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Abstract — For seismic mitigation we propose a Deformable Rocking Passive Energy Dissipation Structure (DRPEDS) and analyze 
its random response to strong earthquakes. It is strengthened with Reinforced Concrete frame, and has hinged supports with 
dissipation braces and hinged connections between DRPEDS and the RC frame. The braces dissipate seismic energy as the RC 
frame vibrates. We study: i) its non-stationary random response to artificial seismic waves using power spectrum analysis, and ii) 
its role in improving earthquake-resistant behavior of buildings, by iii) solving the generalized probability density evolution 
equation in iv)  difference-forecast correction scheme. A 14-story building was used as an example to analyze the performance 
index of story drift random response. Our analysis shows that the deformable RC frame can greatly improve the seismic 
performance. 
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I. INTRODUCTION 
 
  In recent years, studies on rocking structure has attracted 

attention from scholars in the field of civil engineering[1, 2]; 
its seismic capacity can be improved through protecting the 
upper part from the constraint of bottom. The structure is 
categorized into 2 classes according to its form: one is to 
relax the main body for rocking and the other one is the 
traditional main body structure while the appendage rocks. 
Early studies focused on the former. For example, 
Huckelbridge[3] has studied the 9-tier steel frame structure 
whose column base can be uplifted; in Meek’s study on 
rocking structure of core tube, he has discovered a direct 
proportional relationship between the aspect ratio of core 
tube and the effect as dynamic response decreases[4]; 
Nielsen has studied the self-centering capacity of rocking 
core tube under strong shock[5]; Midorikawa et al [6] have 
put forward a scheme of dissipating seismic energy by the 
concentrated deformation of column base of rocking steel 
frame and the effect has been verified by a shaking table 
test; Roh et al have designed a energy dissipation system by 
relaxing the constraint of column base of steel-concrete 
frame to form a rocking column added with viscous damper. 
G. Deierlein and J. Hajjar et al have studied the post-
stressed steel frame structure with rocking base[8]; Acikgoz 
et al[9] have discussed the dynamic problems of the rocking 
structure caused by bending deformation. Though quite a 
long time has witnessed studies on the first class of rocking 
structure, there is still a lot of work to do in terms of theory 
on design and construction detail of controllable rocking 
structure.   
 In the recent two years, many scholars have studied the 

other kind of rocking structure whose main body is still in 
traditional structure. Since the now available design theory 

can be direct used and the performance of main body 
structure after installing the rocking device can be judged in 
the existing standard and criteria, it is easier to the popularize 
and apply the structure. Rocking wall has attracted more 
attention in studies. Wada and Qu Zhe have proposed 
seismic retrofit technique and damage mechanism of rocking 
wall-frame system by studying rocking wall technology[10, 
11]. In the pushover analysis and experimental study on 
frame-rocking wall system, CAO Haiyun and PAN Peng et 
al[12, 13] have found that the rocking wall can obviously 
improve the bearing capacity and ductility of the whole 
structure. The rocking wall technology has been applied in 
engineering in Japan where earthquakes occur frequently, 
however, the additional rocking wall brings incontinence 
into site construction because it is made by RC material and 
it greatly increases the mass of original structure of tall 
buildings with less stories and cause changes in seismic 
effect. DU Yongfeng, LI Hui et al[14, 15] have replaced the 
rocking wall with light steel frame whose seismic behavior 
has been studied. Their studies have showed that the seismic 
behavior can be kept by lighting the additional rocking part. 
Inspired by the rocking wall system, the rocking system 
studied in this paper is a new king of damping system 
proposed.  

Deformable rocking passive energy dissipation brace is a 
key component of frame-deformable rocking passive energy 
dissipation system. Made of two flexural steel bars, it is a 
deformable rocking brace that can dissipate energy and 
mitigate shock. The bar is hinged with other parts to 
minimize the restraint moment of other parts so as to reduce 
the deformation of bar in earthquake. The main body frame 
is connected with additional rocking brace at floor frame 
location so that the main body structure and additional part 
can have the same horizontal displacement in earthquake and 
be integrated in a system resisting lateral load (Fig.1). The 
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bottom and base are hinged together to enable the upper part 
rotate within a certain plane so that the brace will deform as 
main body structure deforms laterially, when the damper 
will dissipate energy, thus the earthquake damage can be 
alleviated and the seismic behavior of main body can be 
protected. Finite element analysis proved that  the main 
body can be protected and this system has unique 
features[16]: thanks to lighter self weight of the additional 
deformable brace, the inertia force caused by earthquakes 
and the adverse effect of earthquakes on main body are 
reduced; the energy dissipation part is affected only by the 
appendage and only affect the appendage instead rather than 
the connection between main body and appendage; since 
there are more fulcra at the bottom of the adherent 
deformable brace, It is more stable while the counter-force 
of each hinge support is smaller; this system is mainly made 
of steel components, so it can be produced in industrial-
scale production and installed in site construction, which is 
quite convenient. Similar to rocking wall, this system can be 
used in constructing new buildings and in reinforcing and 
reforming old ones. It should be noted that this deformable 
rocking brace has little influence on the seismic 
performance of shear wall in tall buildings with many 
storeys, which has been discovered through finite element 
model. So, this rocking brace is mainly used to structures 
whose main body is frame and in shear deformation. 

       

 
 

Figure.1 RC frame with deformable rocking passive energy dissipation 
structures 

 

 

 

 

 

 

 

II. METHODS 

 
A. Generalized probability density evolution theory and 

numerical solution 
    

 Great achievement of time-procedure analysis on 
rocking structure has obtained; in this paper, the random 
response of rocking system shown in Fig.1 under earthquake 
excitation was studied. In the past half a century, a large 
number of in-depth studies on random vibration have been 
done by researcher at home and abroad and a series of 
progress has been made. In the study by Lin Jiahao[17], 
pseudo-excitation method is efficient in dealing with system 
of linear structure; Zhu Weiqiu and his co-workers[18] have 
systemically developed Hamilton theory system and the 
precise solution or  approximate stationary solution of multi-
dimensional FPK equation in several major systems have 
been obtained. The accurate and efficient method for 
computing the random dynamic response and reliability 
analysis of non-linear structure in civil engineering under 
non-stationary excitation has been worked out. LI Jie and 
CHEN Jianbin have developed the probability density 
evolution theory and derived the generalized probability 
density evolution equation[19, 20], providing a feasible 
solution framework for random response analysis on non-
linear structure with multi-degree of freedom. This method 
has been widely applied and popularized in civil engineering. 
In this paper, this method was used to study the DRPEDS.  

According to generalized probability density evolution 
theory, physical quantity-z and joint probability density of 
random parameter θ - ),,( tzPz   satisfy generalized 

probability density evolution equation: 
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 δ(·) is the Dirac function; probability density function of z 
is presented in the following formula: 

( , ) ( , , )
Q

Z ZQW
p z t p z q t dq                                      (3) 

 
In generalized probability density evolution equation, the 

number of z-m studied is not determined by the number of 
dimensions of the system-n but the specific study objective. 
For the system studied in this paper, attention was paid to the 
inter-storey displacement response, so the response of each 
storey was analyzed—m=1, thus, the solution is actually 
several independent one-dimensional partial differential 
equations.   
When m=1 and a seismic wave generated randomly is 

given, Equation (1) can be transformed into the following 
one-dimensional partial differential equation:    
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   Ż(t) is the probability density law where inter-storey 

speed response is calculated before calculating inter-storey 
displacement; once inter-storey speed response is obtained, 
the system of multi-degree freedom will be decoupled by 
solving Equation (4) even though the system response is in 
an elastic-plastic behavior.      
To obtain finite difference solution of Equation (4), z-t 

plane was divided in a grid system, which is shown in Fig.2.  
For any point, p stands for the probability density of inter-

storey displacement which is zj at ti ; and to simplify 
calculation, it is expressed as pj.  
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Figure.2 z-t plane grid system. 

 

Different arrays of difference will be produced by 
different discretization schemes and the simplest array of 
difference is unilateral array which is usually of first-order 
accuracy. 2-step predictor-corrector scheme of 
MacCommack[21] which is of second-order accuracy was 
use in this paper. Equation (4) in difference form is 
expressed as:  
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)(i
jp is the predicted value calculated through unilateral 

array of difference; 1 ii ttt is the size of time grid and 

1 ii zzh is the size of relative displacement grid. 
Stability condition of Equation (5) is:  

           1)( 

h

t
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which is Courant-Friedrichs-Lewy condition, implying 

that t and h should satisfy Equation (6). To ensure a 

convergent and stable Equation (5) whether )(iz is positive or 
negative, this equation is expressed as:   
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 Equation (7) was predicted through explicit difference 
scheme and corrected through implicit difference scheme; in 
practical analysis, the two equations can be iterated and 
corrected more than once in the whole time domain of 
studies, that is: the calculation result in the previous time 
domain can be used as the predicted value in the next 
calculation. 

B. Non-stationary random response  
Considering the elastic-plastic mechanics of a multi-

storey frame structure adhering to a deformable rocking 
passive energy dissipation brace, finite element method was 
adopted to establish its motion equation. Stiffness matrix 

eK ][ and mass matrix eM ][ of each element in local coordinate 
system were firstly established after discrete process; 

eM ][ was obtained through equalizing inertia force to static 
force at nodal points. In the entire coordinate system, the two 
can be expressed as:      

           

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ]

T
e e e e

T
e e e e

K T K T

M T M T

 


                                (8) 
eT ][  is the coordinate transformation matrix between local 

coordinate of elements and the entire coordinate system. The 
motion equation of the whole system in finite element model 
is:  
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                                 (9) 

[M] and [Ks] are the mass matrix and stiffness matrix of 
original structure; [Cs] is the damping matrix which was 
formed according to Rayleigh damping hypothesis; [Kd] 
obtained through calculating lateral stiffness of uplifting bar 
is the adherent stiffness matrix generated from the 
installation of the brace and [Cd] is the adherent damping 
matrix; { E } is the column vector at the location of seismic 
excitation; { x}, { x } and { x } are the horizontal column 
vector of accelerated speed, of speed and of displacement of 
element node system respectively. ( )gx t is the accelerated 
speed of seismic ground movement and was used as the 
random excitation in driving force system. The excitation 
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should be expressed reasonably in random seismic time 
domain so as to calculate the random seismic response of 
this structure. Presently, spectral representation method has 
gained wider recognition and application. Seismic 
oscillation was produced from harmonic synthesis with a 
series of random variables:  

1
( ) ( ) cos( )

N

g i i i
i

x t f t A t 


                               

(10) 

N is the number of harmonic waves; i and i are the 
frequency and phase position of harmonic component 
respectively which are independent random variables in 

their own distribution interval; iA is the amplitude of 
harmonic component, which is calculated in the following 
equation:  

  )(
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s(ω) is Kanai-Tajimi filtered white noise power 
spectrum model. f(t) in Equation (10) is a time-dependent 
strength envelope function which is multiplied by stationary 
process to produce a random process of uniform modulation 
that is the simplest and commonest process in non-
stationary random process model. f(t) has influence on the 
amplitude value corresponding to frequency content rather 
than the frequency content, so the random process defined 
in Equation (10n. ) is called random process of uniform 
modulation.   

As long as strength envelope function changes slowly 
with time going by, its different forms will exert little 
influence on spectrum characteristics recoded in simulation. 
Since many qualitative conclusions in stationary model and 
conveniences in mathematical treatment can be used in this 
model, the random process of uniform modulation have 
been widely applied[22] and was used in this paper. To 
present the non-stationary characteristics of seismic motion, 
f(t) is expressed as follows:   
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1 2t  , 2 16t  , 3 20t   and α=0.8  Random seismic motion 
was substituted into Equation (9) to work out the time 
domain response of each seismic wave before calculating 
the time course of inter-storey speed )(tz   ; and then the 
probability density function of displacement in each inter-
storey was calculated using Equation (2)~(4) and Equation 
(7).  

III. EXAMPLE ANALYSIS 

A. Calculation model  

The study object is a 14-storey RC frame structure 
whose plan view size is 12m×25.2m and there are 3 
columniations in 2 rows in X direction and 6 rows in Y 
direction with the storey height of 3m. To investigate the 

improvement of transverse seismic performance, a 
deformable rocking passive energy dissipation brace was 
placed on the plane every each truss in X direction (shown in 
Fig.3); the brace was connected to the main body structure 
by a HN250×125×6×9 steel connecting rod as long as 0.5m 
at floor height and both ends were hinged to the main body 
and the brace to make it as the major support of axial force. 
At each storey of rocking truss, a viscous energy dissipater 
was set, whose speed index is 0.4 and damping coefficient 
5×105N·s/m. The upright bar and cross bar have stronger 
flexural rigidity; the upright bar is HN600×200×12×20 steel 
and the cross bar is HN250×125×6×9 steel. Plastic hinge on 
the bar end of each element is P-M coupled mode and the 
rocking brace is steel whose deformability exceeds the main 
body frame. Its elastic deformation stage was not reached in 
severe earthquake in trial, so its elastoplasticity was not 
defined.   
   

 
Figure.3 Finite element calculation model 

To investigate the changes in stiffness of this structure 
and in dynamic behavior, the first 4 order vibration mode 
cycles before and after installing the rocking brace were 
compared. Results are presented in Table 1 which shows that 
the rocking system has less influence on the dynamic 
behavior of the whole main body structure: only the first 
vibration mode of natural vibration cycle changed while the 
others had little change within 5% difference.  

TABLE1 COMPARISON OF NATURAL PERIOD FOR MODELS 

vibration 
mode 

Without deformable  
rocking brace  

With deformable 
rocking brace 

1 1.712 1.66 

2 1.076 1.069 

3 0.658 0.661 

4 0.548 0.522 
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B. Probability density function of response 

 
200 artificial seismic waves that were synthesized 

through matlab programming according to Equation (9) and 
meet the requirement of peak value of severe shock—design 
intensity of 8 were used as excitation to calculate the 
seismic response of this model. Probability density function 
(PDF) of each inter-storey drift was calculated in the 
method mentioned in Section 2. PDFs of inter-storey drift at 
the basement, in the middle and at the top are presented in 
Fig.4. The deformation at the basement is more serious and 
the damage concentrates here. Fig.4(a) shows how PD of 
basement changes: with time passing by, the probability 
density spread gradually before getting larger, displaying a 
saddle-shape change on the whole, which implies a process 
of response that gradually expanded and then damped. At 2s 
and 4s, the probability density evolution shows a rapid 
decline of probability peak value of small drifts, meaning 
that the response increased rapidly within this period of time 
while it began to decline at about 6s when the response in 
the middle reached the peak value. This overall trend is 
presented in Fig.4(b) and Fig.4(c). 

 

 
(a) PDF evolution surface of inter-storey drift at the basement  

 

 
(b) PDF evolution surface of inter-storey drift in the middle  

 

 
 (c) PDF evolution surface of inter-storey drift at the top 

Figure.4  PDF evolution surface of inter-story drift 

C. Analysis on mean square of response 

Mean square of response is an important indicator in the 
analysis of random vibration theory. The time-varying 
process (Fig.5) also presents the changing trend: after 4s, the 
curve enters into strong response region and the peak value 
occurs between 5s and 6s before sharp damping, displaying 
an obvious non-stationarity in terms of time domain. Fig.5 
also uncovers an undesirable fault of DRPEDS: serious 
remnant drift exists though the seismic performance of 
buildings can be improved by this system. It can be seen that 
all of these inter-storey drift responses are quite close to each 
other. Maximum mean squares of these responses were 
picked out and a frame model without DRPEDS was set up 
to compare the results (shown in Fig.6).Fig.6 reveals that the 
mean square of resng that DPREDS can prevent damage 
concentrating at the bponses of the former is more uniform 
than that of the latter, implyiasement.   

Typical responses in strong shock were compared in 
Fig.7 which shows that with DRPEDS, the seismic 
performance has been obviously improved: the maximum 
response reduced to 7.92mm from 10.2mm with a drop of 
22.4%. The remnant drift deceased to 5.25mm from 
7.93mm, revealing DRPEDS plays an important role in 
reducing the remnant deformation, although the structure 
was not totally restored.  
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Figure. 5 Mean square of inter-story drift response 

 
Figure.6 Maximal mean square of inter-story drift response   

 
Figure.7 Seismic response of bottom story in frame with or without 

DRPEDS 

D. Analysis on seismic performance  

Yield failure mechanism must be considered in the 
design of ultimate limit state of system; situation, moment 
and quantity of plastic hinge are important indicators for 
testing whether the yield failure mechanism reasonable or 
not. 20 seismic oscillation records generated in Equation 
(10) were used as rare earthquake levels which were input in 
the system to observe the occurrence and development of 
plastic hinge in the system. Simulation analysis results of 
two models with and without DRPEDS and occurrence 
moments and quantities of plastic hinges were collected. 
The result is presented in Table 2.  

It can be seen from Table 1 that the moment of plastic 
hinge in system with DPREDS is delayed about 1s and that 
4 more first plastic hinges occurred in the system without 
DPREDS.  

Situation of plastic hinge direct determines the nature of 
yield failure mechanism. Advise from Performance-based 
Design (American FEMA-356) was used as reference to 
assign values at A, B, C, D, and E point; situations and 
states of plastic hinge in the two systems with the effect of 
No. 1 seismic wave were compared (result in Fig.9). It was 
discovered that in the system without DRPEDS, at 2.53s the 
plastic hinge occurred on several girders near the basement 
and just passed the yield point (B point in Fig.8); and in the 
system with DRPEDS, plastic hinge occurred on the same 
situation at a later moment—3.41s when each of the hinge 
was in a non-linear state.  

TAB.2 MOMENTS AND QUANTITIES OF PLASTIC HINGE  

Number of 
seismic wave

Without DRPEDS With  DRPEDS 

Moment (s) Quantity Moment (s) Quantity

1 2.53 8 3.41 5 

2 2.77 7 3.55 4 

3 5.48 8 6.26 4 

4 4.92 6 5.84 2 

5 4.69 6 5.43 1 

6 5.23 8 6.79 4 

7 5.32 7 6.76 4 

8 2.56 8 3.42 5 

9 2.78 7 3.54 4 

10 5.46 8 6.27 3 

11 4.94 6 5.86 3 

12 4.66 8 5.37 2 

13 5.23 6 6.82 3 

14 5.39 6 6.76 4 

15 2.62 8 3.42 5 

16 2.65 7 3.54 3 

17 5.46 8 6.27 5 

18 4.97 7 5.86 2 

19 4.56 6 5.37 1 

20 5.36 7 6.82 4 

AVG 4.43 7 5.43 3 
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Figure. 8 Force-Displacement relation for plastic hinge  

 

                    ( a )                    ( b )  
( a )w i th  D RPD ES( t =2 .53 s )  

(b )w i thou t  D RP DES  ( t =3 .41 s )  

Figure.9 Situation and occurrence time of plastic hinge 

Fig.10 shows the final situations of plastic hinge in 
these two systems. The seismic performance of system with 
DRPEDS was improved more obviously: plastic hinges 
occurred at feet of side and center columns at the basement 
in the system without DRPEDS; the occurrence is a signal 
of danger even though these hinges just entered the yield 
stage; however, no plastic hinge occurred in the other 
system; besides, plastic hinges occurred on several stories 
at the top of system without DRPEDS while hinges 
occurred on beam ends on each storey in system with 
DRPEDS, so the damage in this system distributed more 
evenly.   

 

 
                  ( a )                  ( b ) 

( a ) wi th  D RPDES  
(b )w i tho u t  D RPD ES  

Figure.10 Situation of plastic hinge 

IV .CONCLUSION 

 
In this paper, construction features of frame-DRPEDS 

was introduced and its non-stationary random seismic 
response was studied in the method of generalized 
probability density evolution theory; analysis on an example 
revealed several features of the system:   

1.Inter-storey deformation of DRPEDS is quite similar to 
each other and evenly distributed, indicating that DRPEDS is 
effective in preventing damage concentrating;  

2.With non-stationary random seismic excitation, 
response of the structure appeared obvious non-stationarity, 
however, the strong response begun later than the excitation; 

3.The self-centering of this structure was not so ideal nor 
the remnant drift was eliminated in severe earthquake but the 
remnant drift was noticeably smaller than that in structure 
without DRPEDS; 

4.For the same performance objective, the probability of 
frame-DRPEDS was improved by a large margin;  

5.DRPEDS can delay the occurrence moment of peak 
response, reduce the quantity of plastic hinges in strong 
earthquake and can improve the yield failure mechanism.  
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