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Abstract — Due to the lack of existing compressed sensing based super resolution reconstruction, we establish a minimum set of 
valid measurement based compressed sensing algorithm. In order to reduce measurement redundancy, we construct local adaptive 
sparse dictionaries in wavelet domain to achieve a better sparse representation. We remove the cross correlation coefficients of the 
measurement matrix and dictionaries according to mutual coherence theory, and establish the minimum set of valid measurements 
to ensure signal reconstruction. Experimental results show that the proposed compressed sensing algorithm, restrained by the 
constructed minimum set of valid measurements, can reconstruct high-resolution, high-quality images with rich details by using 
the measurements which are much less than those of traditional compressed sensing. 
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I. INTRODUCTION   

Recently, the deployment of Compressed Sensing (CS) 
for the sampling and reconstruction of images has received 
growing attention [1-2]. It provides us a framework of 
acquiring and compressing image data simultaneously 
while in conventional imaging systems, digital images are 
acquired by Nyquist sampling at a high rate, then most of 
the sampling data are thrown away for the purpose of 
compression. The basic idea of CS is that an image, 
unknown but supposed to have a sparse representation in 
one known basis can be reconstructed from a small number 
of non-adaptive linear projections onto a second basis that 
is incoherent with the first via a tractable convex 
optimization program. Assume a  dimension signal , if the 
value of each different component has  equal probability, 
the information entropy of the signal is defined as  
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N

i i
i

H P x P x N


                            (1) 

   is the probability of occurrence of the component . 

The information entropy shows that, for this kind of  
dimension signals, it can be compressed to  dimension 
signal. In CS, to ensure the accuracy of reconstruction , the 

measurement number is usually set  to   lgK N K  ,for 

K N ,      lg lgK N K K N   , it is regarded 

that CS observations has redundancy due to 
 lg lgK N N   . 

Reference[3]points that the sparsity of a signal sparse 
representation is an important factor decided measurement 
redundancy. In addition, the CS measurements based on the 
principle of linear superposition, the correlation between 
the measurement matrix and sparse basis will produce 
certain redundancy. G Peyré [4]proposes best basis 

Compressed Sensing by using bandelets as the sparse 
representation of original signal, Lian Qiu-sheng [5] 
develop a CS based on learning analysis dictionaries and 
optimizing measurement matrix which can achieve high 
quality image reconstruction by fewer observations. 

In this paper, we develop a effective sparse dictionaries 
and exclude the mutual correlation coefficients between 
Φ  ，Ψ  to reduce the CS measurement redundancy. Under 
the premise of guaranteeing perfect reconstruction of 
signals, we can obtain a new low redundant measurement 
set which can be called the minimum set of valid 
measurement. Under the constraint by this set, we establish 
a minimum set of valid measurement based compressed 
sensing (MVMCS). Compared with the traditional theory of 
CS, MVMCS is a kind of approximate "super resolution" 
way to realize the image reconstruction, which means 
MVMCS can reconstruct the same resolution of the image 
as CS via fewer measurements. Or under the condition of 
the same number of the measurements, the image quality 
recovered by MVMCS is obviously superior than that of 
traditional CS.  

II. THE LOCAL ADAPTIVE SPARSE DICTIONARIES IN 

WAVELET DOMAIN  

In the research on the sparse representation of signals, 
can be measured through attenuation of transform 
coefficient transform base ability of sparse representation. 

Studies shows that if a signal meets the exponential 
attenuation speed , it can be reconstruction by CS, and the 
reconstruction error satisfies: 

  6
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K , N is the sparsity and the dimension of the signal 

respectively, and 
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Reference[6]pointed out that the non adaptive basis 
function cannot represent signals more sparsely because it 
cannot give full consideration to the image local structure. 
In recent years, the research of sparse representation is 
focus on the signal sparse decomposition under the 
redundant dictionary. This is a new signal representation 
theory: The super complete redundancy function library is 
use to replace the basis function, which is called  redundant 
dictionary, and the dictionary elements is called atoms. This 
method can select appropriate dictionaries adaptively for 
sparse representation, according to the structure of the 
image itself ,but the process of training the dictionary has 
high computational complexity. 

In view of the weakness of above two methods, we 
combine the wavelet multiscale feature with the local sparse 
dictionary flexibly. In wavelet domain, a wavelet-based 
multiscale locally learnt dictionary(WBMLLD) is obtained 
by training its coefficients in highpass subbands, which 
process can be regarded as solving the following equation 

2 0
,

arg min . .S i
D

X W D s b T i


                   (3) 

 D is the dictionaries, is the sparse vector, X is the image 
or image set, SW is the wavelet atom dictionary. Assume 

SW is constructed by orthogonal wavelets, and the 
equivalent equation of above one is 

2 0
,

arg min . .A i
D

W X D s b T i


                       (4) 

AW is wavelet analysis operator. 
The equation shows that the dictionary can be trained in 

wavelet domain, but only for the coefficients in each 
highpass  subband.we set the subband dictionary is bD , and 
the equation is  

  , 02,
arg min . .A b b i bb

D
b W X D s b T i


        (5) 

x  represents the highpass subands of wavelet.  A b
W X , and 

is partitioned into non-overlap blocks, 
, 1, 2,...,i ix R x i N  ix is the i th  subband  block.  (of 

size n n )，The matirx iR  is used to extract ix .Set 

  , 1, 2,...,kd k K ,which on behalf of K dictionaries, and 

each ix  is corresponding to a dictionary
ikd ,that 

means
1

ˆ ,
ii k i ix d T   .Then ix  can be obtained by 

Sparse coding. Finally, x̂ is solved by the following 
equation: 
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T
iR is a diagonal matrix . 
Thus the above equation can be solved in pixel by pixel 

way. Since dictionary learning is in the wavelet domain, 
non-overlap blocks do not lead to blocking effect of the last 
signal x̂ . We define a operator"  " to realize the traditional 
expression of solving x̂ : 
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D , are the sets of kd and i  respectively. Using the 

local dictionary in wavelet domain as  sparse representation, 
the CS reconstruction problem is transformed into solving 
the following equation: 

 2 1
ˆ arg min y D


     Φ                         (8) 

From above equation, we can see that is the key for 
reconstructing ̂  is how to train the corresponding 
dictionary

ikd of each block.  

Traditional dictionary training mainly aims at training 
high quality image blocks in the sample database and using 
them to reconstruct signals. Here we directly train the 
image itself by incorporating dictionary training and signal 
reconstruction, which can effectively reduce the 
computational complexity. Consider the loss or damage 
existed in the trained image, we adopt the iterative method 
to improve the accuracy of the dictionary training. 

The high-frequency subbands of  Wavelet are  mainly 
reflect the image edge and texture details, such the 
information usually exists in the energy concentration 
region of subbands, which therefore can be represented by 
the sub-block energy of Brushlet[7]. Brushlet transform 
possess multilayer structure and can realize optimal 
decomposition in the Fourier domain.The image is 
decomposed by Brushlet into 4L sub-blocks(L is the 
number of decomposed layer.).Each sub-block can 
represent the feature information of the original images. 
Meanwhile, due to Brushlet is a complex function, there has 
a clear description of the energy and phase features solved 
by the corresponding real and imaginary part of the 
coefficients decomposed by Brushlet.Assume f̂ is the 

coefficients after decomposition, ˆ
realf and ˆ

imgef  are the 

corresponding real and imaginary part of it. Then the value 
of Sub-block energy BEF  is solved by the following 
equation: 

       
1 2

2 2

1 1 1 1

ˆ ˆ ˆ, , ,
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i j i j

F f i j f i j f i j
   

    (

9) 
The phase information (denoted by  )is represented by 

the distribution of its phase angle which is the arctangent 
value of real and imaginary parts after decomposition: 

 ˆ ˆarctan imge realf f  (of range  ,  ). phM is the phase 

matrix composed by phase angle, The mean and standard 
deviation is used as the distribution characteristics of 

phM to reflect the direction information. For a 

subband ix (of size), the mean and standard deviation are 

expressed as follows： 
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Denote above formular in vector form:  ,BPF mean std . 

For all of the sub-blocks in highpass subbands of 
Wavelet ,the extraction process is: we decompose ix  into 
two levels to obtain 16 coefficients sub-blocks, and extract 
the top eight coefficient energy and phase characteristics 
(denoted as BEF , BFF  respectively )of sub-block to describe 
the current block, then we choose the fuzzy c-means 
clustering algorithm to make a unsupervised classification 
of these information..Assume all of the sub-blocks are 
classified into K  kinds. (denoted as   , 1, 2,...,kC k K ), 

each kind is corresponding to a sub-block set 
  , 1, 2,...,kS k K . The next is to train kS till it can sparsely 

represent by kd ,and this problem can be translated into the 
solution of the following equation.  

   2 1
ˆ ˆ, arg mink k k k k kd S d                      (11) 

The above equation can be solved over-complete 
dictionary kd  and its corresponding coefficients k by K-
SVD[8]algorithm. Consider that all of sub-blocks possess 
the similar structure which do not need to train the over-
complete dictionaries. In addition, the compactly supported 
dictionary can effectively reduce the complexity of the 
sparse coding, therefore, we use the K-L transform to train 
the compactly supported dictionary kd .Assume kΩ is the 

covariance matrix of kS ,apply K-L transform to kΩ  to get 

a orthogonal matrix kP . Set T
k k kZ S P ,then we get 

2 2
0T T

k k k k k k kS S S S   P P P . For the 

equation(11),this means the estimation term is turn into zero 
under the 2l  norm while the sparse regularization term 

kZ  under the 1l  norm exist plenty of redundancy due to 

the preservation of the whole sparse coefficients.In order to 
balance the regularization term of 1l and 2l ,we only choose 

the previous r  most important feature vector of kP  to 

construct kd ,that is to say,  1 2, ,...,k rd p p p , 

set T
r r kd S  ,Then the optimal r value of is solved by the 

following equation: 

 0 2 1
arg min k r r r

r
r S d                          (12) 

The final dictionaries
01 2, ,...,k rd p p p     possess the 

property of both wavelet multi-scale features and local 
characteristic of dictionaries, which can effectively 
represent image sparsely.  

III. MINIMUM SET OF VALID MEASUREMENT BASED CS 

RECONSTRUCTION 

In order to further reduce the redundancy in CS, we adopt 
a new CS measurement method by excluding the mutual 
correlation coefficients between measurement matrix Φ and 

sparse dictionary Ψ . Assume 1, 2y ,..., ,M
My y y     is the 

CS measurements, MX̂ is the reconstructed signal from 

yM , X̂i  represents the reconstructed signal from 

  1 2, , 1i
iy y y y i M   , M-1,X̂ i is reconstructed signal 

from yM which remains 1M   measurement by excluding 

i th measurement .And  1,
ˆ 1 ,1p jX p M j p     is 

reconstructed signal from py which remains 1p   
measurement by excluding j th measurement ,and the 

corresponding measurement matrix is set to 1,p j  . 

The steps for low redundancy are as follows: 
Step1: reconstruct MX̂ , 1

ˆ
MX  by using the measurement 

set yM , 1yM  respectively. Then calculate error 

1
2 2

ˆ ˆ ˆ/M M Me X X X  . 

Step2: e  (  is the threshold value of reconstruction 
error),assume loop control variable p M ,turn to step 
3,Otherwise, turn to step 10. 

Step3: Caculate the the mutual correlation coefficients 

 2 2
( ) max , ( )j l m l m

i m
A a a a a


   of 

1,j p jA Φ Ψ , a l and ma  are the two column vectors of 

jA ,The minimum value of ( )jA  is represented  as 

min min( ( ))(1 )ju u j p  A . And its corresponding 

measurement matrix is denoted as minA . 

Step4: The measurements 1
min
py  (measured by minA ) is 

used to reconstruct 1,min
ˆ

pX  ,meanwhile, calculate the error 

1,min
2 2

ˆ ˆ ˆ
M p Me X X X  . 

Step5:If e  ,set 1p p   and repeat the above steps 3 
~ 5. Otherwise, turn to Step6. 

Step6: The measurement set is denoted as T (including 
n elements ).The corresponding measurement matrix is set 
to T .Let loop control variable p n . 

Step7: Caculate the error 

1,
2 2

ˆ ˆ ˆ
j M p j ME X X X  ,and according to this error, 

partition T  into two sets 1T and 2T . Any element is 

removed from the T in the 1T  cannot be completely 
reconstructed signals, but which can be completely 
reconstructed signals  in the 2T .Denote 1T as key set of T  

while 2T  as non-key set of that.  

Step8: According to descending order of jE , sort the 

measurements of 2T ,and the sorted set is still denoted as 2T .  
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In the order from the back forward, eliminate the 
elements of 2T  and make sure that the rest elements of 

1T and 2T  can still fully reconstruct signals. 

Step9: The rest elements of 1T and 2T  is used to update 

T .Repeat the above steps7~9 until the element of 2T  is 
empty. 

According to the above algorithm steps, the obtained 
measurement set only includes the key measurements. That 
is to say, it is cannot fully reconstructed the signals if 
remove any measurement of the set which is therefore 
called the minimum set of valid measurement. 

 
 
The CS reconstruction algorithms are mainly based on 

basis pursuit algorithm (BP) [9], the matching pursuit 
algorithm (MP) [10] and iterative hard threshold (iterated 
hard shrinkage, IHT) [11], and so on. In MVMCS, we 

consider the IHT as reconstruction algorithm to speed up 
convergence. Therefore, under the constraint of the 
minimum set of valid measurement, the solution equation of 
CS reconstruction algorithm can be expressed as follows: 

 2 1
ˆ arg min y D


     Φ                        (13) 

IV. EXPERIMENTAL RESULTS AND DISCUSSION 

In order to prove the validity of MVMCS method Lena, 
Barbara, Peppers images are chosen as the test images(of 
size 256 256 ). Make MVMCS algorithm is compared with 
the traditional CS, wavelet transform is used as CS sparse 
representation, In order to guarantee that CS is comparable 
with MVMCS method, CS reconstruction method are 
consistent with MVMCS. The sampling rates are chosen 
20%, 25%,30% and 35% respectively. 

 

 
Figure 1.  The image reconstruction results of CS and MVMCS algorithms 

 

 
Figure 2.  The image reconstruction results of CS and MVMCS algorithms 

 

 
Figure 3.  The image reconstruction results of CS and MVMCS algorithms 
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From Figure 1 to Figure 3 show the three kinds of image 
reconstruction results in the 30% sampling rate. In order to 
observe conveniently, it only shows the local areas of the 
recovery images. From the Figures, we can see that it is 
obvious for the fuzzy phenomenon of images in traditional 
CS reconstruction, which lead to a higher distortion degree. 
When confronted with rich texture image Barbara, artifact 
effect is especially serious, and cause the terrible quality of 

the reconstruction. While the recovery image of MVMCS is 
closer to the original image, especially for Lena image brim 
region and Barbara image texture region, The image detail 
reconstruction effect of MVMCS is superior to that of 
traditional CS.   

Table 1, 2 show that the measurement number of 
traditional CS and MVMCS which has eliminated non-
critical measurements. 
 
 

TABLE I   THE MEASUREMENT NUMBER OF TRADITIONAL CS 

256 256  20% 25% 30%  35% 
13100 16384 19660  22937 

 
TABLE II THE MEASUREMENT NUMBER OF MVMCS ALGORITHM BY EXCLUDING OF NON-CRITICAL MEASUREMENTS 

256 256   20%  25%  30%  35% 

Lena  9956  12097  14351  16285 

Barbara  10873  13438  15720  18340 

Peppers  7860  9502  11206  12844 

 

 
Figure 4 The PSNR value comparison of image recovery results of CS and MVMCS algorithms 

 

From Figure 4, we can see that under the four different 
measurement number, the mean value of PSNR of MVMCS 
is higher about 4.12 dB than traditional CS. When 
encountered the Lena and Barbara images with abundant 
textures and edge information, it is significantly large for 
the gap between PSNR value of MVMCS and that of other 
algorithms. That is to say, MVMCS is more effective for 
the complex images. 

To verify the effectiveness of MVMCS method in super-
resolution reconstruction, The images of Butterfly, Raccoon, 
Eye Test and the Girl are chosen as the ideal HR images(of 
sizes 256 256 );And compare with the 
compressive image super resolution (CISR) [12], image 
super-resolution as sparse representation of raw image 

patches(SRSR)[13], in terms of the visual effect of the 
recovery image (as shown in Figure 5-6), PSNR, RMSE 
and computation time respectively(as shown in table 2).The 
Simulation experimental platform is  Matlab7.1, The 
frequency and memory of the computer are 3.01 GHz and 2 
GB respectively. We first apply the down-sampling matrix 
D to the HR image and get the low resolution image of 

dimension    1
256 256 128 128

4
low N

N
n

      ； In 

order to guarantee the comparability of the three test 
methods, we set that the measurement number of MVMCS 
equals to 128 128 16384  . 
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Figure 5 The image reconstruction results of three methods 

 

 
Figure 6  The image reconstruction results of three methods 

 
Figure5-6 show that the quality of the recovery image 

has the"dot" noise via CISR methods which adopts 
orthogonal wavelet transform as sparse representation and 
wiener filter to smooth images. SRSR method, through 
establishing the relationship of sparse representation 
structure between HR and LR image blocks, can recover the 
image with more details, but due to introduce the over 
complete dictionary ,the whole method possesses high 

complexity. MVMCS method can recover most of image 
details with a slight noise. By comparing with CISR method, 
the effect of the recovery image has improved greatly. By 
comparing with SRSR method, although the texture details 
of the recovery image is slightly inferior, however, because 
of its low complexity, our work is obviously better than 
SRSR method in computational speed. 

 
 
 

TABLE III  THE COMPARISON OF RECOVERY RESULTS OF THREE METHODS 
(THE UNIT of PSNR is dB) 

Test images 

CISR SRCS MVMCS 

PSNR   RMSE Time PSNR RMSE Time PSNR RMSE Time 

Butterfly 27.41 29.74 9.7s 33.15 7.92 602s 32.72 8.75 31.4s 

Raccoon 26.92 33.29 10.4s 31.40 12.68 614s 30.57 14.36 32.0s 

Eyetest 28.01 25.90 9.1s 34.27 5.89 599s 33.12 7.68 29.8s 

Girl 27.39 29.88 10.8s 32.83 10.44 619s 31.05 12.86 31.7s 

 
From Table 3, we can see that the PSNR average value of 

recovery image in MVMCS is beyond 4.43dB and the 
RMSE average value reduces about 18.7 in comparison with 
CISR method. Also, the two average values are a slightly 
lower 1.04dB and higher 1.68 than SRSR method. And the 
computation time of MVMCS and CISR is in the same 
order of magnitude while about 600 seconds in SRSR 
method. So MVMCS is considered to not increase the 
computational complexity and suitable for super-resolution 
reconstruction in actual system. 

V. CONCLUSIONS 

In MVMCS, the local adaptive sparse dictionaries in 
wavelet domain can achieve a better sparse representation of 

images. And the minimum set of valid measurements can 
effectively reduce the sampling value while guarantee the 
quality of reconstructed images. Experimental results prove 
that MVMCS advantages at computation time and the 
quality of reconstructed images. Consider that MVMCS 
method can reconstruct the HR images under the condition 
of low energy consumption, it is suitable for applying to the 
limited energy in video monitoring equipment. 

ACKNOWLEDGMENT 

The authors would like to thank the reviewers for their  
helpful comments.  
 



HAIFENG ZHANG et al: A COMPRESSED SENSING ALGORITHM USING A MINIMUM SET OF VALID … 

DOI 10.5013/ IJSSST.a.17.46.45                                   45.7                ISSN: 1473-804x online, 1473-8031 print 

REFERENCES 

 
[1] Donoho D L.Compressed sensing[J].IEEE Transactions on 

Information Theory, 2006, 52 (4),pp.1289-1306 

[2] Tsaig Y, Donoho D L, Extensions of compressed sensing, Signal 
Processing, 2006, 86 (3),pp533 -548 

[3] ames E. Fowler, Sungkwang Mun, and Eric W. Tramel,Multiscale 
block compressed sensing with smoothed projected landweber 
reconstruction, 19th European Signal Processing Conference, 
Barcelona,Spain,2011 

[4] Peyre G. Best basis compressed sensing[J]. Signal Processing, IEEE 
Transactions on, 2010, 58(5),pp.2613-2622. 

[5] Qiusheng L, Yanyan G, Shuzhen C. Compressed sensing image 
reconstruction based on two-step iterative shrinkage and complex 
wavelet [J]. Chinese Journal of Scientific Instrument, 2009, 7: 018. 

[6] Candès E, Romberg J. Sparsity and incoherence in compressive 
sampling[J]. Inverse Problems, 2011, 23(3),pp.: 969-985. 

[7] Meyer F G and Coifman R R. Brushlet: A tool for directional image 
analysis and image compression. Applied and Computational 
Harmonic Analysis, 1997, 4,pp147–187. 

[8] Zhang Q, Li B. Discriminative K-SVD for dictionary learning in face 
recognition[C]//Computer Vision and Pattern Recognition (CVPR), 
2010 IEEE Conference on. IEEE, 2010,pp.2691-2698. 

[9] Chen SSB, Donoho D L, M A Saunders. Atomic decomposition by 
basis pursuit [J]. SIAM Journal on Scientific Computation, 1998, 20 
(1),pp.33-61 

[10] Tropp J A. Greed is good: Algorithmic results for sparse 
approximation [J]. IEEE Transactions on Information Theory, 2004, 
50 (10),pp. 2231-2242 

[11] Blumensath T, Davies M E,Normalised iterative hard 
thresholding:guaranteed stability and performance[J],IEEE Journal of 
Selected Topics in Signal Processing, 2010, pp. 298–309  

[12] Sen P,Darabi S. Compressive image super-resolution[C]//Proceedings 
of Signals, Systems and Computers. Los Alamitos:IEEE Computer 
Society Press,2009. 

[13] Yang C, Wright J, Huang T, Ma Y Image super-resolution via sparse 
representation[J].IEEE Trans. Image Process., 2010,19 (11), pp.2861-
2873.

 
  

 


