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Abstract - In this paper, we formulate an SEIRS model for the transmission of malaria as a system of non-linear ordinary differential 
equations. This model considers the human interaction coefficients as a constant as well as a function of the mosquito population. 
The equilibrium points were calculated and the local and global stability of the points were studied. The stability of the endemic 
equilibrium point has been shown using numerical simulation. Simulations were also performed by varying some parameters of the 
model. It was also found that the number of exposed and infected humans depended on the interaction coefficients. 
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I. INTRODUCTION 
 

Malaria is a disease which still exists in society and has 
been a source of death in many under developed countries. 
Malaria is an infectious disease caused by the Plasmodium 
parasite which is parasitic disease transmitted to humans 
through the bite of an infectious female Anopheles Mosquito. 
There are four different species that cause malaria in humans: 
Plasmodium falciparum, Plasmodium vivax, Plasmodium 
ovale and Plasmodium malariae. Among these P.vivax is the 
most common and wide spread and results in pronounced 
morbidity in these countries. In the humans the parasites 
multiply in the liver before infecting red blood cells. Once the 
parasites reach the blood system, symptoms such as high 
fever, headache, vomiting occur usually within 10 to 15 days 
after the mosquito bites. Many mathematical models have 
been constructed to reduce the impact of malaria in the human 
population. While constructing these models, many factors 
have been taken into consideration.  

In [7], the vertical transmission of the disease has been 
considered. Many SEIRS models have also been studied 
[4,5,8–13,15,18] and cases with partial and temporary 
immunity have also been considered [13, 14, 17]. Recently, 
in [1], the climatic factors and age structure of the vector 
population have been taken into account while describing and 
analyzing the model. The disease also spreads with the 
immigration of infected humans from one place to another 
and this has been considered in the models given in [2, 3, 11]. 
In order to control the spread of malaria, the transmission or 
the interaction coefficients play an important role. The 
disease spreads when a susceptible human is bitten by a 
mosquito which is already infected with malaria. Also when 
a healthy susceptible mosquito bites a human infected with 
malaria, the mosquito gets the disease and becomes a carrier 
of malaria.  

In [6], the authors have considered the transmission 
coefficient of humans to be dependent on the dynamics of 
mosquito population. However, the interaction coefficient of 
an infected human and susceptible mosquito has not been 
considered.  

In this paper, we consider both the interaction 
coefficients, firstly, of susceptible humans with infected 
mosquito and secondly, of infected humans with susceptible 
mosquito to be variable and dependent on mosquito 
population. We first develop an SEIRS model for the humans 
and SI model for the mosquitoes. We then calculate the 
equilibrium points and analyse their stability. In the last 
section, we carry out numerical simulations to find the effect 
of these varying interaction coefficients on the infected 
population.  
 

II. THE SEIRS MODEL FORMULATION 
 

Let us denote the total population of human hosts as   
and the total population of the female mosquitoes  . The 
human population  is divided into the following 
epidemiological subclasses: Susceptible, Exposed, Infected 
and Recovered, denoted by	 , ,  and 	respectively. 
Thus, 	 	 	 	 . The mosquito population 

  is divided into two subclasses: Susceptible and Infected, 
and they are denoted by  and  respectively. We assume 
that once the mosquito becomes infected, it remains 
infectious for its entire lifespan. Thus, . 

The system of non-linear differential equations which 
describe the dynamics of malaria are formulated as: 
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where bH = birth rate of human population, A is the constant 
immigration rate, μH= natural death rate of the human 
population, βH= interaction coefficient of susceptible human 
with infectious mosquitoes, γH = rate of progression of 
humans from the exposed to the infectious state, γ= rate of 
progression of humans from the infected to the recovered 
state, δ= rate at which recovered humans lose their immunity 
and join the susceptible class, bM = recruitment rate of 
mosquito, βM = interaction coefficient of infected human with 
susceptible mosquitoes, μM = natural death rate of 
mosquitoes.  
 

The feasible solution set for model (1) given by 
 

 , , , , , ∈ :			 , , , , , 0; 
 

0 ; 0  is positively invariant and 

mathematically well posed in the domain Ω. 
 
Remark 1. The model (1) consists of two human 

interaction coefficients, βH the interaction coefficient of 
susceptible human with infectious mosquito and βM, the 
interaction coefficient of infected human with susceptible 
mosquitoes. We assume that these coefficients are either 
constants or are linear functions of the mosquito population.  

This gives rise to the following cases:  
 
(i) βH = a0 and βM = b0 where both a0 and b0 are constants. 
(ii) βH = a0 + a1NM and βM = b0 where βH is a function of 

NM and βM is constant. 
 (iii) βH = a0 and βM = b0 +b1NM, i.e., βH is a constant and 

βM is a function of human population NM. 
 (iv) βH = a0 +a1NM and βM = b0 +b1NM, i.e., both the 

interaction coefficients βH and βM are functions of NM. 
We calculate the equilibrium points and discuss the local 

and global stability of the equilibrium points in the 

subsequent sections.  
 

III. EXISTENCE OF EQUILIBRIUM POINTS 
 

The following theorem gives us the steady state solution 
(equilibrium points) of system (1).  

 
Theorem 1: There exists two equilibrium points for the 

system given by (1). 
1. The disease free equilibrium point is given by 

			 , , , , , , 0,0,0, , 0 . 

2. The endemic equilibrium point ∗ , ∗ , ∗ , ∗ , ∗ , ∗   
exists when 1, where 	  . 

 
Proof: The equilibrium points are calculated by equating 

the equations of the system (1) to zero.  
 
1. Disease-free equilibrium points are steady state 

solutions where there is no malaria infection. This point is 
calculated when we assume that the exposed, infected, 
recovered humans and infected mosquitoes do not exist in the 
system. This means that 0  and 0. 
Solving the system (1) gives us the disease-free equilibrium 
point as 	 , , , , , , 0,0,0, , 0 . 

2. Let ∗ , ∗ , ∗ , ∗ , ∗ , ∗   be the endemic 
equilibrium point of (1). Then all the components of 
	should be positive. If we set the system of differential 

equations in (1) to zero, we get 
  

∗ 	 ∗

	
∗ 																																																																			(2) 

 
   

∗ 	 	 ∗ ∗

	
																																																																										(3) 

     
∗

∗

																																																																														(4) 

  
∗

∗

																																																																												 5  

   
∗ 	

∗ 																																																																					(6) 

 

      ∗
∗ ∗

																																																																																	(7) 

    
Now putting the value of ∗	 		from equation (6) in 

equation (7), we get 

         ∗
∗

	 ∗ 																																																														(8) 

 
Putting the value of ∗	 from equation (5) and  ∗	  from 

equation (8) in equation (2) 
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∗ 	 	 ∗ ∗

	 ∗ ∗ 										(9) 

 
Substituting the value of  ∗		and ∗	 		  in equation (3), 
 

       ∗ 	 	 ∗ ∗

	 	 ∗ ∗                 (10) 

 
Substituting the above value of  ∗			in equation (4), we have 
 
∗ 	 	 	

	 	
									(11) 

 
The equilibrium P1 exists if ∗ 0,		That is, if 
 
                                   

	 1 

 
where  is known as the Reproduction Number or the 
threshold parameter for the given system (1).  
 

IV. LOCAL STABILITY ANALYSIS 
 

In this section, we analyze the local stability of the disease 
free equilibrium point and the endemic equilibrium point. 

  
A. Local Stability of the Disease-free Equilibrium Point 
 
Theorem 2: The disease-free equilibrium point 

, 0,0,0, , 0  is locally asymptotically stable if      

								 0 1 and unstable if 1.  
 
Proof:  In order to analyze if the equilibrium point is 

locally stable or not, we consider the Jacobian matrix of the 
system (1) at the disease-free equilibrium point  and 
calculate its eigenvalues. 
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 The characteristic equation of the above matrix is, 
 

0								 12  
 
where  2 , 
 
													 2 , 
 

 
1  

 
                       

The eigenvalues of the matrix 	are- , , 	and 
the roots of the cubic polynomial 0								 
For the equilibrium point to be locally stable, the roots of the 
polynomial 			 	 0			have to be negative.  
 
We make use of Routh-Hurwitz criterion which states that all 
the roots of cubic polynomial have negative real parts if and 
only if all the coefficients are positive and		 . It is 
obvious that 		 0 and 0. Moreover if 		 1,		

	 2 2
2 0.  

 
Hence when 		 1, the roots of the cubic polynomial 

are all negative and therefore the equilibrium point is locally 
stable. 

 
B. Stability for Endemic Equilibrium Point 
 
Theorem 3: The endemic equilibrium point 

∗ , ∗ , ∗ , ∗ , ∗ , ∗  exists and is stable when  1. 
 
Proof: The Jacobian matrix of the system (1), at the endemic 
equilibrium point ∗ , ∗ , ∗ , ∗ , ∗ , ∗    is obtained as 
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If we suppose 
 
a = , b =  , c =	  , d = 	  , e = ,	 
f = , , , , ,  ,
	 	 	 	 	,	 
 
the above matrix reduces to 
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Using the MAPLE software, the characteristic equation of the 
above matrix was found to be 	 	

	 0	.		 
 
where s1= p+k+j+e+c+a, 
s2= +pj+pe+pc+pa+kj+ke+kc+ka+je+jc+ja+ec+ea+ca,  
s3=−gdm+pkj+pke+pkc+pka+pje+pjc+pja+pec+pea+pca
+kje+kjc+kja+kec+kea+kca+jec+jea+jca+eca,  
s4=−fdbi+kjec+kjea+kjca+keca+lgdm+gdbm+jeca−kgdm
−gdmj−gdma+pkje+pkjc+pkja+pkec+pkea+pkca+pjec+pj
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ea+pjca+peca, 
s5=−lgdbm+kgdbm+gdbmj+lgdmj+lgdma−gdmkj−gdmka    
−gdmja+pkjec+pkjea+pkjca+pkeca−pfdbi+pjeca−kfdbi+kj
eca , 
s6= −lgdbmj+ gdbmkj+ lgdmja− gdmkja− pkfdbi+ pkjeca.  
 

The stability of the endemic equilibrium point is shown 
by numerical simulation in Section VI.  
 

V. GLOBAL STABILITY ANALYSIS 
 

In this section, we analyze the global stability of the 
disease-free equilibrium point as well as the endemic 
equilibrium point. We use the theory of Lyapunov function 
and LaSalle’s first theorem to prove the global stability. We 
recall that the feasible region for the equilibrium points is 
given by  

 , , , , , ∈ ; 0 ; 

0  

 
A. Global Stability of Disease-Free Equilibrium Point 
 
We now prove global stability of the disease-free 

equilibrium point in the following theorem. 
  
Theorem 4: Let   and  .          (13)  
 
Then, if R0 ≤ 1 the disease-free equilibrium is globally 

asymptotically stable on Ω.  
 
Proof: We construct a Lyapunov function of the form 
   

 +  
 
Differentiating L2 with respect to time t, we have 
  

1 1  

 
Substituting the values for , , , , 	 and 	from 

system (1), we have 

1  

 
 

1 	  

 

+ 	

	

 

 
Substituting for  and  in the above equation, we have  

2 	  

2  

 
Making use of assumption (13) in the above equation, we 

have 
  

 (2 ) –  

2  

Since 2 0 and	2 ′

′

0, we have   

								 1 0. 
By using LaSalle’s extension to Lyapunov’s method, the 

disease-free equilibrium , 0,0,0, , 0  is globally 

asymptotically stable on . 
 This proves the theorem.  
 
B. Global Stability of Endemic Equilibrium  
 
We now prove global stability of the endemic equilibrium 

point  ∗ , ∗ , ∗ , ∗ , ∗ , ∗  which satisfies the 
following steady state equations  

 
    ∗ ∗ ∗ ∗ 0 
 
     ∗ ∗ ∗  ∗  =0       
 
    ∗  ∗ ∗ 0 
                                    
    	 ∗  ∗ ∗ 0 
                                      
    ∗ ∗ ∗ 0 
                                       
  		 	

∗ ∗ 	 ∗ 0						 
 
Theorem 5: For 1 and ∗ ,  the unique endemic 

equilibrium ∗ , ∗ , ∗ , ∗ , ∗ , ∗  is globally 
asymptotically stable in Ω.  

 
Proof: We construct a Lyapunov function of the form 
  

∗  ∗  
             ∗ ∗  

∗ ∗  
 
where , , , , and will be chosen later. 
Differentiating L2 with respect to time t along the 

solutions of (1), we have,  

1
∗

1
∗

1
∗
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1
∗

1
∗

1
∗

 

Substituting the expressions from system (1) at the 
endemic steady state, we have 

  

∗ 2 ∗

∗
∗ ∗  

 

1
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∗

∗ 	 ∗ 1
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∗ ∗
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∗ 2 ∗

∗
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∗ 	
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∗  

 

∗ ∗ 1
	

∗ ∗

	
∗ ∗

	
∗

∗

 

 
We choose the coefficients, , , , , 		and  as 

follows:  
∗ ∗

∗ ∗ 	 ,
∗ ∗

∗ ,
∗ ∗

∗ ∗  

 
and 1 . 
 
Then  becomes: 
  

∗ ∗

∗ 2 ∗

∗
∗ ∗  

5
∗

∗

∗ ∗ 	
∗

∗

∗ ∗ ∗

	
∗

∗

 

 
∗

	
∗ ∗

∗ ∗ 	
∗ 	

∗

∗

∗

∗

∗  

∗ 2 ∗

∗

 

 
Since 
  

2 ∗

∗

0, 

5
∗

∗

∗ ∗ 	
∗

∗
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∗

∗

0, 

2 ∗

∗

0	 and  ∗  by our assumption, 

 
 0. 
 
Hence, by Lyapunov’s first theorem the endemic 

equilibrium ∗ , ∗ , ∗ , ∗ , ∗ , ∗  is globally 
asymptotically stable.  

Having proved the global stability of the equilibrium 

points, we analyze the stability of the endemic equilibrium 
point and the various cases arising because of the varying 
human interaction coefficients by numerical simulation.  
 

VI. NUMERICAL SIMULATION 
 

We carry out the simulations on the behavior of the 
system (1) using the parameters given in [16]. The numerical 
simulations were conducted using MATLAB.  

We assume that A = 0.033, = 0.00021 and 
= 0.00021. These values are taken from [6]. Hence we have 

R0 = 3.023 > 1.  
From [16], we have =0.000215, =0.0000548, 

=0.001369, =0.0588,   =0.05, , ,	=0.07$ and =0.066. 
Figures 1(a) and 1(b) are the solutions of system (1) for 

the human population and mosquito population respectively. 
It can be seen that both the human population (Susceptible, 
Exposed, Infected, Recovered) and the mosquito population 
(Susceptible and Infected) are stable thus proving that the 
endemic equilibrium point ∗ , ∗ , ∗ , ∗ , ∗ , ∗  is stable for 
R0 > 1.  

In Figures 2-4, we vary the constants occurring in the two 
human interaction coefficients 	and . In figure 2, we 
have considered case (i) and case (iii) in which the human 
interaction coefficient between the infected human and 
susceptible mosquito is constant, i.e., we fix  = 
0.00021. In figure 2(a), we vary the constant interaction 
coefficient  and in figure 2(b), we consider 
βH to be a linear function of the mosquito population. In 
figure 2(b), we fix  and vary . In figures 3(a) and 3(b), 
we consider the human interaction coefficient  to be a 
constant i.e., = 0.00021. We vary the interaction 
coefficient βM = b0 in figure 3(a) and in figure 3(b), we 
consider  and fixing , we vary .  

Varying the constants in the linear function 
 and keeping the interaction coefficient  = 

0.00021 to be constant, we get figure 4(a). Similarly, we plot 
figure 4(b) by keeping the interaction coefficient  to 
be constant and varying the constants  and  in the linear 
function . From figures 2, 3 and 4 it can be 
observed that when either  the value of , ,  or  
increases, the number of infected persons also increases 
initially but then gradually decreases with time.   

In figure 5(a), we consider all the four cases given in 
Remark 1 and plot the graph of the variation in the infected 
humans with time. We first consider 

=0.00021 for case (i). For case (ii) we assume = 
0.00021 and  where  = 0.00021 and  = 
0.0000003. We assume  = 0.00021 to be a constant for case 
(iii) and   with  = 0.00021 and  = 
0.0000003. In case (iv) we assume that both βH and  are 
linear functions of  , where = 0.00021 and = 
0.0000003. In figure 5(b), we assume  to be a constant 
and consider  to be a constant, then a linear function of the 
mosquito population and finally a quadratic function of the 
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mosquito population. It can be seen that the number of 
infected persons depends on the mosquito population. 

In figure 6, we vary which is the rate of progression of 
humans from exposed state to infected state and see its impact 

on the variation of exposed humans and infected humans with 
time. It is observed that as  increases, the number of 
exposed humans decrease whereas the number of infected 
humans increase.  

 

  

(a)                                                                                                                                ( b) 
Fig. 1. Solution of the model given by (1) when R0 > 1 for (a) Human population (b) Mosquito population 

 

  

(a)                                                                                                                           (b) 
Fig. 2. Variation in infective human population (a) for various values of function  and fixed value of  = 0.00021. (b) for various value of a1 

in when = 0.00021 and = 0.00021
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(a)                                                                                                                                ( b) 
Fig. 3. Variation in infective human population (a) for various values of  and = 0.00021. (b) for various values of  in 

  for = 0.00021 
 

  

(a)                                                                                                                          (b) 
Fig. 4. Variation in infective human population with time (a) By varying  and  simultaneously in  and = 

0.00021 (b) By varying  and simultaneously in and = 0.00021 
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(a)                                                                                                                                ( b) 
Fig. 5. Variation in the infective humans with time for (a) various value of interaction coefficients (b) various functions of  . 

  

(a)                                                                                                                           (b) 
Fig. 6. For various values of rate of progression of (a) exposed human population (b) infected human population. The human interaction 

coefficients are constant. 
 
 

VII. CONCLUSION 
 

We have formulated an SEIRS model for the human 
population and an SI model for the mosquito population. The 
interaction coefficients between the humans and the 
mosquitoes play a vital role in the spread of malaria. These 
coefficients gave rise to four situations which have been 
discussed in detail in the paper. The conditions for the 
disease-free equilibrium points to be locally and globally 
stable have also been derived. However, the stability of the 
endemic equilibrium point has been shown by numerical 
simulation. Simulations were also carried out by varying 
some parameters of the model and it was observed that when 

the rate of progression of humans from the exposed state to 
the infected state increases, there is an increase in infected 
humans and a decrease in exposed humans. It is also seen that 
when the interaction coefficients 	   and  are constants or 
are linear functions or are quadratic functions of the mosquito 
population, there is an increase in the number of infected 
humans. Hence it is essential that the interaction between the 
susceptible humans and infected mosquitoes or the 
interaction between the infected humans and susceptible 
mosquitoes be reduced. One possible way to do this is to take 
measures to reduce the mosquito population in general. It is 
essential that the mosquitoes are eliminated by spraying 
pesticides and reduce available breeding spots. 
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