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Abstract - The demand for accurate individual and general kinematic joint models is increasing with growing applications in fields 
such as animation, biomechanics, motion capture, ergonomics and robot human interaction modelling. Many approaches have 
exploited unit quaternions to eliminate singularities when modelling orientations between limbs at a joint, leading to the 
development of a number of novel joint constraint validation and correction methods. A number of machine learning approaches 
have been applied to this modelling problem, as depending on training data either individual or general joint models can be 
created. Recent work has demonstrated the use of Rigid Maps to model regular conical constraints on the orientation of the limb. 
In this paper we extend this work deploying a modified Rigid Map Network with a continuous output. 
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I. INTRODUCTION 
 

Joint constraint systems are essential components of 
anatomical models, ensuring the correct movement of limbs 
during simulation. Such models are required in a number of 
fields, in animation they can be used to produce realistic 
articulated figures [1]. In computer vision applications 
anatomical models (or priors) are fitted to recovered image 
or motion capture data [2]. Anatomical models are also used 
in biomechanical simulations [3] to model patients and in 
ergonomics [4] modelling average individuals. They are 
also required in simulations towards the development of 
control systems for personal assistance robots [5].  

Dynamics-based models are increasingly used in 
biomechanics and rehabilitation research in bimodal 
approaches combining biomechanical models with 
experimental data (e.g. measured external forces) [6]. 
Dynamics solutions can be used to produce realistic joint 
behavior based on input, contact and constraint forces [7]. 
The in vivo measurement of model parameters for example 
joint torques, contact forces and constraint forces from 
muscles etc. via non-invasive techniques are problematic 
and the verification of estimated values both time 
consuming and error-prone [6]. Where accurate biological 
simulation is not required, kinematic joint limits can be 
enforced using constraint forces generated from kinematic 
data [5]. Inverse-Kinematics (IK) based approaches allow 
the precise placement of end effectors as constraints [8]. IK 
solvers attempt to resolve a system of constraints, but 
problems arise due to the existence of multiple potentially 
suboptimal solutions [8].Well known applications of IK to 
model human limbs include interactive character control 
[9], path planning [10], motion retargeting [11], [12] and 
Motion Capture clean up [13]. IK solvers can be classified 

as: analytical, often resorting to reduced coordinate 
formalisms; numerical, using iterative approaches to solve a 
system of constraints, or a combination of these [11], [14]. 
Additional constraints in the form of pose constraints (valid 
poses,) or rotational joint limits can be used to reduce the 
number of potential solutions, an important aspect of this is 
how joint constraints are represented [15], [16]. 

This work builds on previous research exploring the use 
of unsupervised neural networks to model unit quaternion 
based phenomenological [17] joints (whose behavior is 
modelled without reference to the underlying joint 
anatomy). Rigid Maps [18] (derived from Kohonen’s 
SOM), can be used to implicitly model valid orientations 
(expressed as unit quaternions) [19]. In this paper 
constraints on the rotation of the limb (or swing [20]) with 
regular (circular) bounded constrained regions are 
considered. Irregular boundaries and rotation around the 
limb (or twist [20]) are the subject of future work. This is a 
continuation of our earlier work [19], [21] exploring 
augmentations to the Rigid Map to produce a continuous 
rather than a discrete output. 
 

II. RELATED WORK 
 

Joint constraints can be expressed using Euler angles but 
the resulting models can encounter singularities [22]. 
Kinematic models (known as priors) with box-limit joint 
constraints representing valid poses have been in the 
estimation of pose from recorded images [15] and the 
animation generation from recorded samples [16]. 
Analytical methods for rotational constraint boundaries 
have also been explored [23], [24]. Geometric constraints 
can also be used to approximate these boundaries including 
spherical [25], [26] and conical polygons [27].  
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Engell-Nørreg°ard et al [28], [29] proposed signed 
distance cones. In this approach a lattice with cubic or 
cuboidal cells represents rotation at a given resolution along 
each axis. The valid region is sampled, and cells are marked 
as being interior or exterior. Aklher and Black [30] use a 
similar two dimensional discretization (described as an 
occupancy matrix,) here polar coordinates describe the 
orientation of the shoulder, hip and neck relative to the 
torso. Here a hemispherical half space is defined by a plane 
at the joint and a box region fitted to points which result 
from the projection of the limb end point on the plain. 

Unit quaternion algebra allows the representation of 
rotation without the presence of Gimbal Lock [22]. 
Quaternions are hyper-complex numbers, composed of one 
real and three imaginary components where . 
Multiplying complex numbers results in rotation in the 
complex plane, giving rise to i2 = -1. This is extended in 
quaternion space, where i2 = j2 = k2 = -1. Unit quaternions 
occupy a three dimensional surface (an S3 hypersphere) in 
four dimensional space (R4) and can be used to represent 
rotations. This representation is redundant as the unit 
quaternions represent 4π rotations, polar opposites (q and -q) 
represent the same orientation [22] i.e. they are antipodal. 

Several joint constraint methods have used this 
parametrization, the simplest decomposed the unit 
quaternion into conical and axial components (also unit 
quaternions,) constrained independently [31]. This was 
extended to model the relation between the conical and 
axial constraint components based on recorded samples 
[32].  

A number of approaches leverage volumetric modelling 
of a sampled data a set of unit quaternions representing 
valid orientations projected as a point cloud in three-
dimensions. This removes the q = -q ambiguity in 
quaternion space and allows valid orientations to be 
represented as a 3D volume with a boundary. Both spherical 
primitives [33] and voxels [33] have been used to describe 
these regions. An iterative approach was employed in both 
to resolve invalid joint configurations, rotating toward the 
nearest primitive (sphere or voxel,) until the given 
orientation was valid.  

Statistical approaches have also been employed, Johnson 
[34] projected one half of the unit quaternion hypersphere 
into a three dimensional tangent space, allowing pose and 
joint constraints to be implemented in terms of a maximum 
deviation from the mean of the projected points [34]. 
Iterative correction towards the mean, to within the 
constraint and reverse projection can be used to correct an 
invalid orientation [34]. Recently Brau and Jiang [35] used 
a four dimensional Von Mises-Fisher distribution to 
describe unit quaternion over a hypersphere in R4. Its 
probability density function is parametrized by mean 
direction and concentration parameters, for which 
maximum likelihood estimates are obtained per-joint from a 
motion capture database [35].  

Artificial Neural Networks (ANNs) are inspired by the 
structure and mechanics of biological neural networks but 
differ significantly in their complexity and inter-neuron 
communications [36].  

Jiang and Liu [5] used a fully connected feed-forward 
neural network and supervised training to model a 
hypersurface representing the range of motion of a number 
of collected limbs. This produced a differentiable function 
whose gradient could be used in robotics applications (for 
example creating a dynamic constraint to enforce physical 
joint limits). Generalized Multi-layer Perceptron (or GMLP) 
Neural Networks with an evolved topology have been used 
to implicitly model a joint constraint boundary [37]. Errors 
in the neural network approximation results in some 
correction of valid orientations along with over and under 
correction of invalid orientations. The former may be partly 
overcome using a classifier to identify orientations requiring 
correction (for example an SVM [38]). These supervised 
training methods require training data which includes valid 
and invalid input and output, this makes them difficult to 
apply to recorded data (for example from motion capture).  

Jiang and Liu [5] overcome this by generating unlimited 
training data. Here joint configurations are uniformly 
sampled and labelled using the validation method proposed 
by Akler and Black [30]. An alternative is to make use of 
ANNs trained using unsupervised techniques such as 
competitive learning.  

Self-Organizing Maps (SOMs) are trained using 
competitive learning and composed of two layers [39]. 
SOMs have been trained to implicitly model a simplified 
joint constraint using only valid orientations expressed as 
unit quaternions [40]. The output nodes of the network are 
trained via competitive learning to represent the training 
data while preserving the topography of the input space. 
The network responds to a given input orientation with the 
closest orientation in its model of the input data. This can be 
used directly for correction [40], or with an iterative 
approach [41] like that employed by Herda et al [33]. SOMs 
have also been extended into the domain of complex 
numbers with weights and distance metrics in unit 
quaternion space [41].  

The Rigid Map Network is a modified SOM proposed 
for pose estimation problems by Winkler et al [18] and 
applied to joint constraint modelling in our earlier work 
[19], [21]. Here self-organization is no longer required, each 
output node represents a position (pi) in a known orientation 
space. The output node topology is fixed, and the nodes are 
uniformly distributed over the orientation space, a S3 
hypersphere, using regular polyhedral or other techniques 
for uniform distribution.  

The learning algorithm is modified so that the winning 
node (w) is based the proximity between the input pattern 

 and the position (pi) of the output node rather than its 
weight determined by the inner product. The updating of 
weights, however remains unchanged with the winning 
node and its neighbors being updated; when fired the 
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network responds with the weight which is the shortest 
Euclidean distance from the input [42]. For a more detailed 
description of the learning algorithm please see [19]. 
Regular polytopes were initially used to uniformly 
distribute the output nodes in unit quaternion space (the 
surface of an S3 hypersphere) [19]. Increasing the output 
layer density using the OSPHERE algorithm proposed by 
Fishman [43] improved these results [21]. 

Winkler [42] explored the use of interpolation 
techniques previously applied to SOMs [44], to produce a 
continuous output. The weight of the winner w along 
with n runner-up neurons w1 , .... , wn are selected and 
combined, approaches include distance based methods 
where the output of the winner and n runner up nodes are 
combined using an inverse weighted sum [44] or an 
exponential function [45]. These approaches work on the 
assumption that a better output can be found between the n 
closest nodes and that neighborhoods in the input and 
output space are similar, to overcome these limitations 
geometrical and topological interpolation techniques have 
been suggested [44].  

Geometric interpolation [44] makes use of both distance 
and direction information from the input space. The 
remaining error (from winner’s weight to input) is projected 
in the direction of the next runner-up. The scalar product is 
used to calculate the optimal fraction required in the 
direction of the next runner up. Topological interpolation 
[44] this uses the same method for combining weights, but 
neighboring nodes in the output layer topology are selected 
rather than those with similar weights.  

It is hypothesized that the Rigid Map Network with 
interpolation will produce superior results to the earlier 
Rigid Map. As in our previous work the focus is a regular 
rotational boundary with zero rotation around the limb.  

The remainder of this paper is structured as follows: 
Section 3 provides a description of our methodology with 
reference to the techniques employed. Section 4 reports the 
results of the experiments undertaken with these discussed 
in Section 5. Finally Section 6 draws conclusions from this 
work and highlights areas for future investigation. 

 
III. METHODOLOGY 

 
This paper describes an extension to our earlier work 

modelling valid orientations of a virtual limb parametrized 
using unit quaternions using a Rigid Map neural network. 
The network consists of four input nodes each with a 
weighted connection to a number of output nodes. The 
output nodes are placed into a topology each having a 
position in S3. These were initially arranged using both 
regular polytopes in 4D-space and a number of uniformly 
distributed points over S3 [21]. 

Rigid Maps were trained to identify the closest valid 
orientation for both valid and invalid input, here the input 
layer represents the current virtual limb orientation as a unit 

quaternion. The weighted connections of the winning output 
node (or interpolated winning nodes) represent the nearest 
valid orientation. The performance of the augmented Rigid 
Map in the context of anatomical constraint modelling was 
explored using regular constrained regions of varying sizes. 

 
TABLE I. TRAINING CONFIGURATION 

 
 

The training process is detailed in our earlier work [21] 
for each training epoch the input set is presented to the 
network. A squared distance (D) is calculated between each 
input pattern and the topological position of the output node 
is calculated using a given metric (detailed in TABLE I). 
The weight of node with the shortest distance (the winning 
node) is moved towards the input according to the learning 
rate. Output nodes within the neighborhood (topological 
regions according to position) of the winning node also 
have their weights updated. The learning rate and 
neighborhood decrease exponentially with time. The 
constants used are provided in TABLE I along with the 
ranges used for experimentation. Each Rigid Map was 
trained until it converged, or a maximum number of training 
epochs was reached. 

The usage phase begins with an input pattern being 
presented to the trained Rigid Map. The network responds 
with the weight of the winning node using a second distance 
metric (E) between the input and the weight (the 
connections between the input nodes and a given output 
node). At this stage various interpolation techniques were 
applied including a inverse weighted average of the n best 
nodes along with two variations of geometric interpolation 
[44]. Each experiment was repeated ten times to ensure the 
consistency of the results. 
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Experiments were undertaken with output layers 
containing 720 nodes distributed using combination of a 
polyFixed Point Invalid Region Valid Region Regular 
Boundary tetrahedron and poly-dodecahedron along with a 
uniform distribution containing 2000 nodes.  
 

 

Figure 1. Model used for dataset generation. Valid region inside boundary 
invalid region outside. 

 
Training and testing datasets contained 1000 patterns. In 

experiments where the range was not varied, a constant 
range of 20 was used. Defaults for the other parameters are 
given in TABLE I and were identified though 
experimentation. The training dataset contained only valid 
patterns, like those recorded from the movement of a human 
arm (see Figure 1). A set of ‘ideal’ corrected orientations 
were generated using Lee’s [31] approach and provided a 
measurement of the Rigid Maps capabilities (see [21] for 
details). 
 

IV. RESULTS 
 

The results show the effect of correcting the orientation 
to that suggested by the Rigid Map and indicate successful 
training. An increase in the range of the constrained region 
results in a decrease in performance as shown in Figures 
2(a) and 2(c). The results for the polytope distribution (with 
720 output nodes) shown in Figure 2(a) demonstrates a 

small improvement over the discrete case. The much larger 
uniformly distributed output layer (with 2000 nodes,) 
produces much larger improvement (shown in Figure 2(b)) 
in the case of geometric interpolation. The number of nodes 
used for interpolation were selected based on the results 
shown in 2(c) and 2(d).  

For polytope distributed output layer (720 nodes) a 
smaller number of interpolation nodes produced a better 
result (as shown in 2(c)). This result is reversed for the 
larger uniformly distributed output layer shown in Figure 
2(d). In all cases the geometric interpolation approach 
produces superior results. 
 

V. DISCUSSION 
 

Rigid Maps are capable of modelling region occupied by 
valid orientations in unit quaternions space which can be 
used as a target for correction. The Mean Squared Error 
(MSE) on the test set (containing invalid and valid 
orientations) is comparable to those from our earlier SOM 
based approach [40]. Previous research [21] highlighted an 
increase in over correction of valid orientations as the valid 
region grows as output nodes are more dispersed over the 
valid region along with an increase in over correction of 
invalid orientation as fewer output nodes occupy spaces 
near the boundary. This can be reduced by increasing the 
density of the output layer [21].  

The results presented show that interpolating between 
the winner and runner-up nodes produces a further 
reduction in this error (shown in Figure 2(a) and 2(b)). 
Where ideal orientation for correction lies between the 
winner and runner up nodes either within the valid region or 
near the boundary, then interpolating between these 
produces a more accurate result. Geometric interpolation, 
the later produced superior results (shown in 2) this 
suggests that both the contribution of the winning node and 
vector of interpolation are significant. A greater 
improvement was observed at a higher output node density 
of (as shown in 2(b)), this is accompanied by an 
improvement in results with a larger number of 
interpolating nodes (as shown in 2(d)). This suggests that 
with a sparse output layer the runner up nodes selected for 
interpolation not sufficiently similar and the effects of 
interpolation are negative. When the output layer is dense 
more nodes are required in the geometric approach to 
ensure that there are sufficient nodes to balance any 
movement of the winning node. 
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Figure 2. Graph (a) shows the range of the constraint for discrete and selected interpolation methods, with 720 output nodes distributed using a 

combination of polytopes. Graph (b) as (a) with 2000 output nodes distributed uniformly. Graph (c) shows the effect of increasing the number of nodes used 
for interpolation (zero is discrete), with 720 output nodes. Graph (d) as (c) with 2000 uniformly distributed output nodes. 

 
VI. CONCLUSION 

 
The augmentation of the Rigid Map with interpolation 

produces some improvement provided the output layer is 
suffciently dense and the number of interpolating nodes is 
high. Further experimentation with the interpolated Rigid 
Map is required to quantify the improvement of the 
interpolated result over the discrete case for valid and 
invalid orientations. Interpolation can also be applied to 
SOMs along with other networks which adjust their 
topological relations during unsupervised learning in-line 
with their training this an avenue of future research. 
Comparisons with other approaches [26], [28], [29], [40] in 
terms of accuracy and efficiency are now required.  

Using a similar approach to Jiang and Liu [5] motion 
capture training and test sets could be developed for the 
Rigid Map, either for a single joint or multiple inter-related 
joints. 

Current results are encouraging and suggest that Rigid 
Maps can implicitly model constraints on the rotation of the 
limb with regular boundaries in unit quaternion space. Their 
potential for modelling similar constraints with irregular 
Figure 2. Graph (a) shows the range of the constraint for 
discrete and selected interpolation methods, with 720 output 
nodes distributed using a combination of polytopes. Graph 
(b) as (a) with 2000 output nodes distributed uniformly. 
Graph (c) shows the effect of increasing the number of 
nodes used for interpolation (zero is discrete), with 720 
output nodes. Graph (d) as (c) with 2000 uniformly 

distributed output nodes. Boundaries and rotation around the 
limb must now be explored. 
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