a malignant change 
[5]. 

Data of hCG levels of women affected with this disease 
have been provided by the National Centre for GTD at Cork 
University Maternity Hospital. 

In previous studies such as [7], [8] it has been shown 
that the hCG levels follow a curve in the form hCG(t) = A 
eαt+ B, where A, α, and B are positive constants. This agrees 
with the hCG levels dropping exponentially and for this 
reason a logarithmic transformation will be applied to the 
data in order to allow a straight line to be fit the data. In this 
paper, firstly the constant B will be dropped and this method 
will be tested by fitting a line to some data and then using 
this line to predict future hCG measurements. Another 
method, which will include the vertical shift term (B) in the 
model will then be outlined and implemented. The two 
methods will be compared. 

Being able to predict future hCG measurements for 
patients with GTD would be helpful for clinicians as it 
could give them a better idea of who which women will 
require treatment after evacuation of the mole. One study 
[9] which was conducted on patients in The Netherlands 
used hCG concentration ratios to predict which patients will 
require chemotherapy. 
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II. THE PROBLEM 
 
The aim of this paper is to accurately predict hCG 

measurements in women with GTD as follows: 
Given some data which is roughly of the 

form 
 

 
 

and taking a subset of the data with 
. Find the parameters A, B and  

which best fit the curve 1 to the data  and use these 
parameters to estimate values of  given the value for 

.  
In this case, the ’s represent time at which hCG 

measurements are taken and ’s represent the hCG 
measurement values.  

As it is difficult to fit the model 1 to the data, initially a 
simplified form of this model will be used. 

 

 
 
This model is very commonly used in many areas 

including biology and medicine as it is so easy to transform 
it into a straight line. Using the natural logarithm 
transformation,  simple linear 
regression can then be applied to the data. Simple linear 
regression can be implemented on a variety of software very 
easily. 
 
 

III. THE LOGARTHMIC TRANSFORMATION METHOD 
 
In this section the logarithmic transform is used. Taking 

a number of data points, say 4 to start with, and calculating 
the best values for A and  some predictions can be made 
for later data points. 

Firstly, the hCG measurements were transformed using a 
log transformation. The coefficient of correlation for the 
transformed data was then calculated. Correlation ranges 
from -1 to 1, with a value of -1 representing a perfect 
negative linear relationship between the two variables and a 
coefficient of correlation of +1 representing a perfect 
positive linear relationship between the two variables. A 
coefficient of correlation of 0 means that there is no linear 
relationship between the two variables [10]. 

Initially, the first four data points were used to calculate 
the best values for A and . These values were used in 
model 2 to make a prediction for the fifth hCG 
measurement. This prediction was compared to the actual 
measurement for the same time point. 

 
TABLE I THE FIIRST FOUR MEASUREMENTS FOR FOUR 

DIFFERENT PATIENTS 

Patient Week 1 Week 2 Week 3 Week 4 
A 257,926 2,734 862 426 
B 439,986 11,597 3,664 1,250 
C 111,581 2,400 469 236 
D 178,598 1,783 248 56 

 

Figure 1. hCG Measurements for a Typical Patient 

This procedure was then repeated using the first five 
points in order to predict the sixth, and so on until there 
were no more data points left to predict. 

A. Testing the Logarithmic Transform Method 

 
From the plot of the data (Fig. 1) it is clear that the hCG 

levels decrease in what seems to be an exponential fashion. 
Taking the natural logarithm of each measurement and 
plotting the resulting values show that a strong negative 
linear relationship is present. The coefficient of correlation 
for each of the cases was computed and all of the values are 
close to -1 which indicates that it is suitable to use simple 
linear regression to fit a line to this data. 

 

Figure 2 Results of Prediction Including and Excluding the First Point for a 
Typical Patient 

In a previous study [6], M.R. Schoeberl noted that there 
was large uncertainty in the first hCG measurement, and for 
this reason, the first point was omitted. This is also the case 
with the data used in this study with the first measurement 
usually much larger than any of the other measurements, 
with a large drop between the first and second measurement. 
This has caused some error in the tests as error for the first 
point is so large that it has a high influence on the 
coefficients. Table I shows the first four hCG measurements 
after evacuation of the mole for four different patients. 
While each of these four patients have quite different 
measurements for each week they all have a large drop 
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between the first and second weeks measurements. For this 
reason the first point was removed and the same test when 
the first point is included performed again. Some of the 
coefficients are closer to -1 and some are closer to -1 when 
the first point is excluded. More of the data sets have a 
coefficient of correlation closer to -1 when the first point is 
removed. This indicates that the linear relationship of the 
data can be improved by removing the first data point. 

 
B. A Typical Patient 

 
The hCG measurements for a typical patient with GTD 

is shown in Fig. 1. The first hCG measurement, which was 
taken just after evacuation of the mole, is not shown in this 
figure. The hCG measurement at this time was 257926, the 
next measure (shown in fig. 1) is 2734, this is a very large 
drop and reinforces the argument for removing the first 
point. The first point will not be included in any of the tests 
for the rest of this study. 

For this patient the first 4 points were used to calculate 
the best values for A, and  in Model 2. The fifth value was 
then estimated using this model. The values for A and 

calculated were 
 

A = 23125.25    = 0.771753 (3)
 

This corresponds to a hCG measurement of 104.21. The 
actual measurement is 146. This is a relative error of 0.28. 

Taking the first 5 points and doing the same procedure 
results in a better prediction, which is expected. The values 
for A and are 

 
A = 17657.60329    = 0.704313496 (4)

 
Using these values to predict the sixth value gives 

63.0806, while the actual value is 70. This is a relative error 
of just 0.099. 

The predictions of the fifth hCG measurements are 
shown in Fig. 2. It is clear from this figure that the 
predictions improve when the first data point is removed. 

 
TABLE II. PREDICTED HCG MEASUREMENTS AND RELATIVE 

ERRORS FOR THE FIFTH DATA POINT USING THE LOG 
TRANSFORM METHOD 

Data set Actual value Predicted Value Relative error
1 146 104.21 0.28
2 154 117.22 0.24
3 88 90.93 0.03
4 8 3.013 0.62
5 33 14.66 0.55
6 107 25.31 0.76
7 182 38.32 0.79
8 38 20.74 0.45
9 110 578.84 4.26

10 12 7.62 0.36

 
 

TABLE III. PREDICTED HCG MEASUREMENTS AND RELATIVE 
ERRORS FOR THE SIXTH DATA POINT USING THE LOG 

TRANSFORM METHOD 

Data Set Actual Value Predicted Value Relative Error 
1 70 63.08 0.10 
2 72 46.09 0.36 
3 34 43.86 0.29 
4 4 1.40 0.64 
5 17 7.74 0.54 
6 75 38.48 0.48 
7 82 15.25 0.81 
8 22 1.42 0.93 
9 48 82.83 0.72 
10 5 1.82 0.63 

 
C. Multiple Patients 

 
The tests described in the last section were carried out on 

multiple patients. Table II shows the actual values, predicted 
values and errors using the first four points to predict the 
fifth. 

Some of the predictions for this method are very 
accurate, with relative errors as low as 0.03. Some of the 
predictions, however, are not as accurate. It is not surprising 
that some of these predictions are not very accurate as only 
4 points were used to do the calculations. As more points 
are used to find the parameters A and , the estimations 
become more accurate. The more accurate predictions are 
also due to the fact that as time goes on, the hCG values 
become smaller very quickly. With the smaller values, the 
errors are also smaller. 

Table III shows the predictions and the relative errors for 
the sixth hCG measurements using the first 5 to calculate 
the best values for the parameters A and . Comparing these 
errors to those for the predictions of the fifth measurements 
shows that some of the predictions for the fifth measurement 
are better and some for the sixth measurement are better. 
Case 9 in table II has a very high relative error and in table 
III this has decreased dramatically. This would be expected 
as there were more data points used to make the predictions 
so a very large error would be less likely. 
 
 

IV. THE COMBINED METHOD 
 
It was reported in [7] and [8] that the model hCG 

follows after evacuation is of the form 
 

 
 

So far, the constant B, in this model has been ignored. 
One way of including this constant is to first fit the data to 
the simpler model 2 and then to calculate the constant B 
which minimizes the error terms to add to this. 

 Proposition 1: Given a set of n data points , 
the model: 
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is fit to this data using a log transformation having the 
best fit parameters for A and α being A1 and α1 
respectively. In order to fit to the model 

 

 
 
to the data the best parameter for B can be calculated 

using the last m data points using the equation  
 

  
 
Proof: Using the least squares method, the function in 

which the error is to be minimized is  
 

 
 
This is done by first finding the derivative with respect 

to B:  
 

 
 
Equating this derivative to zero in order to minimize 

gives:  
 

 
 

 
 
And solving for B gives: 
 

 
 
A. Implementing the Combined Method 

 
Similarly to the previous method, predictions were made 

by first taking four data points and predicting the fifth, then 
taking five data points and predicting the sixth, and so on. 

The parameters A and are calculated using the same 
procedure as in the previous section, taking the natural 
logarithm of the hCG measurements and then performing 
simple linear regression on the transformed data. These are 
then used to calculate the best value for B using m data 
points. A number of different values for m can be tested in 
order to find the value that leads to the smallest errors.  

The algorithm below outlines the procedure used to 
calculate A, B and  using this method.  

 

    input:    
    for I from 0 to n‐1   
    data =   

,  A  =  SimpleLinearRegression(data)    {Using  Simple 
Linear Regression} 
B = findB( ) {Calculate B using equation 8} 
output: A, B,   

 
 

B. Combined Method on a Typical Patient 
 
The same data as was used in section III-B was tested 

using the combined method. The best parameters for A, B 

and were calculated using different values for m. The 
number of points used (m) was varied between 1 and 3. The 
first four points were used to calculate the best values for A, 

B, and  and the fifth hCG measurement was predicted. 
Then the first 5 data points were used to calculate the best 

values of A, B and  and the sixth measurement was 

predicted. The values for A, B and  and the predictions for 
the three values for m are shown below. 

 
1. m = 1 

 

 
 

The actual value for the hCG measurement is 146 and 
the predicted value is 142.75. This corresponds to a relative 
error of 0.022. 

2. m = 2  
  

 
 

The actual value for the hCG measurement is 146 and 
the predicted value is 92.57. This corresponds to a relative 
error of 0.37. 

3. m = 3 
 

 
 

The actual value for the hCG measurement is 146 and 
the predicted value is 31.98. This corresponds to a relative 
error of 0.78. 

It is clear from this example that the best value for m is 
1. This agrees with what was observed for most of the other 
patients too. The prediction for m = 1 is also better than the 
prediction when B was omitted. The predictions for this 
patient are shown in Figure 3. Figure 3 also shows the 
predictions using the log transform method and the actual 
values of the hCG measurements. The errors for both of the 
methods are shown in Figure 4. For most of the predictions 
for this patient the combined method yielded smaller 
relative errors. 
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C. Testing the Combined Method for Multiple Patients 

 
This combined method was tested on each patient. The 

tests were carried out for m ranging between 1 and 3. Table 
IV gives the mean errors for the combined method with m = 
1, m = 2, and m = 3 and also for the ordinary log 
transformation method. The combined method with m = 1 
gives the smallest mean error, even smaller than the 
ordinary log transformation method. Interestingly the 
ordinary log transform method performs better than the 
combined method for m = 2, and m = 3. 

 

Figure 3 Comparing the Combined Method to the Log Transform Method 
for a Typical Patient. 

This combined method was then compared to the first 
method described in this paper. The combined method 
yields smaller errors as the mean error for the log-
transformation method is 7.7186. 

Table V shows the actual and predicted values of the 
fifth data point using the first four points to calculate the 
values of A, B and  using the combined method. It also 
shows the relative errors for these predictions. Some of 
these predictions are very good, with small errors, however, 
some are not. Case 3 in Table V shows a relative error of 
1.24. This is particularly large, but looking at the hCG 
measurements for that patient explains why there is such a 
large error. The 3 measurements before the predicted 
measurement are 469, 236, and 290. The hCG levels 
increased just before the prediction, this explains why the 
error for the predicted measurement is so large. While the 
increase in hCG means that this patients data does not 
necessarily follow an exponential decrease, this patient is 
still included in the group that does not require 
chemotherapy as the increase was just for one measurement. 

Table VI shows the predictions for the sixth hCG 
measurement using the first five to calculate the best values 
for the parameters in the model. In general the relative 
errors for these predictions are smaller than those for the 
predictions of the fifth hCG measurements. There are a 
couple of reasons for this. Firstly there are more data points 
to use in order to calculate the best values for the parameters 
which leads to a better fit. Secondly, as time increases, the 
hCG values become smaller which means the change 
between the measurements also become smaller which in 

turn makes it easier to make more accurate predictions about 
the future measurements. 

This method produces much better predictions than the 
ordinary log transform method for these measurements 
(table III). This shows that the combined method is a useful 
method of fitting a curve of the form 5 to data. 

 
Figure 4 Relative Errors for the Combined Method and Log Transform 

Method for a Typical Patient. 

TABLE IV. MEAN ERROR FOR DIFFERENT VALUES OF M FOR 
THE COMBINED METHOD 

Method m Mean error 
Combined 1 4.28 
Combined 2 11.98 
Combined 3 48.66 

Log transform - 7.71 

 
TABLE V PREDICTED HCG MEASUREMENTS AND RELATIVE 
ERRORS FOR THE FIFTH DATA POINT USING THE COMBINED 

METHOD 

Data Set Actual Value Predicted Value Relative Error 

1 146 142.25 0.02 

2 154 103.39 0.33 

3 88 197.32 1.24 

4 8 5.89 0.26 

5 33 24.57 0.25 

6 107 83.44 0.22 

7 182 207.52 0.14 

8 38 32.28 0.15 

9 110 229.33 1.08 

10 12 0 1 
 

TABLE VI. PREDICTED HCG MEASUREMENTS AND RELATIVE 
ERRORS FOR THE SIXTH DATA POINT USING THE COMBINED 

METHOD 

Data Set Actual Value Predicted Value Relative Error
1 70 81.50 0.16
2 72 62.02 0.14
3 34 42.71 0.26
4 4 3.99 0.00
5 17 16.89 0.01
6 75 73.01 0.03
7 82 99.65 0.22
8 22 10.74 0.51
9 48 0 1
10 5 3.82 0.39
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V. CONCLUSION 
 
In this study a logarithmic transformation was applied to 

the data allowing simple linear regression to be used to find 
the line of best fit. After removing the first point a 
reasonably good fit was obtained. A combined method, 
which includes a vertical shift term, showed better 
prediction results, with a mean error of just 4.28%, 
compared to a mean error of 7.72% using the standard 
logarithmic transform. This method could be very useful for 
clinicians to predict future hCG measurements for their 
patients. This technique could also be used to fit other data 
to the form of equation 5. 
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