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Abstract - In this research, we present a nonparametric approach for the estimation of a copula density using different kernel 
density methods. Different functions were used: Gaussian, Gumbel, Clayton, and Frank copula, and through various simulation 
experiments we generated the standard bivariate normal distribution at samples sizes (50, 100, 250 and 500), in both high and low 
dependency. Different kernel methods were used to estimate the probability density function of the copula with marginal of this 
bivariate distribution: Mirror – Reflection (MR), Beta Kernel (BK) and transformation kernel (KD) method, then a comparison 
was carried out between the three methods with all the experiments using the integrated mean squared error.  Furthermore, some 
charts were used to support this comparison such as copula contours to spread the correlation before and after estimations. The 
simulation results show preference of the transformation kernel estimators (KDE) among all the estimation methods, which also 
proved that copulas are highly flexible models for high dependency especially of the Gaussian type.  
 
Keywords - Copula functions, Transformation kernel, Mirror-Reflection, Beta kernel. 
 
 

I. INTRODUCTION 
 

A dependency concept is an important tool in the study 
of joint distribution functions. It is necessary to know 
whether the random variables are independent or dependent 
as there is some data, economic, financial evidence, and 
Prices fluctuate.  In the parametric model, all information 
about the studied phenomenon is defined to be normally 
distributed. Unknown parameters are estimated using major 
estimation methods under strict assumptions and conditions. 
But when these random variables are generally not 
distributed it is not possible to use the ordinary correlation 
measures such as Kendall and Spearman, especially when 
measuring the amount of positive and negative dependence, 
also it is difficulty facing to separate the effect of random 
variables. Therefore, the researchers resort to the 
nonparametric methods to determine and reduce the amount 
of dependency through kernel density functions. 
Furthermore, the ability of the copula function to eliminate 
the dependency state between the variables when estimating 
the multivariate density functions and then to find the best 
alignment of these functions in the case of nonparametric 
capabilities [1-15]. 

Sklar (1959) gives the earlier study for the nature of the 
relationship between the copula functions and the 
cumulative distribution of random variables [16]. Genest and 
MacKay (1986) cited a particular category of Archimedes 
copula, which included a regular representation of many 
standard distributions under certain conditions to get new 
parameterized boundary has been provided for bivariate 
distribution [6]. Gijbels and Mielniczuk (1990) gave an 
important idea of the estimation of the copula probability 
density function using kernel estimator to carry out the 

boundary bias problem [7]. Chen and Huang (2007) referred 
to the description of the copulas as an implicit dependency 
measure between random vectors and marginal distributions 
[3]. Geenens et al (2014) presented the notion of changing 
the uniform marginals of the copula density into normal 
distributions through the robit function, approximating the 
density in the transformed domain that can be realized 
without boundary problems and attaining an estimate of the 
copula density by back-transformation. [4]. The estimation 
using kernel density function is still suffering from a 
significant problem, that is the boundary at the tail, so to 
obtain the possible solution for this problem we prepared 
this paper which includes the use of three methods of 
estimation, including Mirror, Beta and Transformation 
method. Also different copula functions, such as Gaussian, 
Gumbel, Clayton, and Frank. 
 

II. COPULA FUNCTIONS 
 

The copula can be defined as a complete measure of the 
dependency between the random variables; it contains all the 
information necessary to construct or estimate the 
probability density functions for these variables, taking into 
account the existence of a correlation between the variables 
under study, whether the parametric or nonparametric 
estimation models represent the data. The parametric model 
is determined by estimating its parameters, and it may be 
constrained by the Gaussian copula, which follows the 
normal distribution. As is known, the Gaussian property 
does not have a minimum dependency, or the model may be 
nonlinear, i.e., does not follow the normal distribution. The 
Kernel density estimator, which allows the separation of the 
effect of marginal distributions from the amount of 
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dependence, but it still tricky in the case of multiple 
variables. Therefore, the copula functions used as a 
cumulative function to facilitate the estimation of the density 
function. To estimate the nonparametric probability density 
function, the copula function should be estimated using the 
kernel estimator. Since the copula range is [0,1] that will be 
leading to bias at the boundaries. Therefore, a number of 
nonparametric estimators, such as reflection, transformation, 
and beta, will be used to address the boundary problem and 
then the nonparametric will be carried out [1, 13].  
 
A. Sklar Theory  
 
      Sklar's theory is the basis of the work of the copula since 
each function cannot be represented by continuous 
distribution through the copula function alone and vice 
versa. The features of this theory were shown by the Sklar in 
(1959), Schweiger and Sklar (1974) expanded the work of 
this theory to the state of the bivariate variables. Later in 
(1983) Sklar's theory was generalized to include a 
multivariate guide and explained how to separate the joint 
distribution into marginal distribution. To illustrate the idea 
of this theory mathematically [16]: 
 

    
(1) 

 
where (C) is referring to the copula function, (d) is the 
dimensions. 

Thus, the copula is associated with the cumulative 
distribution function , and we explain this idea in detail 
as: 
 

                  (2) 
 
If we have a random vector , then the random vector 

 can be written as follows: 

 

 (3) 
 
Since  is a probability, it was written as follows:  
 

 and 

 
 
Since the copula function is a cumulative function, and 
hence the definition of Sklar method, which indicated that it 
is a multivariate distribution can be separated into a marginal 
distribution with a link as shown in equation (1), then each 
vector of the copula can be written as follows: 
 

                           (4) 
 
by using the transformation method, we can get:  
 

                    (5) 

 
as well as the same process vector , we can get: 
 

                   (6) 
 
That means it  represents a combination of the 
probability density functions with the copula. Then the two-
dimensional probability density functions can be expressed 
by the copula as follows:  
 

  (7) 
 
Figure (1) shows the (CDF) by the transformation method  

(13).
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Figure 1. Transformation method of vector (U) 

 
B. General Properties of Copula 

 
Some general characteristics characterize copula 

functions:  
 
B-a. Invariance 
 
A copula is constant; it not changed under the increasingly 
complete transformations. To illustrate this feature, let 

be continuous random variables in the presence 

of copula C,  are increasing transformation 

functions. Then , it has the same copula for 

random variables  [13]: 
 

 

        ,   
 

 

          
 

 

               
 
B-b. Differentiability 
 
The copula functions are characterized by their ability to 
differentiate and being non-decreasing functions [13] i.e.: 

 
 

exist, and   
 

 
 

and if  then   

 

u₂	→  is defined and non-decreasing. 

Similarly, result holds for, u₁→ . 

 
B-c. Continuity 
 
Since the variables that forming the copula are continuous, 
then the copula function is also continuous, 

 then: 

 
 
C. Some Copulas Types 
 
There are several types of copulas to be selected according 
to the nature of the variables used and the level of 
dependency among these variables,  
including the following types [13]: 
 
C1. Elliptical Copulas 
 
        It is important copulas for obtaining different 
distributions and is similar to the normal distribution, as it is 
characterized by symmetry, as well as easy to generate. Most 
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major of elliptical copulas is Gaussian copula is generated 
from the normal distribution and does not have the minimum 
and highest tail dependency between random variables. The 
general formula for Gaussian copula density function is 
given by [13]: 
 

   
(8) 
where: 

 : copula parameter. 

 : Variance of   

 : Variance of   

 Note that the value of the parameter 
 
is controlled on 

the amount of dependency between  .  

 
C2. Archimedean Copulas 
 

Liang introduced Archimedes' copulas in 1965. They are 
easily built with their high flexibility and ability to capture 
wide ranges of dependency, so they are widely used in 
empirical models. There are many types of Archimedes 
copulas including [13]:  

 
C2.a. Clayton Copula  
 

This copula was proposed by Clayton (1978) and 
developed by Cook & Johnson in (1981). The general 
formula of this copula is given as follows: 

       (9) 
The copula's parameter  is restricted within the 

period . Thus when  approaches zero, the 

marginal distribution approaches to the dependency. Vice 
versa if the copula approaches the high limits . 

Therefore, the Clayton copula shows the adoption of the 
strong left tail and the adoption of a relatively light tail. 
 
C2.b. Frank Copula 
 

Frank in (1979) created this copula. The Frank copula 
parameter takes any real value  to determine 

the dependency of the tail. The minimum and maximum 
dependence is equal but is relatively weak at the angles. 
Thus, the dependency is straightly concentrated at the center 
of the distribution. The formula of the Frank copula can be 
written as follows:  
 

  

                                                    (10) 
 
C2.c. Gumbel Copula 
 

This copula established by Gumbel in (1960), is 
considered the ancient copulas. Here, the parameter is 
restricted within the period . Gumbel copula does 

not allow negative dependency, which is the strongest 
dependency in the right tail. That is, they are closely linked 
to high values but are less correlated with lower values. The 
general formula is written as follows: 

  (11)   
 
C3. Copula Parameter Estimation 
 

Copula parameter  estimation is usually performed by 

a fully parametric (ML). To illustrate the estimation method, 
let be the parameters vector to be estimated. So using the 

copula joint density that given in (7), and get  as follows 

[9]: 

 

            

 

 
   

                   

 
The ML estimator is then given by:  
 

           (12) 
 
D. Kernel Density Estimator (KDE) 
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The nonparametric estimation  by using kernel 

density estimator (KDE) for the random variables 
   can be defined as [10, 14, 15]:  

 

 
  (13) 

or re-write as: 

      (14) 
where: 

 

 

 : (2*2) smoothing parameters (bandwidth) matrix. 

: kernel function, where the Gaussian kernel density is 

given by: 

       (15) 
 

 : (2*2) Var-Cov Matrix for the Data. 

For more types of kernel densities, see (10). 
Here the boundary problem will appear if we take a point 

close to the center, we will notice the point of the vector of 
the random variables are located outside (that is, the data 
will be oriented towards the angles), which leads to 
unlimited intensity and bias at the border. To overcome this 
problem, one can use the kernel estimator with the copula. 
Figure (2) may clarify this idea. 

 
Figure 2. Transformation method of vector (U) 

 
So the kernel density function estimation with copula is 
indeed an estimate of the values taken from (CDF), which 
appear in the following formula: 
 

              (16) 

where the CDF of the vector . 

 
The general formula for estimating the density of the copula 
is: 
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                 (17) 

                                  (18) 
where are arbitrary vectors.  

Then appeared successively many methods that emerged 
in succession to avoid the boundary problem.  

The essential concept remains in the process kernel 
density estimation, namely the bandwidth, it is a free 
parameter which exhibits a strong influence on the resulting 
estimate, The most common optimality criterion used to 
select this bandwidth is the expected risk function, also 
termed the mean integrated squared error. 

In this research, the bandwidth will be selected according 
to the rule-of-thumb, which is developed by Silverman and 
Scott (1990). That is often possible to derive an 
asymptotically optimal bandwidth by minimizing the leading 
terms of the asymptotic approximation of the MISE, 
commonly referred to as asymptotic mean integrated squared 
error (AMISE). However, this involves a priori knowledge 
(or approximation) of the true density.  
 
D1. Mirror – Reflection Estimator (MRE) 

 
Gijbels and Mielniczuk in (1990) have been reviewed a 

mechanism depends on increasing the data to exceed the 
boundary bias at the corners and edges, that will give an 
extended data and this method called Mirror – Reflection as 
shown in the following formula [7]:  

  
(19) 

 
Where N represents the extensive data defined as: 
 

   

 
 (20) 

 
Therefore, the Mirror – Reflection method estimator for 

copula density say  can be written as follows: 

    

                                             (21) 
 

Note that in the case of the densities which are within the 
period [0,1] × [0.1], the inconsistency at the boundary can be 
corrected, but the rate of convergence of bias will remain 

 at the boundary, which is obtained in the interior 

when  and the only case for normal convergence 

at the boundary when the density is equal to zero. 
The bandwidth of the mirror-refection estimator is 

selected by minimizing the AMISE using the Frank copula 
as the reference copula, as the following formula: 

         (22) 
Where: 

 
 
D2. Beta Kernel Estimator (BKE) 

 
Chen (1999), proposed a density function to remove the 

bias at the boundary, this density equals the specified area of 
[0,1] to be estimated by using a density function from beta 
family with parameters (p,q), such that the shape parameters 
vary with each data point. The formula of beta kernel density 
function can be written as [2, 19]:  
 

 

                        (23) 
: the probability density function represents a 

beta distribution and is written according to the following 
formula: 
 

   

                                 (24) 
The bandwidth of the beta kernel estimator can be formal as 
the following:()  

              (25) 
Where: 
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D3. Transformation Kernel Density Estimator (TKE) 
 

Charpentier et al. (2006), presented the transformation 
kernel density estimator. They assumed that the boundary 
problem can be processing by transforming the data to be 
within the period [0,1], this transformation will obtain a 
specific intensity function estimate, also will give an 
estimator followed by a density function retains the 
traditional kernel estimator, as well as this estimate,  reaches 
a faster convergence rate. To illustrate the mechanism of this 
estimation, let  be the cumulative distribution 

function through function ,  represents 
marginal distributions [4, 17]. The copula with 
transformation kernel estimator is defined according to the 
following formula [14]: 
 

    

                       (26) 
 
The bandwidth of the transformation estimator can be 
selected by the normal reference rule on the transformed 
domain, as follows: 

                   (27) 
 
 

III. SIMULATION 
 

In the following, we will discuss the performance of the 
presented estimators by an extensive simulation study and 
compare the presented estimators in the theoretical part by 
using (R 3.5.1) program. To get a broad view of the 
performance in a different situation, we considered various 
steps:  
 

Step1: Simulate data from the standard bivariate normal 
distribution with high and low correlations say , 
also with varying sizes of a sample, n = 50,100, 250 and 500. 
Step2: Consider different copula families  to simulate 
the joint bivariate distribution data using eq(12): 
Gaussian copula with  

Gumbel copula with  

Clayton copula with  

Frank copula  
 
Step3: Perform the joint bivariate distribution from copulas 
the standard normal marginal. 
 
Step4: Transform the joint bivariate distribution to the 
cumulative distribution.   
 
Step5: For estimation with (TK), (MR) and (BK) methods, 
the Gaussian kernel density and the bandwidths were chosen 
according to the rule-of-thumb, were used. 
 
Step6: Draw a sample of size (n) from the density   
that got in step5. 
 
Step7: The performance of the estimators on a particular 
sample is then measured by the integrated mean squared 
error (IMSE). It describes a distance in the space of 
continuous functions and is defined as: 
 

   
(28) 

Since all measures were estimated at  points, for 

more specifically, we used: 

 
 (29) 

    
IV. RESULTS AND DISCUSSION 

  
The results of the simulation experiments are presented 

in table (1) below, which contains the estimated values of 
the (IMSE) for the two correlation and all methods and 
copulas.  
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TABLE I. ESTIMATED IMSE FOR ALL METHODS AND COPULAS 

Copula n 
r = 0.9 r = 0.3 

TK MR BK TK MR BK 

Gaussian 

50 0.21664 0.3532 0.26846 0.03856 0.07067 0.06851 

100 0.02918 0.07246 0.04360 0.01297 0.01917 0.01481 

250 0.01056 0.02437 0.01984 0.00465 0.01271 0.00853 

500 0.00288 0.021003 0.01664 0.00284 0.00611 0.00373 

Gumbel 

50 0.22752 0.76162 1.13765 0.09005 0.21322 0.19269 

100 0.04825 0.10151 0.18682 0.02757 0.04042 0.03614 

250 0.01979 0.03409 0.06945 0.00954 0.02286 0.01122 

500 0.00781 0.02380 0.05046 0.00353 0.00798 0.00764 

Clayton 

50 0.62117 0.89519 1.36427 0.20536 0.29383 0.25635 

100 0.05648 0.14543 0.19823 0.04018 0.07747 0.05028 

250 0.02007 0.12519 0.11215 0.01447 0.0424 0.02159 

500 0.00846 0.03803 0.0589 0.00375 0.01857 0.01051 

Frank 

50 1.34898 1.39715 1.88367 0.26184 0.51051 0.36208 

100 0.06004 0.1469 0.26887 0.05719 0.09548 0.08229 

250 0.02795 0.17642 0.27088 0.02671 0.09331 0.05625 

500 0.01523 0.0523 0.07584 0.00691 0.01863 0.01700 

 
In the case of high correlation, the TK is the best of all kernel estimators in all situations. Mostly, the improvement over 

the other estimation methods is substantial, followed by way of  MR, and the third is the BK method.  
For all estimation methods, the Gaussian copula had the lowest IMSE, then the Gumbel copula, then the Clayton copula, 

and finally the Frank copula,  
The situation is slightly different when the correlation between the two variables is weak, the TK method has the lowest 

IMSE, but the BK method was secondly followed by MR method. While the Gumbel copula recorded a lower IMSE than the 
rest of the copulas, then the Clayton copula, then the Gaussian copula, and finally the Frank copula. 

 

Figure 3. Marginal normal contour plots when (r=0.9, n=500) 
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Figure 4. Correlated plots for Gaussian when (r=0.9) 

 
Figure 3 represents the marginal normal contour plots of 

the true underlying density, each simulation with Gaussian 
copula model when for r = 0.9 and n = 500. The TK method 
model provided the most regular case. 

Figure 4 shows the spread (correlation) between the data 
of the variables before and after using the Gaussian copula in 
the cases of high correlation r = 0.9. It is clear that the TK 
with Gaussian copula assist in reducing the dependency 
between variables because the spread in the right becomes 
wider for each level of correlation.   

 
VI. CONCLUSIONS 

 
- All the methods used to estimate the copula density 

function were identical to statistical theory, where the 
estimated IMSE decreased whenever the sample size 
increased. 

- The transformation kernel density with Gaussian copula 
is the best method to estimate the probability density 
function when the dependency between the variables is 
high.  

- The performance of copula functions in the case of high 
dependence was stable and consistent for all methods and 
all experiments. 

- The Beta and Mirror kernel density method improved if 
there is a low dependency among variables, especially at 
the large sample size. 

- The TK model with Gaussian copula worked well in high 
dependence.  

- The subject of this paper has potential applications to 
systems in the social sciences such as economic or 
management models of a company. 
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