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Abstract — For Range Scanning and Multi-view Reconstruction algorithm, usually only the scattered point cloud data with noisy 
surfaces of objects can be acquired. In this paper, the multi-scale decomposition of graph cut calculation process is used to reduce 
the vertex number of a graph layer by layer. The max-flow operation is only conducted for the last level of rough graph, while 
other levels of rough graph are obtained through interpolation. Firstly, we construct an energy function based on the consistency of 
the normal of point cloud and normal of reconstructed surface. Secondly, we: i) map the energy function to vertexes and sides of 
3D weight map, ii) define the consistency between vertexes to determine vertexes of which maps can participate in the graph cut 
operation, iii) construct the interpolation matrix to interpolate the result of the last level of graph cut calculation to the first level 
step by step, iv) make use of marching cube algorithm to get the triangular mesh expression of reconstructed surface. We make use 
of this kind of decomposition method to reduce the calculation complexity from the polynomial relation of the vertex number to the 
polynomial relation of logarithm of vertex number. The application to the surface reconstruction of scattered point cloud indicates 
that our method takes less calculation time than that of narrow-band graph cut algorithm and it has better reconstruction result 
under the non-uniform sampling situation, while the reconstruction result under other situations is equivalent. 
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I. INTRODUCTION 

With the development of optical scanning equipment and 
continuous improvement of performance of multi-view 
stereo vision algorithm, it is increasingly convenient to 
acquire the scattered point cloud data reflecting the surface 
of object. However, point cloud data only contain the 
discrete spatial position information of the object surface and 
the data volume is huge and it can not be directly applied in 
practice [1]. Therefore, the reconstruction of triangular mesh 
model of the object surface based on these point cloud data is 
the research hotspot in recent years[2]. The methods for the 
surface reconstruction of scattered point cloud can be divided 
into two types: the method based on computation geometry 
and the method based on implicit surface. For 3D point cloud 
model, the extraction process of its characteristic curve is the 
analysis and calculation of the data point on the model to 
find out the characteristic points and connect them to form 
the smooth characteristic curve. For point cloud data with 
unevenly distributed data point and topological connection 
information is insufficient between points, many scholars put 
forward the relevant characteristic line extraction algorithm: 
1) The method based on projection. Daniels et al [1] use 
robust moving least square method (RMLS) in the field of 
each point to conduct the surface fitting and calculate the 
projection residual value on the surface of the current point 
to define the point with larger projection residual value as 
potential characteristic point. However, as the algorithm is 
based on RMLS, the time cost is high. X. F.Pang [2] 
calculates the principal curvature and principal direction of 
each point on the point cloud model in accordance with the 
local surface fitting polynomial and makes use of the 

principal curvature with bigger absolute value to identify the 
potential characteristic point of valley and projects the 
characteristic point obtained to the principal axis constituted 
by neighborhood points to smooth the characteristic point. 
However, the algorithm only has better calculation effect for 
sparse point cloud model. 2) The method based on such 
geometrical characteristics as curvature value and normal 
vector. Mrigot [3] obtains the principal curvature and 
principal direction and the included angle of sharp edge 
within certain local scope on the point cloud surface through 
the calculation of covariance matrix of the convolution of 
point cloud Voronoi unit, so as to carry out the judgment and 
extraction of characteristic point. However, the calculation 
complexity is high. Wang Lihui [4] conducts the 
characteristic detection through the calculation of mean 
distance of a certain point and neighborhood point in the 
point cloud model, curvature and normal direction value, the 
included angle of the normal of current point and normal of 
neighborhood point and density of point cloud data point. 
However, the method requires relevant parameter setting and 
adjustment. 3) The method based on principal component 
analysis. Demarsin et al [5] firstly make use of PCA method 
to calculate the normal vector of each point in the point 
cloud model and apply region growing algorithm to the point 
of which the normal vector changes a lot to obtain the initial 
cluster of date; then, cut the peripheral point cloud data with 
different clusters and construct the minimum spanning tree to 
obtain the closed characteristic line. However, the algorithm 
is only effective for the evenly distributed data. Decarlo et al 
[6] conduct the multi-scale processing for the model with 
noise by changing the radius of local neighborhood. 
However, the method is only suitable for the processing of 
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the sparse point model but can do nothing about the 
extraction of fine characteristics. 4) The characteristic line 
extraction method based on view angle. Decarlo et al [7] 
make use of the concept of subjective outline based on look-
at vector to extract the detailed characteristics of 3D model 
shape. However, the algorithm can only find the subjective 
outline in the visible convex region but not concave region. 

II. 3D SURFACE RECONSTRUCTION 

Express the directed point cloud data as D={(pi,ni)}i∈
[1,N], pi∈R3 and ni∈R3 where respectively represent the 
spatial position and normal vector of point I and N is the total 
number of spatial points. Assume that the minimum and 
maximum coordinates of the bounding box of point cloud 
data in the direction of x, y, z are respectively (minx, miny, 
minz) and (maxx, maxy, maxz). Discretize the bounding box 
and the numbers of voxel in the direction of x, y, z are 
respectively Nx, Ny, Nz and the voxel space after 
discretization is as shown in Fig.1. Assume that the 
coordinate of voxel on the discretizable space as shown in 
Fig.1 is (dx, dy, dz), where dx∈[1, Nx], dy∈[1, Ny] and dz
∈[1, Nz]. Obviously, the lengths of side of voxel in the 
direction of x, y, z are respectively: stepx = (maxx-minx)/Nx, 
stepy = (maxy-miny)/Ny, stepz = (maxz-minz)/Nz. Then, the 
coordinate calculation formula of the voxel of spatial point i 
is as follows: 

 (( min ) )i i x xdx floor x step   (1) 

 (( min ) )i i y ydy floor y step   (2) 

 (( min ) )i i z zdz floor z step    (3) 

Where, floor(•) represents round down. Through the 
discretization of the above voxel space, the surface 
reconstruction can be converted to binary labeling. Without 
loss of generality, assume that the voxel within the 
surrounding area of surface is labeled as -1 and the voxel 
beyond the surrounding area of surface is labeled as 1. Then, 
the reconstructed surface is the 0 contour surface of the 
labeled space. 

 

Figure 1. Schematic diagram of discretizable voxel space 

A. Energy Model 

Binary labeling of the voxel space as shown in Fig.1 is a 
kind of optimization problem and the modeling can be made 

with the Markov Random Field Model. In the Thesis, the 
consistency of normal of the spatial point contained by each 
voxel and surface normal is taken as the energy potential to 
decide whether the voxel is inside or outside the region 
contained by the surface and the neighborhood consistency 
of voxel serves as the smoothness constraint. The energy 
model established is as shown in Formula (4). 
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The first item on the right of Formula (4) is data cost and 
the second item is smoothness cost. Where, M represents the 
total number of voxel: M=Nx×Ny×Nz ; psi  is the nearest 
neighboring point of in the surface; nsi is normal of psi  ; <•,
•> represents the inner product of two vectors; Vi is voxel i ; 
λ represents the weight of smoothness cost; the greater the 
value is, the smoother the reconstructed surface is; Nr(Vi) is 
the neighboring voxel of voxel Vi; label(Vi) is the label value 
of voxel Vi which is -1 or 1. The reconstructed surface with 
global optimum can be got through the minimization of 
Formula (4). 

B. Multi-scale Graph Cut 

Graph cut algorithm can be used to solve Formula (4) 
[14]. Construction method of graph is as follows: as shown 
in Fig.1, vertex of the corresponding graph of each voxel in 
the discretizable space of bounding box; the side of the 
corresponding graph of neighborhood relation between 
voxels is called as n connection; the side weight of n 
connection between two adjacent voxels Vi and Vj is 

2
( ) ( )i jlabel V label V  . Manually add two additional 

vertexes: source node and sink node. Assume that source 
node corresponds to the inside surrounding region of surface 
and sink node corresponds to the outside surrounding region 
of surface. If the potential of voxel is greater than 0, connect 
it with sink node; otherwise connect it with source node. The 
side connecting with source node and sink node is called as t 
connection. Each voxel has a t connection side and its weight 
is the potential of voxel. For voxel Vi , the calculation 
formula of its potential is: ,

m mm i

s s
mp V

p p n


 . Through the 

construction of the above graph, the solution of Formula (4) 
is converted to the maximum flow problem. 

The most commonly used method for graph cut is α 
expansion or α-β exchange. However, the calculation 
complexity of these two methods is respectively 
O(m×n×iter) and O(m×n2×iter), where, m represents the 
number of vertex of the graph, n is the number of label and 
iter is number of iterations. Here, m corresponds to the 
number of voxel and n is 2. Therefore, the calculation 
complexity mainly depends on resolution of voxel space. To 
reduce the calculation complexity of graph cut, the multi-
scale calculation method is presented in the Thesis. 
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Based on the multi-grid theory of algebra [15], the energy 
model in Formula (4) is expressed with matrix, so as to 
construct the multi-scale structure for energy calculation. 
Assume that matrix D∈RM×2 represents data cost: where 
the first row represents the data cost when voxel is -1 and the 
second row represents the data cost when voxel is 1 and the 
line number corresponds to the serial number of voxel; H∈
R2×2 represents smoothness cost; W∈RM×M represents the 
neighborhood relation between voxels: if there is 
neighborhood relation between voxels Vi and Vj, W(i,j)=λ, 
otherwise W(i,j)=0; L∈RM×2 represents the label value of 
given by each voxel: if the label value of voxel i is -1, then 
L(i,0)=1 and L(i,1)=0, otherwise L(i,0)=0 and L(i,1)=1. Then, 
Formula (4) can be rewritten as follows: 

 ( ) ( ) ( )T TE s Tr DL Tr WLHL   (5) 

The idea of multi-scale graph cut is to construct a series 
of extraction matrixes Al to realize Ll+1=AlLl: where Ll∈
RMl×2, Al∈RMl+1×Ml (Ml+1<Ml), l∈[0,lmax-1] represent 
scale series (lmax is the maximum scale series), Ml 
represents the number of voxels of serials l scale and L0=L, 
M0=M. Gradually reduce the number of voxels through a 
series of decomposition so as to achieve the goal of reducing 
the calculation complexity. In the Thesis, the graph cut 
operation is only conducted for the voxels of serials lmax; 
then, make Ll= BlLl+1 through a series of interpolation 
matrix Bl, where, Bl∈RMl×Ml+1 and l∈[0,lmax-1]. 
Finally, the label value matrix of voxel can be got. Therefore, 
the key of multi-scale graph cut algorithm is how to 
construct extraction matrix and interpolation matrix. 

(1) Construction of iterative conditional modes: Firstly, 
adopt iterative conditional modes algorithm to get the 
estimated label value of each voxel; then, decide to extract 
which voxels based on the label results. To judge which 
voxels are to be extracted, define the consistency between 
two voxels in accordance with Formula (6). 
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Classify voxels into two types through extraction matrix 
and express the retained voxel set with Ca; the set 
constituted by the remaining voxels is expressed with Fe. 
Define the consistency between voxel Vi and set Ca as 
follows: 
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   (7) 

The method to construct extraction matrix is as follows: 
initially, Al=ATl-1 (l∈[1,lmax]), Fe={Vi}i∈[1,M], 
A0=IM×M, Ca=ø. Arbitrarily extract a voxel and add it to 
Ca. For all voxels, if consistency between it and Ca is less 
than β, delete it from Fe and add it to Ca. Delete the 
corresponding line in Al of all voxels in Ca and get the 

extraction matrix. Through this kind of extraction method, 
either each voxel has higher consistency with a certain voxel 
in Ca and the possibility for the two to be given the same 
label is high; or it is in set Ca, so as to ensure that the label of 
voxel in Ca can be used to estimate the label of voxel in Fe. 

(2) Construction of interpolation matrix: The 
construction method of interpolation matrix of scale l is as 
follows: 

At initialization, Bl=0Ml×Ml+1. Where, the line number 
corresponds to the serial number of the current series of 
voxel and row number corresponds to the serial number of 
the next series of voxel. Assume that I(i) represents the 
corresponding serial number of voxel in the next series of the 
current series of voxel, namely line i and row I(i) associate 
voxels in different scales. The assignment of elements in 
matrix Bl is based on Formula 8(). 
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Other situations 

C. Steps of Algorithm 

Steps of algorithm for surface reconstruction based on 
multi-scale graph cut: 

Step1. Estimate surface normal: intersection method 
based on self-adaptive disk is adopted in the Thesis [16]. 

Step2. Calculate the bounding box of point cloud and 
conduct discretization to get voxel space. 

Step3. Construct 3D weighted graph through voxel 
space: vertex corresponds to voxel; weight of t connection 
side corresponds to the data cost of the first item on the right 
of Formula (4) and weight of n connection side corresponds 
to the smoothness cost of the second item on the right of 
Formula (4). 

Step4. Construct extraction matrix Al and divide vertexes 
of weighted graph into two sets Ca and Fe. 

Step5. Construct interpolation matrix Bl in accordance 
with the consistency between Ca and Fe and between 
variables. 

Step6. Skip to Step7 of the number of variables in set Ca 
is less than or equal to the preset value, otherwise, skip to 
Step 4. 

Step7. Call graph cut algorithm to calculate the label 
value with global optimum given by variables in set Ca. 

Step8. Reduce the label value matrix obtained in Step 7 
step-by-step with interpolation matrix and obtain the 
corresponding label value matrix L0 of the serials 0 voxel 
through premultiplication. 

Step9. Correspond the line number of matrix L0 to the 
serial number of voxel in voxel space; if the first row of the 
line corresponding to L0 is 1, label it as -1; otherwise label it 
as 1. 

Step10. Reconstructed surface is the 0 contour surface in 
the voxel space in Step 9 and convert it to triangular mesh 
expression through the marching cube algorithm. 
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III. EXPERIMENTS AND ANALYSIS 

The algorithm in the Thesis is realized with C++. To 
obtain the smooth reconstructed surface with high order, the 
method in Literature [17] is adopted for the extraction of 
triangular mesh in Step 10. The hardware configuration for 
the experiment is Intel Core2 Duo 2.20 GHz CPU and 2 GB 
internal storage; the software configuration is 
Windows7+Visual Studio 2010. Parameters in the 
experiment are set as follows: σ=1.5, β=0.3, λ=20 and the 
number of threshold value of set Ca is 16. 

A. Comparison of Calculation Time 

Fig.2 is the comparison of calculation time between the 
method in the Thesis and narrow-band graph cut algorithm 
used by the 361000-point Bunny model[18] synthesized by 
10 scanning depth graphs and α expansion is adopted for the 
maximum flow calculation of both algorithms. It can be seen 
from the figure that: compared with narrow-band graph cut 
algorithm, the calculation performance of the method in the 
Thesis has greatly improved and the performance 
improvement is increasingly significant with the increase of 
the number of vertex of 3D weighted graph. Without regard 
to the construction time of extraction matrix and 
interpolation matrix and the number of variables in the last 
scale is 2 and α expansion is adopted for the maximum flow 
calculation, the calculation complexity of the multi-scale 
graph cut presented in the Thesis is O(2×iter×log2m) where 
m represents the number of vertex of 3D graph. However, the 
calculation complexity of narrow-band graph cut is 
O(2×a×iter×m) where a represents the proportion of the 
number of vertexes of narrow-band graph in number of 
vertex of the whole 3D graph. The Experiment in Literature 
[14] indicates that a approximates 1/9. Therefore, compared 
with narrow-band graph cut algorithm, the calculation 
performance of the multi-scale construction method 
presented in the Thesis reduces more with the increase of the 
number of vertex of 3D graph. 

 

Figure 2. Comparison of calculation time 

B. Comparison of Render Effect of Reconstructed Surface 

The comparison of the render effects of the surface 
output by multi-scale graph cut, narrow-band graph cut and 
popular Poisson surface reconstruction algorithm. Bunny 

comes from Literature [18] while the other two testing data 
come from Literature [19], where the ratio of the left and 
right sampling density of Venus point cloud data is 400:1. 
Fig.3 to Fig.5 are the render effect figures for the 
reconstructed surface of the three testing data. In the 
experiment, the number of vertex of 3D graph for the 
narrow-band graph cut and method in the Thesis is set to be 
903; the region of eyes and nose of Angel for Poisson 
method is too smooth while narrow-band graph cut and 
method in the Thesis both achieve the smoothness 
reconstruction result at the same time of maintaining the 
detailed characteristics. It can be found through the 
observation of Fig.5 that: for non-uniform sampling, Poisson 
method will have the over-smoothing phenomenon and lost 
lots of detail information. For this situation, the method in 
the Thesis is better than narrow-band graph cut. This is 
because the smoothness cost plays a leading role for the 
narrow-band graph cut, thus losing part of detail information. 
For the method in the Thesis, multi-scale decomposition is 
used and the maximum flow calculation is only conducted in 
the last scale.  In addition, the method effectively balances 
the data cost and smoothness cost, thus better maintaining 
the detail characteristics. 

 

(a) Point cloud                   (b) Poisson method 

 

(c) Narrow-band graph cut algorithm    (d) The method in the thesis 

Figure 3. Comparison of bunny reconstruction effect 
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(a) Point cloud                   (b) Poisson method 

 

(c) Narrow-band graph cut algorithm    (d) The method in the thesis 

Figure 4. Comparison of angel reconstruction effect 

              

(a) Point cloud                   (b) Poisson method 

              

(c) Narrow-band graph cut algorithm    (d) The method in the thesis 

Figure 5. Comparison of venus reconstruction effect 

IV. CONCLUSIONS 

In the Thesis, multi-scale decomposition is made for the 
graph cut calculation process based on the multi-grid theory 
of algebra and the maximum calculation is only conducted 
for the last scale while the label values of other scales are 
obtained through interpolation. An objective function is 
established in the Thesis in accordance with surface gradient, 
point cloud position and normal information and Lapras 
smoothing regularization; the optimal solution of the 
function is used to convert the surface reconstruction into the 
solution of sparse linear equations. The experimental result 
indicates that the reconstruction precision of the method in 

the Thesis is high and it can obtain smooth reconstruction 
result at the same time maintaining detail characteristics. The 
problem existing in the method in the Thesis is the high 
memory consumption. The multi-scale graph cut algorithm is 
presented in the Thesis to decompose the energy 
minimization calculation process so as to reduce the 
calculation amount. The experimental result indicates that: 
compared with narrow-band graph cut algorithm, the 
calculation speed of the method in the Thesis is high: the 
more the vertex of the graph is, the more the speed is 
improved; for point cloud data obtained through non-uniform 
sample, the reconstruction effect of the method in the Thesis 
is better; the reconstruction effects are equivalent for the both 
in other situations. Next, we will try to theoretically prove 
that this kind of decomposition method can ensure the 
reconstruction result with global optimum. 

REFERENCES 
[1] Liu H, Wang P. Assessing Text Semantic Similarity Using 

Ontology[J]. Journal of Software, (2014), 9(2). 

[2] Yamanishi R, Fujimoto R, Iwahori Y. Automated generation of 
hierarchic image database with hybrid method of ontology and 
GMM-based image clustering[C]// Ieee/acis, International Conference 
on Computer and Information Science. IEEE, (2015):179-184. 

[3] Xu X, Sun N, Shan Z. An Ontology-based Hierarchical Text 
Clustering Method[C]// Business Analytics Congress. (2015). 

[4] Schadd F C, Roos N. Word-Sense Disambiguation for Ontology 
Mapping: Concept Disambiguation using Virtual Documents and 
Information Retrieval Techniques[J]. Journal on Data Semantics, 
(2014):1-20. 

[5] Good B M, Ha G, Chi K H. OntoLoki: an automatic, instance-based 
method for the evaluation of biological ontologies on the Semantic 
Web[J]. Computer Science, (2015). 

[6] Xu H, Zhang R. Research on Data Integration of the Semantic Web 
Based on Ontology Learning Technology[J]. Telkomnika Indonesian 
Journal of Electrical Engineering, (2014), 12(1). 

[7] Kumara B T G S, Paik I, Chen W. Web Service Clustering using a 
Hybrid Term-Similarity Measure with Ontology Learning[J]. 
International Journal of Web Services Research, (2014), 11(2):24-45. 

[8] Choukri D. A New Distributed Expert System to Ontology Evaluation 
☆[J]. Procedia Computer Science, (2014), 37:48-55. 

[9] Ou S, Hu S, Zhang S. An Ontology & Linked Data Driven Semantic 
Integration Method of Library Information Resources and Its 
Evaluation[J]. Library & Information Service, (2014). 

[10] Lv, Z., Li, X., Zhang, B., Wang, W., Zhu, Y., Hu, J., & Feng, S. 
(2016). Managing big city information based on WebVRGIS. IEEE 
Access, 4, 407-415. 

[11] Li, X., Lv, Z., Hu, J., Zhang, B., Yin, L., Zhong, C., ... & Feng, S. 
(2015, May). Traffic management and forecasting system based on 3d 
gis. In Cluster, Cloud and Grid Computing (CCGrid), 2015 15th 
IEEE/ACM International Symposium on (pp. 991-998). IEEE. 

[12] Huang, L., Wu, J., You, F., Lv, Z., & Song, H. (2016). Cyclist Social 
Force Model at Unsignalized Intersections with Heterogeneous 
Traffic. IEEE Transactions on Industrial Informatics 

.

 


