
QIN ZHANG: AN IMPROVED CONTINUOUS ANT COLONY ALGORITHM FOR GLOBAL OPTIMIZATION OF … 

DOI 10.5013/IJSSST.a.17.48.32                                          32.1                           ISSN: 1473-804x online, 1473-8031 print 

An Improved Continuous Ant Colony Algorithm for Global Optimization of 
Continuous Functions 

Qin ZHANG 
 

ShangHai Maritime University, Shanghai 201306, China 

Abstract — In this paper, we present an improved continuous ant colony algorithm for global optimization of continuous functions. 
We show how to improve the quality of Ant Colony Optimization, ACO, to solve continuous optimization problems. We present the 
general idea, implementation, the analysis of its convergence and results obtained.  We compare the results with Adaptive Genetic 
Algorithm, AGA, and Continuous ACO, CACO, from which we draw our inspiration, and other ant-related optimization methods 
and continuous optimization methods. Experimental results show that Iterated Continuous Ant Colony, ICAC, is an efficient 
method for continuous optimization problems.  
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I. INTRODUCTION 

Global optimization of continuous problem can be 
formulated as: 

min ( )f x   Subject to min max x x x                      (1) 
Where x=(x1, x2, ···, xm) is the continuous variable 

vector in RM, f(x) denotes the objective function, xmin= 
(x1min, x2min, ···, xmmin) and xmax= (x1max, x2max, ···, xmmax) 
represent the lower and the upper bound of each variable 
respectively[1].  Most real problems of this type are non-
differentiable and multimodal. Hence, gradient based 
methods cannot be used to find the global solutions.  

To overcome this issue, many researchers have been 
proposing stochastic global methods that do not require any 
derivative computation. These methods generate a random 
sample of points and move it based on their objective 
functions values in order to converge to optimality. Ant 
Colony Optimization algorithm (ACO), a stochastic 
population-based method, was initially proposed by Marco 
Dorigo to solve combinatorial optimization problems 
(COPs) and then extended to solve the continuous 
optimization problems by Krzysztof Socha [2].  

There are also some other stochastic population-based 
methods to solve this kind of problem in the literature[3]. 
They include Continuous ACO (CACO)[4], Continuous 
Genetic Algorithm (CGA)[5] and Binary encoded Adaptive 
Genetic Algorithm (AGA)[6,7] and other ant-related 
algorithms such as API[8] and Adaptive Ant System Colony 
(AASC)[9]. What’s more, there are also other modified 
algorithm to solve the continuous optimization problems, 
such as the Continuous Genetic Algorithm (CGA)[10], 
Evolutionary Strategies (ES)[11], Iterated Density Estimation 
Algorithm (IDEA)[12] and Mixed Bayesian Optimization 
Algorithm (MBOA) [13].  

In this paper, to modify the ‘explore’ and ‘exploit’ 
performances of CACO better, an Improved Continuous 
Ant Colony algorithm (ICAC) is presented. Besides using 
the continuous encoding, the algorithm provides a modified 
robust procedure including decision policy, transfer ways 
and pheromone updating. This procedure is not only to 
explore broad and promising regions of solutions but to 

avoid being trapped at the local optimization. The objective 
of this paper is to assess the efficacy of ICAC through 
performance comparison with other continuous 
optimization algorithms in a multi-minima case study. 
Experimental results show the advantages of ICAC over 
other continuous optimization algorithms, the efficiency 
and reliability of the proposed algorithm are greatly 
improved. ICAC’s high performance illustrates that the 
additional mechanisms incorporated in ICAC to manage the 
exploit–explore relationship are effective in improving the 
performance of ACO. 

II.  THE BASIC STRUCTURE OF ACO 

Like most meta-heuristics, ACO algorithm 
incrementally searches through the continuous solution 
space using both knowledge and the desirability of the 
solution correlative information. The former expressed as 
pheromone τij is gained from previous solutions to further 
guide the search. The latter expressed as heuristic ηij implies 
the solution’s individual influence on the objective 
function. Ants deposit pheromone on the individuals that 
they selected and share the information in the ant colony, 
which leads to the positive feedback mechanism and 
accelerates the optimization process.  

The general ACO algorithm is illustrated in Figure 1. 
The procedure of the ACO algorithm consists three steps: 
The first step is the initialization of the pheromone trail. In 
the iteration (second) step, ant v constructs a complete 
solution to the problem according to a probabilistic decision 
policy Pv

ij(k) which depends mainly on the state of the 
pheromone. The third step updates quantity of pheromone; 
a global pheromone updating rule is applied in two phases. 
First, an evaporation phase where a fraction of the 
pheromone evaporates, and then a reinforcement phase 
where each ant deposits an amount of pheromone which is 
proportional to the fitness of its solution. This process is 
iterated until a stopping criterion. 

As given in Figure 1, α and β are the parameters 
controlling the relative importance of pheromone intensity 
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and heuristic respectively for each ant’s decision. ρ and Δτv 
are pheromone evaporation and increment. 

 

Figure 1. The basic structure of ACO 

III. IMPROVED CONTINUOUS ANT COLONY 
ALGORITHM (ICAC) 

Inspired by AGA and CACO, we proposed an improved 
continuous ant colony algorithm (ICAC) which modified 
the encoding method, decision policies as well as the 
pheromone updating rules after studying scores of 
literatures.  Different from the ACOR methods[2] whose 
fundamental idea is the shift from using a discrete 
probability distribution to using a continuous one, the 
innovation of this algorithm that extent the ACO to 
continuous region lays in four fields: Encoding and Initial 
the spread of ant colony; Select the control region by 
decision policy; Flexible transfer ways of exploration and 
Dynamic evaporation in pheromone updating.  

A. Encoding and Initial the spread of ant colony  

For dynamic optimization with multiple control 
variables, xi (k) represents value of variable i in the kth step 
of iteration, whose searching region is [ximin, ximax], as 

shown in Figure 2. x axis is the number of variables and y 
axis expresses their searching region.  

At the beginning of iteration, that is when (k = 0), τ(0) is 
on all the variable regions, and m ants in V colonies 
randomly spread in the searching region [x1min, x1max] of the 
first control variable. After all the ants have got over the 
rest variables stochastically, V complete initial feasible 
control profiles are represented by piecewise constant 
functions, for example, the dash lines shown in Figure 2. 
Thus, each ant deposits a certain amount of pheromone on 
the separate search space. 
 

 

Figure  2. Encoding and ant colony spread 

B. Select the control region by decision policy 

After the initial iteration, ants diffused pheromone into 
the environment. The pheromone can be perceived by all 
the members of the population, and ants are attracted by 
high pheromone density. If all ants moved to the space with 
high pheromone, the search process will finish as soon as 
possible. To solve the sudden convergence, distances 
between different ants are considered. In the subsequent 
iterations, ants are moving towards the function of high 
pheromone and small distance according to the following: 
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in which, τv’ is the amount of pheromone laid on the spot 
by ant v’. ηvv’ is heuristic, which is the inverse of variable 
values distance dvv’=|xv-xv’| between ant v and ant v’. The 
attraction ability of each spot is determined by both of its 
distance and the amount of pheromone it contains, then ants 
can explore control region in all its spaces. 
 
C. Flexible transfer ways of exploration 

There are two steps in this algorithm to ensure the 
flexible transfer ways of exploration: Individual transfer 
steps and Mutual interaction. 
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1） Individual transfer steps 
It is worth to notice that none of the ants go directly to 

the most attractive or nearest spot. Instead it has two range 
parameters r1

v(k) and r2
v(k), which are normally distributed 

over the population. Among the range parameters, r1
v(k) is 

the maximum value to find feasible better neighbors, and r2
 

v(k) is the maximum distance to explore search space 
towards better objective function, as seen in Figure 3.  

 

Figure 3. Each ant draws a random distance to jump to 

This figure shows the ants spread in a single variable xi. 
In the iterations, r1

v(k) and r2
v(k) are calculated with Eqs.3 

and 4. 
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where the value of ant v in variable xi, and x v’ 
i
 is the 

value of ant v’. According to the variation of different 
values between ant v and ant v’, r1

v(k) and r2
v(k) (k=1, 2 …) 

will be changed timely.  
Only if ants gather together, the algorithm converges to 

the optimum value. During iterations, when the ants 
gradually centralize from initial wide distribution, values 
represented by ants are close by degrees. As shown in Eqs.3 
and 4, r1

v(k) and r2
v(k) decrease accordingly. Furthermore, 

ants reduce exploration space and values towards the 
optimum value. 

Considering the choice of r1
v(k) or r2

v(k), the pseudo-
random proportional rule is used. First, generate a 
stochastic number q1[0,1] ; Then if  q1< q0 , ants explore 
the neighbors within the area of r1

v(k), otherwise ants move 
a long way towards the attractive value. In view of the 
maximum transfer step r2

v(k), ant v shifts to a place with the 
length of r2

v(k) if  the distance from the attractive value is 
larger than r2

v(k). On the contrary, ant v can crawl directly 
to the attractive value if the distance is within r2

v(k). Under 
the limit of r1

v(k) and r2
v(k), each ant draws a random 

distance and then jumps the length towards the most 
attractive direction. The choices strategy mentioned above 
are formulated by Eq.5. 
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In this equation, q0(k) is a pseudo-random factor. It is 
necessary to use the region-reduction strategy represented 
by Eq.6 to ensure the accuracy of the results. 

0 0( 1) ( ) (0,1)q k q k                                 (6) 

where λ is reduction ratio. As iteration going on, q0(k) 
becomes smaller. Correspondingly, exploration way is  
gradually changed from local neighbor search to oriented 
quest, so the algorithm course can be sped up. In other 
words, the algorithm converges by means of wide area 
exploration to exploitation. 

2） Mutual interaction 
Based on the obtained pheromone and heuristic, each 

ant searches the solution space independently. Besides, after 
all variables are explored, ants can utilize mutual 
information just like Genetic Algorithm (GA). GA uses 
crossover to search new individuals, which could possibly 
have better solutions. The operation of crossover is adopted 
by ICAC to expand the searching scope. Similarly to one 
point crossover, if random number q2 (q2[0,1]) is smaller 
than crossover probability pc(k), ICAC will select two ants v 
v’ and one variable xi firstly, which will be crossed. Then 
the continuous variable is operated as follows:  

'( ) ( ) (1 ) ( )v v v
i i ix k x k x k       

 ' '( ) (1 ) ( ) ( )v v v
i i ix k x k x k                      (7) 

where μ is crossover operator and 0<μ<1.  pc(k) is set 
adaptively by Eq.8. This formula shows that the closer fv to 
fmax , the smaller pv

c(k) is. That is to say, ants with better 
solution values need to be retained, while ants with worse 
solution values have to be eliminated in all probability. So 
that ants with different solution values are adaptively 
conducted. 

avg max avg( )/ ( )1
( )

3

vf f f fv
cp k e - -=                           (8) 

fv is the inverse of solution Zv, fmax is the inverse of the 
best solution value Zmin, favg is the inverse of average 
solutions value Zavg, and Zavg=∑Zv/V. 

 
D． Dynamic evaporation in pheromone updating 
After all the ants finish exploring all the variables, the 

colony will get V solutions. According to the final best 
solution value in this iteration Zib, pheromone on each road 
is updated as Eq.9. 

( ) (1 ( )) ( 1) ( )v v vk k k k                             (9) 

( ) / ( )v vk D Z k   
Where D is positive constant, k is iteration number and 

G is the total iterations. Δτv is increment of pheromones on 
variable search space, proportionally to the objective 
function solution Zv. ρ(k) is defined as evaporation of 
pheromone. To turn to good value sensitively, ρ(k) is 
adaptively adjusted.  

/( ) ( ( ) ) /( log( 1))k Gk a b k k                              (10) 
Where a, b are constant, and 0<a<0.1, 1<b<10. Formula 

10 illustrates that as the iteration k increase, the dynamic 
ρ(k) will decrease. In early iterations with bigger ρ(k), more 
pheromones are decayed and the convergence rate is 
slower, whereas in the later iterations, less pheromone is 
decayed resulting in faster convergence. Finally, return to 
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search the control region again by running ICAC algorithm 
until iteration k reaches G. 
 

IV. THE ICAC CONVERGENCE ANALYSIS 

For the derivation of stochastic convergence properties, 
it is necessary to put the algorithmic variants into an 
unambiguous probabilistic framework by assigning well-
defined stochastic processes to them[14,15]. 

Lemma 1    In ICAC iteration process, the stochastic 
process with states 

( ( ), ( ), ( ))kX k Z k kt r= 1,2, ,k G=                    (11) 
is an inhomogeneous Markov process in discrete time. 
Proof    Markov property is that the distribution of Xk 

only depends on Xk-1. Observe that the distribution of the 
paths Z(k) depends on τ(k-1) and the distance determined by 
positions in iteration k-1. Furthermore, τ(k) is determined by 
the pheromone update rule, and evaporation of pheromone 
ρ(k) only depends on iteration k. Hence, states Xk is an 
inhomogeneous Markov process. 

 As the proof of the lemma shows, the transition 
function of the Markov process follows, for each of the 
three algorithmic variants, in a straightforward way from 
the description of the improved algorithm. Thus the 
stochastic processes to the following theorem refers are 
well-defined. 

Theorem 1    In these algorithms, let evaporation of 
pheromone ρ(k) be modified dynamically with iteration k 
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Then, with probability one, the states Xk=(τ(k), Z(k), ρ(k)) of 
the assigned Markov process converge as k→G→∞ to one of 
the states X*=(τ[Z*], Z*, ρ[Z*]) where Z* is an optimal 
path. 
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     diverges, 

which satisfy the Theorem 4.1 proved by Gutjahr[16]. 
So according to the lemma 1 and theorem 1, with 

probability one there exists an path Z*, the probability 
PZ*(k) of traversing optimal path Z* in iteration g tends to 
unity as k→G→∞, and the stochastic process Xk=(τ(k), Z(k), 
ρ(k)) enters in some iteration into the states X*=(τ[Z*], Z*, 
ρ[Z*]). 

As a consequence, ICAC can converge to the vicinity of 
global optimum with probability one.  

 
V. EXPERIMENTAL SET UP AND RESULTS 

In this section, we present the experimental setup for 
evaluating the performance of ICAC and the results 
obtained. In order to have an overview of the performance 
of ICAC in comparison to other methods for continuous 
optimization, we use the typical benchmark test functions 
that have been used in the literatures for presenting the 
performance of different methods and algorithms.  

As mentioned in Section 1, there are several methods to 
deal with the continuous optimization problems. We 
divided those methods into 3 groups based on their 
similarity to ICAC.  

The first group includes CACO and AGA from where 
we get the inspiration in this paper. 

The second group consists of other ant-related 
Continuous Optimization methods, including: ACOR, CIAC 
and API. 

 The third group includes other methods to solve the 
continuous optimization problems. 

As for the first group, the algorithms are encoded in 
Matlab 7.1 and the simulations are run on a PC with a 
Celeron 3.46G CPU and 1G RAM. We compared the 
average of computation times (t), average Spacing Assess 
(SA), average Flam Spread Assess (FSA), and the average 
error (err) of the three algorithms. 

As for the second and third group, we use the number of 
function evaluations needed to achieve a certain solution 
quality[17,18] as criterion of comparison in order to avoid the 
problem of the algorithms being implemented using 
different programming languages; The use of the number of 
function as a criterion allows us to run the experiments only 
with ICAC, and compare the results obtained to those found 
in literature. Additionally, in order to ensure a fair 
comparison, we replicate carefully the experimental setup 
(in particular: initialization interval, parameter tuning 
methodology, and termination conditions) used by the 
competing algorithms.  

This section focuses on the efficiency of CACO, ICAC 
and AGA as tested against 4 benchmark functions. For the 
algorithms optimization, parameters are set as: population 
size is 10 to make the figures more readable; α=5, β=3, 
τ(0)=25, D=10 for CACO and ICAC; Pc=0.9 and Pm=0.1 for 
CACO; q0(0)=0.9, pv

c(0)=0.6 for ICAC; each variable 
represented by a 10 bits binary sub-string for CACO and 
AGA, crossover operators Pc1=0.9 and Pc2=0.6, mutation 
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Pm1=0.1 and Pm2=0.001, initial temperature T0=10 (Zhang et 
al.,2004). 

To illustrate the different behaviors, B2 function with 
two dimensions and multi-minima for a sample run is given 
in Figure 4, and comparison results can be seen in Figure 5. 

 
Figure 4. The B2 function graph 

 
a) B2 optimizing process 

 
b) Standard deviation of objective function value. 
Figure 5. The three algorithms optimizing process 

The global optimum is B2=0 at (0, 0) in the search 
interval of [-1, 1]. Figure 5a shows the optimizing process 
between CACO, ICAC and AGA during 100 iterations, 
CACO gradually finds the better solution by spending long 
time searching, both of ICAC and AGA have good 
convergence speed, and ICAC gets to the global optimum 
but solutions of AGA are just kept near global optimum. 
Figure 5b can set forth this situation more, taking a look at 
the variation of the Standard Deviation (SD) for the three 
algorithms, which found in V computations of the mean 
value Zavg is defined by Eq.13. 

2
avg

1

1
SD ( )

1

V
v

v

Z Z
V 

 
               (13) 

There are some different oscillations in different 
algorithm. In CACO oscillations are acute all the times, and 
SD in ICAC fluctuates smartly during 10 iterations and then 
the amplitudes of the oscillations are smaller. However 
amplitude drops to zero in AGA sometimes. The SD 
behavior means that the population tends to gather near a 
value at one time and then tends to disperse. As illustrated 
in Figure 5b, within 10 iterations ICAC searches the 
variable space widely and finds the better result, but 
continue to explore locally, and after 70 iterations ants get 
to the global optimum; ants in CACO are distributed 
dispersedly to search all the search space, but can not find 
the best solution due to lack of adaptive transfer steps and 
pheromone evaporation; after 30 iterations ants in AGA 
find the solution near minimum, and it continues to explore 
by the crossover and mutation, but can not search further 
since it is limited by present population codes and small 
mutation factor. 
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Figure 6. Optimization process of B2 objective function 

As shown in Figure 6, these four generational snapshots 
are taken after 10, 80, 90 and 100 evaluations of the 
objective function. The gray rotundities are start spots; 
black stars are CACO solutions; black squares indicate 
ICAC solutions and gray triangles are AGA results. Most of 
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the ants in ICAC find the global optimum, and ants in 
CACO stay near the global and local optima, meanwhile 
only one data in AGA reaches the global optimum value. 
This Figure shows that the ICAC algorithm is much easier 
to converge to the global optimum value. 

To avoid attributing the optimization results to the 
choice of a particular initial population and to conduct fair 
comparisons, the other three functions (namely, 
Michalewicz, Rastrigin and De Joung, which are shown in 
Appendix A) were tested, and each test was performed 100 
times, starting from various randomly selected points in the 
hyper rectangular search domain. To evaluate the 
algorithm’s efficiency and effectiveness, the following 
criteria are applied to the 100 minimizations per test 
function (shown in Appendix B): the average of 
computation times (t), average Spacing Assess (SA), 
average Flam Spread Assess (FSA), and the average error 
(err), which is the average of the errors between the best 
successful points found and the known global optimum. 
The comparisons are shown in Table I. 

TABLE I. COMPARISON OF FOUR FUNCTIONS OPTIMIZATION 

Function B2 Michalewicz Rastrigin De Joung 

optimum 0 -1.8013 0 0 

CACO 

t(s) 0.1179 0.1186 0.1182 0.14 

SA 0.1414 0.0942 0.6002 0.5967 

FSA 2.468 1.2061 41.7899 42.6965 

err 0.0515 0.2569 1.255 0.3153 

AGA 

t(s) 0.0646 0.0698 0.0671 0.0687 

SA 0.0463 0 0.0779 0.0079 

FSA 0.5981 0 2.9681 0.4059 

err 0.3875 0.498 2.7933 0.3617 

ICAC 
 

t(s) 0.0762 0.0814 0.0927 0.1043 

SA 0.0943 0.0732 0.4283 0.13 

FSA 1.1129 0.8103 26.0413 2.1171 

err 0.0271 0.0722 0.1571 0.031 

 

Table I depicts the whole representations of CACO, 
ICAC and AGA for four functions, AGA costs the least 
time but has the biggest errors, CACO having bigger SA 
and FSA than ICAC means that solutions in CACO spread 
widely but not equidistantly. In term of efficiency that the 
AGA cannot find the global optimum and is easily trapped 
into local minima. On the contrary, the CACO permits to 
avoid this behavior and leads to a better efficiency but 
costing more time. ICAC needs the least running time and 
outperforms the other algorithms in average solutions for 
100 runs, and the optimized solutions are distributing 
appropriately. On these instances, ICAC obtains overall 
better results comparing to CACO and AGA, which 
illustrates that ICAC is a well suited algorithm for this 
problem. 

VI.  CONCLUSIONS 
 
We have introduced an improved ACO, named ICAC 

methods to solve the continuous function optimization 
problems. First, ants spread are encoding as continuous 
value, and decision policy are constituted by pheromone 
and heuristic. Second, adaptive search steps and mutual 
interaction are adopted to decrease the risk to be trapped 
into a local optimum. Last, ICAC uses dynamic evaporation 
factor for pheromone updating. The multi-dimension and 
multi-minima case study results reveal that ICAC solve the 
problem more effectively than CACO and AGA in quality 
of the solution. The comparison of ICAC with the other 
algorithms in the continuous version indicates that ICAC is 
an efficient algorithm in dealing with the continuous 
function optimization problems. ICAC’s high performance 
illustrates that the additional mechanisms incorporated in 
ICAC to manage the exploit–explore relationship are 
effective in improving the performance of ACO.  

Future work should focus on the further improvement of 
ICAC by the combination of CACO and AGA to determine 
the algorithmic characteristics, and seeking of the regions 
which they are suited to. 
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Appendix A. Testing Functions 

1. B2(2 variables): 
2 2

1 2 1 2 1 2B2( , ) 2 0.3cos(3 ) 0.4cos(4 ) 0.7x x x x x x         

Variables range: 1 21 , 1x x    
Several local minimum and only one global minimum: B2(0,0) 0 . 
 
2. Michalewics function (Mf): 

2 2

1

Mf ( ) sin( )(sin( / ))
n

m
i i

i

x x ix 


     

When 2n  10m  , Variables range: 1 20 ,x x    
One local minimum and one global minimum: Mf (2.2,1.57) 1.8013  . 
 
3. Rastrigin function (Rf) : 

2

1

Rf ( ) 10 ( 10cos(2 ))
n

i i
i

x n x x


    

When 2n  , Variables range: 1 25.12 , 5.12x x    
Several local minimum and one global minimum: Rf (0,0) 0 . 
 
4. De Joung (DJ) (3 variables) 

2 2 2
1 2 3 1 2 3DJ( , , )x x x x x x     

Variables range: 1 2 35.12 , , 5.12x x x    

Several local minimum and one global minimum: DJ(0,0,0) 0 . 
 
 
 
 
 

 
 

Appendix B. Test Criteria 

1. The average of computation times  

1

1 G
g

g

Rt T
G 

   

Tg is the g’s cpu time in every iteration. 
 

2. Average Spacing Assess (SA)  

2
avg

1

1
SA ( )

1

V

v
v

d d
V 

 
    

Where '
'min ( )v v

v vd f f   and 
avg

1

1 v

v
v

d d
V 

   

SA is used to estimate the distance between the adjacent solution, 
in particular, all solutions are equidistant distributed when SA = 0. 
 
3. Average Flame Spread Assess (FSA)  

2

max minFSA f f   

fmin is the minimum solution, FSA is used to measure the 
difference between the maximum and minimum value, the larger 
the FSA, the greater the distribution of the dispersed. 
 
4. the average error (err) 

1

err ( ) 
I

ibest opt
i

f f


   

Which is the average of the errors between the best successful 
points found and the known global optimum. 

 


