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Abstract - We formulate a facility location problem where the demand of any single client must be allocated to a single facility and a
prize is obtained by allocating the demand of a client to a certain facility, i.e. a prize-based variant of the Single Source Capacitated
Facility Location Problem. For this problem we pursue both an exact approach through Integer Linear Programming and a
heuristic approach based on a local search algorithm. We compare both approaches by considering 500+ instances. The heuristic
approach allows to obtain a reduction of the computational time by a factor larger than 10 in 92% of instances and 100 in 64% of
instances. The time reduction is obtained with a small sacrifice in the value of the objective function that is achieved, smaller than

10% in nearly 70% of cases.

Keywords - Facility location; Prize collecting; Strategic planning; Emergency logistics.

[. INTRODUCTION

Facility location problems, where a set of items have to be
assigned to a number of facilities, represent a well known class
of problems in operations research [8], [21], [1]. In the classical
facility location problem, we are given a set of facilities, with
associated opening costs, and a set of clients. The goal is to
open a subset of facilities and to connect each client to the
closest open facility, so that the total connection and opening
cost is minimized. A special case is the Single Source
Capacitated Facility Location Problem (SSCFLP), where the
demand of any single client has to be allocated to a single
facility and each facility has a limited capacity. Several efforts
have been devoted to solving SSCFLP, based either on
Lagrangean relaxation [14], [22], [4], [23], [5] or on an exact
approach, e.g. branch-and-bound in [12], [12], [11], and branch-
and-cut in [16].

Hereafter we study a variant of this locational decision, in
which a prize is associated to allocating a client’s demand to a
certain (open) facility and the objective is the maximization of
the overall revenue obtained as the difference between the total
allocation prize and the facility-opening costs. For such a
problem we introduce the abbreviation PCFL. Differently from
the standard facility location, in our variant it is feasible to
allocate the demand of a proper subset of clients. A similar
problem has been tackled in [15], where the facilities are
connected through a Steiner tree, though.
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The original motivation for investigating this matter comes
from an application related to the emergency caused by the
earthquake that hit central Italy in the summer of 2016 (and
until 2017), where the construction of prefabricated cottages
was among the measures taken to support the affected
population in the transition from emergency response to
reconstruction. This process involved taking several decisions
concerning, in particular, the location of cottages and their
assignment to eligible users under budget and time constraints.
A list of the potential locations for (groups of) cottages had to
be considered, together with their opening cost (including
construction and infrastructures setup) and their capacity
(basically the amount of people that could be accommodated),
taking into account as well the needs expressed by the affected
population, represented by a suitable number of points (called
clients) each indicative of a portion of the territory and
associated to a number (demand) proportional to the amount of
population and intensity of the suffered damages. Similar
problems arise in many cases of emergency relief operations
[3], [2], [24]. Fairness issues also play an important role in this
context (as dealt with, e.g., in [7], [18]), as the level of damages
suffered by the client and the geographical distance between the
facility and the client have also to be considered.

Here we explore the solution of the PCFL problem by
adopting both an exact Integer Linear Programming (ILP)
approach (in [19] a mixed integer programming model was
employed for the optimal allocation of products demand to
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distribution centres spread over the Italian territory) and a
heuristic approach.

After providing a mathematical formulation of the prob-
lem in Section II, we describe both approaches in Sections
IIT and TV. In Section V, we show that:

+ the heuristic approach may provide more than a tenfold
(in 92% of instances) or even more than hundredfold
(in 64% of instances) reduction of the CPU time in
most cases;

» in all evaluation instances classes but one the objective
function value achieved by the heuristic approach has
been within 20% of that obtained through the exact
approach (with the gap reducing to less than 10% in
nearly 70% of instances)

II. PROBLEM STATEMENT

In this section, we provide a formal statement of the
PCFL problem.

A set of clients 12 = {1,...,m} require using a certain
resource (possibly representing a commodity, a service, or
a combination thereof). For each § € D), a demand d; <
R expressing the amount of resource by client j is given.
Resource suppliers are to be selected among a set & =
{1,...,n} of potential facilities. For each facility ¢ < S,
the following quantities are known.

1) The opening cost f; is paid if the facility 7 is active
(open) and hence clients demand can be allocated to
this facility.

2) The capacity k; is the available amount of resource at
facility <.

3) The prizes p;; € R, for all j € D), are eamed if the
demand of client 7 is allocated to facility ¢.

A set T' C § of active facilities, a set £ C D of served
clients, and an allocation + : B — T of the client demands
to active facilities are sought such that: the overall demand
zj:i,b(j):i d; allocated to any facility ¢ € T, does not exceed
its capacity ks, and the revenue .. g Py, s — 2 ser fi 18
maximized.

From a computational complexity point of view, we note
that, even if the set of active facilities 7' were given, finding
an optimal demand allocation ¢ is a hard task. A simple
reduction from the well known 3-PARTITION problem [10]
shows that the simple allocation decision of the clients
demands - even with constant p; ; = 1 - to a given set
T' of capacitated facilities is already a strongly A/P-hard
problem. In view of this result, it is very unlikely that
an efficient (i.e., with a computational cost bounded by a
polynomial in e and n) solution algorithm exists for our
facility location problem.

III. ILP MODEL

In this section, we present the mathematical program
modeling our locational decision problem. {In the remainder
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of the paper, whenever this does not generate confusion, we
write p;; instead of p; ;).

The two sets of variables = ¢ {0,1}1°l and y <
{0,1}15%Pl model the facility location and the client-
demand allocation decisions, respectively. The meaning of
these quantities is illustrated hereafter.

| 1 if facility ¢ is open
T { 0 else L
~_ ] 1 ifclient g is served by facility 2
e 7{ 0 else )

Note that, since y;; are binary variables, the demand of any
client 4§ can only be endirely allocated to a single facility.
{dubbed as “Single-Source” allocation).

max Z Z Pijlig — Z fizs (3)

i€8 7D ies
Mg <1 ieD &)
ic8
yij < w5y (t,i)yeSxD (&)
Z diyi; < ksxs icd  (6)
FED

x4, 455 € 40,1}

As opposed to classical facility location, Equation (3) is
a maximization objective function, comprised of the total
prize for serving the demand of some clients net of the
facility-opening costs.

Taking into account the integrality of the variables (Equa-
tions (7)), the constraints ensure that:

te 8, 5eD. €))]

+ aclient demand may be entirely satisfied by one facility
or not satisfied at all, as per Equations (4);

« a client can only be served by an active facility, as per
Equations (5);

» the total demand allocated to an active facility cannot
exceed the capacity of that facility, as per Equations
(©).

IV. LoCAL SEARCH ALGORITHMS

Similar to what was proposed in [15], we implemented a
Variable Neighborhood Local Search heuristic algorithm.

Inifial solution. The initial solution is built as follows.

We first sort all pairs (¢,7) € S x D by non-increasing
values of the p;;/d; ratio. For each pair (¢, §) in the given
order, if there is still capacity to allocate the demand of
7, we assign § to 4, update the residual capacity of ¢, and
remove all (x,4) pairs from the list. Eventually we output
the set T' of active facilities.

Local Search Phase. Given the set of active facilities
T, we consider two different types of neighborhood for
obtaining new facility sets.

« Facility Insertion/Removal Neighborhood: It contains

all the solutions obtained from all possible sets 7 such
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that 0.8 < X i/ 5, 7 < 1.2: ie., the total opening
cost of 77 differs from that of T' of at most 20%.

» Facility Swap Neighborhood: It contains all the solu-
tions obtained by swapping facilities, i.e. replacing one
open facility in T' by an inactive one in S\ 7' (giving
priority to the inactive facilities with larger % /7).

Once the set of open facilities 1" is set, the actual as-

signment of clients to facilities can be performed in several
ways. We consider three different approaches, resulting in
three different variants of the local search algorithm.

1) Opt-Assign. Use ILP to obtain the optimal clients-to-
facilities assignment. (We set =; = 1 for all ¢ & T
and solve ILP (3)-(7)).

2) Heur-Assign. We use a greedy approach similar to the
one used for the initial solution computation.

3) Mix-Assign. This approach is a combination of the
above two. A given fraction of the clients—the most
profitable in terms of the P« /e, ratio—is assigned
using the above greedy approach (Heur-Assign). The
remaining clients are then optimally assigned through
the usual ILP.

We have implemented all three versions of the local search
algorithm. The results of the computational experiments are
reported in the next section.

V. COMPUTATIONAL EXPERIMENTS

The experiments performed to assess the quality of our
IL.P models has been built starting from the instances of
Beasley [6] and Holmberg [13] for SSCFLP. These two
test sets are considered among the hardest available for that
problem. Each of those instances consists of the following
data:

1) |8] = n, | D] = m numbers of potential facilities an
clients;

2) opening costs f € ZY and capacities f € Z7 of the
facilities;

3) demands d € Z7* of the clients;

4) allocation costs ¢;; €  for all facility-client pairs.

In order to derive the corresponding instance of PCFL, by
considering the allocation costs as prizes (i.e., py; = c45),
we leave all the data unchanged but modify the opening
costs by a suitable factor k, so that we set f; := Af; The
purpose is to avoid—with high probability—trivial solutions
in which all facilities are active and/or all clients are served.
This factor is obtained on the grounds of the following
simple considerations.

The average achievable prize if all the clients are served
can be computed as £ = X Yo Po/n. An average number
of active facilities needed to satisfy the total clients demand
is v = 22%  So that an average opening cost for those r

Terin ge opening
facilities can be estimated as ¢ = v 228 fi /.

We design the new instances in such a way that £ is
substantially larger than ¢, and hence it would not be
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profitable to open all the facilities and satisfy all the demand.
For instance, if we require ¢ = £¢£, it is straightforward to
see that the following factor would do:

h= 23 0s ki)(ZS,D Pis)
n(3s f)(Cpds)

All the experiments were run on a PC equipped with
a Intel core i7 processor (1.80 GHz CPU and 8GB RAM)
under Windows 10, 64 bit. All the IL.P models (including the
assignment for the heuristic algorithms), have been solved
by the commercial solver Gurobi™, version 7.5.2.

A first set of experiments was performed by testing our
ILP model on 95 instances derived from the above cited
test set by Holmberg, and setting £ = 2 for the factor
of Equation (8). For all those instances, but in two cases,
our integer program and Gurobi were effective and found
an optimal solutions around 0.1 seconds. Only for two
instances, with » = 30 and »e = 200, it took more
that 100 seconds to find an optimum. Starting from the
characteristics of these two harder instances, a new set of
experiments has been generated. In Table I, the ranges of the
parameters defining the new test set are illustrated. For each
of the 52 classes, 10 instances have been (pseudo-)randomly
generated.

Hereafter, for brevity, we report only the results concern-
ing the ILP model and two versions of the local search
algorithm, namely Heur-Assign and Mix-Assign in which
the fraction of clients greedily assigned is o = 75%. For all
heuristic algorithms a time limit of one hour was set. The
results of the Opt-Assign strategy are not reported mainly
because of its poor performance on the test instances of
Table 1. This heuristic is able to solve some instances in
the Classes from 1 to 16; however no instances in the other
classes have been solved within the time limit. A similar
performance is reached by the Mix-Assign local search
algorithm when o = 25% or 50%.

The picture conceming o = 95% or 90% is different.
Both versions of the algorithm have a performance very
similar to that of Mix-Assign with & = 75%. In fact, on
some instances they run slightly faster and sometimes get
slightly worse objective function values.

In Table II we report the results on the objective function
value for the ILP, the Heur-Assign and the Mix-Assign
heuristics. All the values are mean values computed only
over the instances solved to optimality for the ILP and
within the time limit for the heuristic. For each of the
two reported heuristic, also a measure of the percentage
error with respect to the optimum has been evaluated. The
column Gap% reports the percentage error % -100.
This value has been computed only for the instances in
which both the heuristic and the IL.P reached a solution.
The symbol “~ in the table means that in all instances of
the class Gurobi out of memory (and hence no comparison
with the heuristic can be performed).

(8)
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The asterisk in the Gap column, indicates that no gap
computation was done, since the heuristic algorithm returned
at least one negative objective function value.

As to the ILP performance, in the majority of the
instance classes (29 out of 52) at least one instance in the
class ran out of memory.

In Table III the average CPU times (expressed in
seconds) required by the different algorithms are reported. In
the table, “t.1.” indicates that no solution has been found
within the time limit of 1 hour.

By looking at Table III, we observe that in most
instances the Heur-Assign is the fastest algorithm, the only
exception being instance classes 7 and 14 (the ILP works
quite well while both heuristics reach the time limit of one
hour). Also, comparing the solution value of Heur-Assign
and Mix- Assign with = 75%, we observe that many time
they obtain the same values hence making Heur-Assign the
better performing algorithm between the two.

We can get an overall view of the performance of the
heuristic approach by defining two relative performance
indices: the Time Index and the Objective Function Index.

The Time Index (TI) is defined as the ratio of the time
required by the ILP approach to that observed with the
heuristic approach. The higher the TI, the faster the heuristic
approach. We expect the TI to be higher than 1 in nearly all
cases, and we wish it to be much larger than 1.

The Objective Function Index (OFI) is instead the ratio
of the objective function value achieved by the heuristic
approach and that obtained with ILP. We can simply relate it
to the Gap index defined early, since the OFI is simply the
complement to 1 of the Gap. For each single instance we
always have OFI _ 1 (the values being occasionally larger
than 1 in Table II are due to the ILP not solving some of the
instances in the class). The closer to 1 the OFI is, the better
the heuristic approach is.

If we now plot the OFI vs TI for each instance class, we
get a scatterplot that takes into account both performance
facets. The dots (instance classes) lying closer to the origin
represent the cases where the heuristic approach performs
worst, while the dots located in the right upper corner
represent the cases where the heuristic approach performs
best. The resulting scatterplot is shown in Fig. 1. The
reduction in the computational time obtained thanks to the
heuristic approach can be extremely large. We achieve a
reduction larger than one hundredfold in 64.1% of the
instances and larger than tenfold in a striking 92.3% of the
instances. On the other hand, the sacrifice in the
optimization performance (i.e., the objective function value)
is quite limited, the gap is lower than 10% in 69.2% of the
instances and it is lower than 20% in practically all instances
examined (with a single exception).
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Fig. 1: Performance trade-off
VI. CONCLUSION

The performance of the heuristic approach appear
promising. It allows to achieve significant reductions in the
computational time (more than one hundredfold in most
cases) with a very limited sacrifice in optimization
performance (the gap with respect to the ILP is lower than
10% in most cases). In order to obtain a more complete
analysis we aim at examining a wider set of instances and
arriving at a better description of the trade-off between
optimization objective and computational effort. For the
same problem we also plan to explore alternative
optimization approaches, in particular exact methods like
(combinatorial) branch-and-bound that would require
designing both suitable branching scheme and developing
good quality lower bound (similar to what has been done in,
e.g., [9]). Another interesting direction may consider taking
a game theoretic approach, where agents (the facilities)
compete to get clients, following in the step of several
papers where combinatorial optimization problems are
viewed in a multiple decision-maker context (see, e.g., [17],

[20]).
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TABLE II: RESULTS ON OBJECTIVE FUNCTION VALUE. TABLE III: CPU TIME COMPARISON
ILP Heur-Assign Mix-Assign a = 75% Class ILP Heur-Assign  Mix-Assign
Class Opt Obj Gap% Obj Gap% 1 8464.39 2.76 15.68
2 0.47 1.73 2251
1 460 358 21.74% 358 21.74%
2 0 —10 10 -10 10= 3 3.34 0.56 2.25
3 2490 2306  3.79% 2400 3.63% 4 84.15 0.57 2.13
4 2400 2376 1.66% 2376 1.66% 5 1.34 219 2993
5 0 —20 20* —20 0= [ 0.5 1.76 22.76
6 0 -60 60* -60 60x 7 1.38 Ll Ll
7 992 LL = LtL = 8 7142 0.63 2.31
8 900 872 5.15% 872 5.15% 9 701.31 0.87 3.44
9 33024 28508 13.67% 28508 13.67% 10 0.36 0.53 2.08
10 1499.2 14842 0.99% 1484.2 0.99% 11 86.89 0.68 3.58
11 8322 77428 6.96%  7852.4 5.64% 12 331.50 0.49 2.15
12 82025 76428 693% 76428 6.93% = 1090 T 7
13 1747 14206 26.90% 1420.6 26.9% 14 04 Ll Ll
14 0 tL - Ll = 15 82.03 0.61 3.97
15 6790.8 62424 S8.09% 63434 6.6% 16 118.62 0.49 217
16 6646 61196 S56% 6119.6 8.56%
17 117767 22 93.37
17 310525 289728 4.12% 200424  4.08% 18 521.21 2.09 79.61
18 15749  16151.4 4.49% 161462  4.56% 19 - 1.91 40.78
19 = 25650.8 = 25947.2 = 20 123988 2.02 141.36
20 1416233 126378 984% 126986  10.2%
21 1256259 211 98.04
21 27953 28018 11.39% 282886 9.16% 29 330687 1.96 98.36
22 17160  16179.8 3.68% 162364  3.92% 23 37.35 1.87 48.79
23 203155 254362 12.05% 263646  8.38%
24 128385 117404 873% 12012 8.52% = gies = =
25 32961 20058 6.54% 311116  2.06% g 1443 ‘153 gﬁ; :ggg
26 20314 195402 4.56% 198348 3% 27 = 176 25 36
a7 - 27424 8 = 27605.6 - 28 77267 209 7539
28 16506.2 151056 8.37% 155018  6.09% -
20 27130.75 267072 3.58% 27101 2.61% = "::é?"'g 22 ‘g-gﬁ
30 163318 15747 360% 157188 3.76% 31 8817 293 9.84
31 28216 259214 522% 255932  8.65% P 38.50 216 84.85
32 11200 113642 853% 11156 9.78% - =
33 279284 26873 3.76% 269812  3.39% 33 965.03 2.19 113.21
34 161942 155538 4.12% 155538  4.12% g; Egg i“ gg
35 26346 235436 S.64% 244028 35% % SREE 5 ;; s
36 11507.33 105202 7.67% 105162  7.72%% z - :
37 30301 28646.8 3.93% 28871 3.04% 37 309217 2.25 113.52
38 171596 164746 395% 165708 3.51% g 5&659 12115 1%;_’ 1
39 28709 25811.6 6.49% 2066946  4.93% - -
40 15211 13415 7.77% 13333 8.53% 40 393.12 2.26 97.98
41 = 24288 .8 = 24960.6 = 41 - 1.92 69.81
42 15786  14107.6 7.15% 141076 7.15% 12 996.65 1.91 57.09
43 - 20044.4 - 21640.4 - 43 - 1.68 27.28
44 = 8708 = 8460.8 ~ 44 - 1.94 496
45 - 24770.8 - 24902 B 45 = 1.83 4488
46 135125 11897.8 11.86% 118978  11.86% 46 223717 1.86 181.11
47 — 21355.2 = 21920.6 = 47 - 1.75 205
48 = 8196.8 = 8109.8 - 48 ~ 1.86 56318
49 31551 280308 6% 286948  2.89% 49 164148 22 102.16
50 17609.33 168532 5.06% 169632  4.14% 50 571.66 203 955
51 28695.5 25389 15.21% 247652 16.16% 51 811.62 201 30.6
52 12043 126814 7.12% 13015 7.77% 52 39.41 221 109.46
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