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Abstract - Ultra-wideband (UWB) communication is a wireless transmission technology that allows for high data rates and 
bandwidths. Interference occurs with coexisting wireless systems when data is transmitted over the multipath channel. Hence, the 
emission power limitations must comply with the Federal Communication Commission (FCC) spectral mask regulation. The 
optimal pulse design is critical to meet the FCC requirements. This article presents a mathematical model to design Gaussian-like 
pulses for a UWB system using generalized Bessel polynomials (GBPs). Polynomials in communication circuit fields can form an 
appropriate transfer function for signal approximation. Our proposed mathematical model, which presents a characteristic of GBP 
compared to a simple Gaussian pulse, is closed-form. The simulation used MATLAB software to adjust GBP parameters and the 
derivative of the proposed pulse to obtain a suitable fit for the FCC spectral mask. The results show the proposed pulse that can 
meet the FCC spectral mask at the optimal points at 75.3 dB with frequency 1.61 GHz, 41.3 dB with 3.1 to 10.6 GHz, and 51.3 
dB with 10.6 GHz. This verifies that a mathematical model can be applied to approximate the Gaussian-like pulse for a UWB 
application. 
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I. INTRODUCTION 
 
The ultra-wideband (UWB) communication system [1] is 

beneficial for wireless communication technology. It uses a 
short pulse duration on the order of nanoseconds to transmit 
data in short- and medium-range communication with 
enormous bandwidth. Several advantages include low power 
consumption, low cost, high data rate, low sensitivity to 
multipath fading, and extremely low interference with other 
existing signals. Various technologies can be applied with 
the UWB system, such as radar technology [2], an indoor 
positioning system [3], a biomedical system [4], a wireless 
network, or internet-of-things applications [5][6]. One 
essential method of UWB communication is pulse design. 
UWBs communicate with extremely large bandwidths and 
must operate among other systems. Also, the Equivalent 
Isotopically Radiated Power (EIRP) should be optimised for 
the emission mask regulatory requirements to receive a better 
performance when transmitted over the multipath channel. In 
2002, the regulations of the emission mask of the United 
States Federal Communication Commission (FCC) [7] 
began. EIRP must closely comply to meet the FCC spectral 
mask regulations and maximise the bandwidth. EIRP for 
FCC regulations in a UWB system set a maximum power 
spectrum density (PSD) of  41.3 dBm/MHz in the frequency 
range of 3.1 to 10.6 GHz, as shown in Fig. 1. The FCC 
spectral mask includes an indoor and an outdoor spectral 
mask for various applications. In addition, the pulse shape 

required for a UWB system is critical for achieving high data 
rates and following the FCC regulations. 

 

 
Figure 1. FCC spectral mask of UWB indoor and outdoor system. 

 
Several pulse generation methods have been presented in 

previous literature. These UWB pulse design methods can be 
expressed in a transformation of the time and frequency 
domains. Therefore, the pulse design is the primary 
constraint in the system and should align with the FCC 
spectral mask requirement. A traditional UWB pulse is based 
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on the standard Gaussian pulse [8]. However, the pulse 
poorly fits the FCC spectral mask requirement. Various 
methods have been studied for the UWB pulse design with a 
single high-order derivative of a gaussian pulse. The authors 
in [9] present an approximation of the third derivative of the 
Gaussian pulse with a simple four-individual-rectangular-
pulse design for the pulse generator circuit. The Gaussian 
derivative of the sixth order was described in [10], the 
seventh order in [11], and an approximation of the fifteenth-
order in [12]. The pulse presented in [13] proposes a pulse 
shaping method by a linear combination of optimum sub-
band pulse for improving the Gaussian derivative. A 
wavelet-based gaussian pulse generation was offered in [14], 
and [15][16] offered another proposed method with Gaussian 
derivative. However, these previous works were unable to 
meet the FCC spectral mask emission requirement because 
the allowable bandwidth could not be sufficiently employed. 
Moreover, approximation methods to design a 
communication circuit are complex. 

Various pulse design approaches of the circuit to generate 
Gaussian pulse with the derivative have been studies, such as 
the second derivative [17], the fifth derivative [18][19], and 
the seventh derivative Gaussian pulse generators [20]. 
However, these articles presented only the time-domain 
pulse shape in which the FCC spectral mask does not appear 
because of the complexity to adapt the waveform by a 
mathematical model.  

The combination of multiple higher-order derivatives of a 
Gaussian pulse was proposed in many previous works [21–
24]. The combination method improves the spectral mask but 
is difficult to implement, highly iterative, and poorly fitting 
to the FCC spectral mask according to some articles. To 
optimise a pulse in the frequency domain, the spectrum 
shifted Gaussian waveforms method has been proposed in 
[25][26]. This method designs a pulse by combining 
sinusoidal pulse and Gaussian pulses that can meet the FCC 
spectral mask requirement.  

In addition, many pulses are generated by other methods 
to meet the FCC spectral mask constraint, such as [27–29] 
that do not apply the gaussian derivative. Several pulse 
designs from these previous works have a similar 
disadvantage – the challenge to approximate a signal and 
design a circuit for pulse generation. Because the Gaussian 
pulse and the derivative signify a theoretical concept in a 
mathematical model, it is difficult to generate a pulse-like 
mathematical equation. Therefore, the Gaussian function 
should be approximated by various methods.  

In the fields of analogue filter [30][31], a characteristic of 
a filter circuit, including magnitude and frequency responses, 
can be approximated mathematically by the formation of 
polynomials. This method can be applied to communication 
circuit synthesis and transfer function approximation. Also, 
the Gaussian pulse can be approximated with polynomials of 
that same mathematical characteristic. The methods to design 
a pulse similar to the Gaussian pulse using special function 
polynomials, namely modified Hermite polynomials, for 

mathematical modelling were proposed in [32][33]. 
Therefore, the study of some special function polynomials 
can be applied to a novel pulse design method. The Bessel 
polynomials [34–36] have similar features based on the 
theory of the Bessel Thomson filter that has an all-pole filter, 
maximally flat delay, and linear phase. The Bessel 
polynomials can be written in the form of Generalized Bessel 
polynomials (GBPs), which have extra parameters to control 
the responses and apply to the Gaussian-like pulse design.  

This article proposes the closed-form mathematical 
model using GBPs to design a Gaussian-like pulse for a 
UWB application. The simulation uses MATLAB software 
to adjust the GBP parameters and the derivative of the 
proposed pulse to obtain the PSD that meets the FCC 
spectral mask at the optimal target points.   

This article is organised as follows. Section II explains 
the theory of UWB, Gaussian pulse, and GBP. Section III 
describes the mathematical model to design a Gaussian-like 
pulse by GBP. The simulation results of MATLAB are 
illustrated in section IV, and the final section presents the 
conclusions. 

 
II. PRELIMINARIES 

 
A. Theory of UWB 
 
The UWB communication system employs a narrow 

pulse to transmit data with an extremely large bandwidth, 
causing interference with other wireless communications. 
The FCC defines a UWB transmitter as having a fractional 
bandwidth ratio equal to or greater than 20% of the centre 
frequency as 
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where fH is the maximum frequency of the PSD, and fL is 
the minimum frequency of the PSD. Moreover, a UWB 
bandwidth must be equal to or greater than 500 MHz:  

 

500
H Lf f MHz     (2) 

 
B. Gaussian pulse and the derivative 
 
In most of the UWB pulse generation literature reviewed, 

the type of the UWB pulses usually employed is a Gaussian 
pulse along with its derivative [8]. A basic Gaussian pulse in 
the time domain can be mathematically expressed as 
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where A is the normalised amplitude, t is time, and σ is 
the standard deviation of the pulse. A basic Gaussian pulse in 
the time domain is shown in Fig. 2 with parameter setting 
A = 1 and σ = 1. 
 

 
Figure 2. Gaussian pulse in the time domain. 

 
From (3), the Fourier transform of the Gaussian pulse for 

converting into the frequency domain is obtained by 
 

2 2 22 2( ) 2 fX f e                              (4) 

 
The derivative of the Gaussian pulse is used for 

generating various pulses. Differentiating (3) with time t, we 
can obtain the nth Gaussian derivative as recursively form 
that is expressed as 
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          (5) 

 
where n is the nth order of the derivative. From (4), the 

magnitude of the square of the Gaussian pulse in the 
frequency domain can be given as PSD as 
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        (6) 

 
From (6), an example of the PSD of a Gaussian pulse can 

be shown in Fig. 3. 
 

 

 
Figure 3. PSD of a Gaussian pulse. 

 
However, a Gaussian pulse is a common mathematical 

equation. It is challenging to design and synthesise a pulse 
generator circuit and fit the FCC spectral mask. 
Accordingly, mathematical modelling to approximate a 
signal using the polynomials of special functions will be 
described in the next section. 

 
C. Generalized Bessel Polynomials 
 
The GBP were defined by [34] and can be written as the 

differential equation  
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where   and   are a parameters of GBP. The explicit 

expression of the GBP degree n is defined by  
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where n

k

 
 
 

 is a binomial coefficient and 

( ) ( 1)( 2)...( 1), 2kz z z z z k z n k           is the 

backward factorial function of order k.  and  are real 
parameters, and  0 . From previous work in [37], the 
GBP has been mathematically modelled to approximate the 
sine-squared pulse signal. The sine-squared pulse has 
similar characteristics to a Gaussian pulse [38]. Therefore, 
the study of GBP characteristics for mathematical modelling 
to generate the UWB pulse is proposed in this article.  
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III. MATHEMATICAL MODEL DESIGN APPROACH 
 
This section proposes the mathematical model design 

using GBPs to approximate a Gaussian pulse. The first step 
derives the closed form of the magnitude response for the 
GBP. Brafman [36] introduces the two products of a GBP. 
We extend this method for GBP products as the first step for 
mathematical modelling to generate the pulse. The algebraic 
manipulation of two products of a GBP is derived as 
follows: 
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The inverse-GBP is used in this technical paper for 

circuit synthesis and signal approximation fields that can be 
written as 
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The reversed form of GBP in (9) can be obtained as 
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where a is a parameter of the GBP. (11) can be written 

in the form of a power series as follows: 
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where n
kC  is the binomial coefficient. The Pochhammer 

symbol ak in (12) can be derived as  
 

0

( 1)
k

k
i

a a i


     (13) 

 
From (12), setting x = -y = s yields 
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Substituting (14) into )11), the GBP can be written as 
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Substituting ak from (13) into (15) results as follows 
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To simplify mathematical operations, a magnitude 

square response equation An(s) is given by 
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From (15), the Taylor series expansion and 

transformation of s j  can be shown as   
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Comparing with the general Gaussian function in (3), 

(18) can expand into a Taylor series as 
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From a characteristic of equation (18) and (19), the 

subtraction of (19) and )18( is given by:  
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Considering the right-hand side of (19), when a ≥ 2 and 

n ≥ 3 can be approximated, this equation follows: 
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Therefore, the transfer function of the magnitude of the 

square of the GBP [33] filter can be written as  
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where ( )nH s  is the transfer function of the GBP pulse. 

Finally, the transfer function of the proposed pulse using the 
GBP mathematical modelling method is approximated by 
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This transfer function in (23) is the closed form of the 

general Gaussian form in (3). The transfer function can be 
written in the format of the Gaussian equation as follows 
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and a0 and α are pulse shape factors of the approximated 

function using a GBP. From (24), the Fourier transform of 
the approximated pulse into the frequency domain is as 
follows 
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where n is the order of derivative of the pulse. The 

normalised PSD of the pulse shape is given as 
2
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This mathematical model presents characteristics of 

GBPs that can approximate into a Gaussian function. The 
simulation to find a response of the proposed pulse will be 
illustrated in the next section. 
 

IV. SIMULATION RESULTS 
 
In this section, we demonstrate how the proposed 

mathematical model can be applied to generate the 
Gaussian-like pulse by GBPs (GBP pulse).  MATLAB was 
used to simulate the results of the GBP pulse. From (23) in 
the previous section, the parameters n, a, a0 and the GBP 
derivative determined the behaviour of a pulse in the time 
and frequency domains. Achieving a PSD of the pulse that 
fits the FCC spectral mask is the main goal of this 
simulation. The first step involves setting a = 1 and n = 3 
and then adjusting these parameters to analyse the behaviour 
of the pulse in the time domain. Fig. 4 shows the result 
when parameters n and a are adjusted. 

 

 
Figure 4. GBP pulse in the time domain varying n and a. 

 
Fig. 4 indicates how the bandwidth of a pulse can be 

adjusted in the time domain. When both parameters n and a 
are increased, the bandwidth of the pulse is widely 
expanded. Then, we adjust the value of parameter a0, as 
shown in Fig. 5. 
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Figure 5. GBP pulse in the time domain with various a0 values. 

 
Fig. 5 shows the result when parameter a0 is increased. 

The amplitude of the pulse is larger with increasing a0. 
Next, the derivative of equation (24) varied from the first to 
the ninth order results in the derivative GBP pulses in the 
time domain, as shown in Fig. 6. 
 

 
Figure 6. Derivative of GBP pulses. 

 
Following is the transformation of the GBP Pulse into 

the frequency domain per equation (26), and then the 
parameters are adjusted, similarly to the time-domain 
analysis. Fig. 7 shows the PSD of the Gaussian pulse 
behaviour when adjusting parameters a and n in the 
frequency domain. 

 

 
Figure 7. PSD of the GBP Pulse varying n and a. 

 
Fig. 7 shows that the bandwidth of PSD of each pulse is 

widened when the parameter value is increased. The result 
of adjusting parameter a0 is shown with the PSD behaviour 
in Fig. 8. 

 

 
Figure 8. GBP pulse in the frequency domain varying a0. 

 
Fig. 8 presents the normalised amplitude of each GBP 

pulse with increasing parameter a0. From Fig. 6, all of the 
derivative pulses can be transformed into the frequency 
domain, and the pulse shape factor parameter is set to the 
maximum EIRP ( 41.3 dB). The PSD of the various 
derivative pulses are shown in Fig. 9. 
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Figure 9. PSD of GBP pulse with varied derivative order. 

 
Fig. 9 illustrates the result is the variation of the peak 

frequency. In the next step, we will observe an appropriate 
parameter to approximate an optimal pulse that meets the 
FCC spectral mask. We define n = 3 because the parameter 
n is an order of GBP that can adjust only the parameter a. 
The optimum points of our proposed method’s target are 
shown in Table I and Fig. 10. 
 

TABLE I. FCC SPECTRAL MASK OPTIMUM POINTS 

Optimum 
point 

PSD 
(dBm/Hz) 

Frequency 
(GHz) 

1 75.3 1.61 

2 41.3 3.1 to 10.6 

3 51.3 10.6 

 

 
Figure 10. Target optimum point in the FCC spectral mask. 

The mean square error method is used to optimise a 
pulse to find the best parameter to fit the FCC mask that can 
be expressed by  
 

2
min ( ) ( )err F f H f df





  , (26) 

 
where F(f) is the FCC spectral mask, err is the error of this 
method, and H(f) is the PSD of each GBP pulse. The 
parameters of various derivative fits to the FCC mask are 
shown in Table II, and the PSDs of these pulses are shown 
in Fig. 11. 
 

TABLE II. GBP PULSE RESULTS 

Proposed pulse 
derivative order 

Peak 
Frequency 

(GHz) 

Pulse shape 
factor Optimum 

Point 
a0 a 

1 3.986 0.1315 1.00 2 

2 5.519 0.0245 1.20 2 

3 6.331 0.00416 1.65 2,3 

4 7.011 0.000713 2.45 1,2,3 

5 7.035 0.000125 3.20 2,3 

 

 
Figure 11. The derivative pulse from the first order to fifth order in PSD. 

 
From Table II and Fig. 11, the PSD of the fourth-order 

derivative GBP pulse is well-suited for the FCC spectral 
mask. This pulse is able to meet to target optimal points in 
the FCC spectral mask at  75.3 dB with a frequency of 1.61 
GHz,  41.3 dB with 3.1 to 10.6 GHz, and  51.3 dB with 
10.6 GHz. The optimal pulse in the time domain is shown in 
Fig. 12, and the frequency domain and PSD are shown in 
Fig. 13. 
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Figure 12. Optimal GBP Pulse in the time domain. 

 

 
Figure 13. Optimal GBP pulse that fits the FCC spectral mask. 

 
 

V. CONCLUSION AND FUTURE WORK 
 
The UWB communication system employs a short pulse 

with extremely large bandwidth for data transmission. It has 
been regulated to avoid the interference of other wireless 
communications by the FCC spectral mask. The pulse 
generator fitting with the FCC spectral mask is the main 
objective in pulse design. This article presented a 
mathematical model for designing the Gaussian-like pulse 
for a UWB system that satisfies the FCC mask constraint 
using GBPs. From mathematical modelling, characteristics 
of a GBP are similar to a general Gaussian function. The 
simulation results using MATLAB show that the GBP pulse 
can control parameters and the pulse derivative in the time 
and frequency domains. The PSDs of the GBP pulses meet 
the target optimal points in the FCC spectral mask at  75.3 
dB with frequency 1.61 GHz,  41.3 dB with 3.1 to 10.6 
GHz, and  51.3 dB with 10.6 GHz. Therefore, a GBP can be 

applied to approximate the Gaussian-like pulse for a UWB 
application. Future works include designing and 
implementing a pulse generator circuit from a proposed 
mathematical model that will be adopted for application in 
UWB communication systems. 
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